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PREFACE

This publication is a shortened version of lectures given by Professor J. C. I.

Dooge, Department of Civil Engineering, University College, Dublin, Ireland,

in August 1967 at the Department of Agricultural Engineering, University of

Maryland, under the sponsorship of the Agricultural Research Service, U.S.

Department of Agriculture. Professor Dooge is a world authority on hydro-

logic systems, which are basic to computations for successfully planning the

best use of soil and water resources in agricultural watersheds.

The original course consisted of 18 lectures supplemented by problem

sessions and seminars; however, this publication is confined to the first 10

lectures, which dealt with the general principles of the linear theory of de

terministic hydrologic systems. Some important material, originally dealt

with in later lectures, has been included in summary form in lectures 7, 8, 9,

and 10 of this publication.
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Trade names are used in this publication solely for

the purpose of providing specific information. Men

tion of a trade name does not constitute a guaran

tee or warranty of the product by the United States

Department of Agriculture or an endorsement by
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LINEAR THEORY

OF HYDROLOGIC SYSTEMS

By James C. I. Dooge1

INTRODUCTION

These lectures were designed to introduce participants to the theory of

deterministic hydrologic systems. In recent years, this theory has been named

"parametric hydrology," but is also known as "dynamic hydrology" or

"deterministic hydrology." One object of the course was to make the partici

pants aware of certain theories and techniques rather than to give them a

perfect knowledge of the theory or a complete mastery of the techniques.

Attention was directed to the essential unity underlying the many methods

that have appeared in the hydrologic literature as seemingly unrelated to

one another. Another aim of the course was to reformulate established con

cepts and techniques in terms of a general systems approach and thus to

extend their usefulness.

This publication follows the organization of the original course and is di

vided into lectures. Lecture 1, which is far longer than any other, consists of

a preview of the subject matter of the whole course. This is followed by two

review lectures, one on physical hydrology and the other on the mathematics

required for the study of deterministic hydrologic systems. Lectures 4, 5, and

6 deal essentially with the problem of the identification of deterministic

hydrologic systems and, thus, with the analysis of the behavior of a given

system. The next four lectures—7 through 10—deal with synthesis rather

than analysis. In them, the question of simulating the behavior of natural

hydrologic systems is discussed.

The original lectures were built around more than 100 figures, which were

included with the handout material for the course, and also projected during

the lectures. In this publication, many of these figures have been incorporated

into the text. The handout material also contained a number of problems

and a large number of references for each lecture. These were not confined

to what would have been directly necessary for a short, 2-week course. Rather

1 Formerly, Professor and Head, Department of Civil Engineering, University College,

Cork, Ireland (1958-70); since then, Professor and Head, Department of Civil Engineering,

University College, Dublin.

1
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they were chosen so that the participants could, after the completion of the

course, go more deeply into any part of the subject which was of particular

interest to them. These problems and references are included in this publi

cation and appear at the end of each lecture. So as to facilitate further study

of individual aspects of the subject, some important references have been

repeated in the various lectures rather than cross-referenced from one lecture

to another.



LECTURE 1:

HYDROLOGIC SYSTEMS

The Systems Approach

What is a system?

Before starting to discuss hydrologic systems, it is well to be clear about

what we mean in this context by a system. There are, of course, almost as

many definitions of a system as there are books on the subject of systems

analysis and systems synthesis. It is worthwhile to review a few of these

definitions before arriving at a working definition which will serve our purpose.

The first definition by Stafford Beer (ff)2, an expert on management and

cybernetics, merely defines a system as "Anything that consists of parts

connected together." This includes the essence of what a system is. It is some

thing that consists of parts; there are separate parts in it, and they are con

nected together in some way. Of course, this does not bring us very far because

philosophers will tell us that everything which is created, everything which

changes, consists of parts. While it is true to say that everything is a system,

this does not help us very much to build up a consistent theory of hydrologic

systems.

A second definition is that given by MacFarlane (30) in his book on

"Engineering Systems Analysis" in which he defines a system as "An ordered

arrangement of physical or abstract objects." Here, the notion of some sort

of order enters the picture; the system is put together in accordance with

some sort of plan. Also we have the idea that there are two types of systems—a

physical or real system and an abstract one.

A third definition by Ackoff (2), who was a pioneer in operations research,

states that a system is, "Any entity, conceptual or physical, which consists

of interdependent parts." Again we get the idea that the system can be con

ceptual or physical and that the system consists of interdependent parts.

The fourth definition, by Drenick (19), stresses the manner of operation of

a system rather than its structure: "A device which accepts one or more inputs

and generates from them one or more outputs." This concept of a system, as

that which links inputs and outputs, is common in the literature. Further

definitions and descriptions of the systems approach in other disciplines are

found in works by Bellman (7), Doebelin (14), Draper and others (18),

Ellis and Ludwig (21), Koenig and Blackwell (£4), Lee (27), Lynch and

Truxal (29), Paynter (37), Stark (43) and Tustin (U)-

Having considered a large number of definitions of a system, I decided to

* Italic numbers in parentheses refer to Literature Cited at the end of each lecture.

3
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accept as adequate for the present purpose, the definition that, "A system is

any structure, device, scheme, or procedure, real or abstract, that interrelates

in a given time reference, an input, cause, or stimulus, of matter, energy, or

information, and an output, effect, or response, of information, energy, or

matter." This definition includes the concepts contained in the definitions

given above. The emphasis is on the function of the system—that it inter

relates, in some time reference, an input and an output. In mechanics, we

tend to talk about inputs and outputs; physicists and philosophers often speak

of causes and effects; workers in the biological sciences talk of stimuli and

responses. These are merely alternative words for the same two concepts.

Reference to an input does not restrict the concept to a single input. The

input could consist of a whole group of inputs so that we would have an input

vector rather than a input variable. In some cases, the input could be com

pletely distributed in space and thus represented by a function of both space

and time.

The definition refers to inputs (and outputs) as consisting of matter, energy,

or information. In some systems, both the input and output would consist of

material of some sort; in others, attention would be concentrated on the

input and output of energy; while in other systems, the concern would be with

the input and output of information. There is no need, however, for the input

and the output to be alike. It is perfectly possible to have a system in which an

input of matter will produce an output of information or vice versa. That

there is no necessity for the natures of the input and output to be the same

has been emphasized in the definition by using the reverse order to describe

the natures of the input and the output. The essence of a system—which can

be real or abstract—is that it interrelates two things.

Concept of system operation

In dealing with problems in applied science, our concern is to predict the

output from the system we are interested in. Figure 1-1 shows the three

elements that together determine what this output will be. In the classical

approach, certain assumptions are made about the nature of the system and

the physical laws governing its behavior; these are then combined with the

input to predict the output. To apply this classical procedure, it is necessary

to know the physical laws or to be able to make reasonable assumptions about

them. It is also necessary to be able to describe the structure of the system

and to specify the input. A distinction is made here between the nature of the

system itself and the physical laws of its operation. The nature of the system

refers only to its inherent structure, that is, to the nature of the components

of the system and the way in which these components are connected.

In hydrology, as in many other areas, the classical approach tends to

breakdown either because, on the one hand, the physical laws are impossible

to determine or too complex to apply, or, on the other hand, the geometry of
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DESCRIPTION

OF SYSTEM
OUTPUT

PHYSICAL

LAWS

Figure 1-1.—Factors affecting output.

the system is too complex or the lack of homogeneity too great to enable us to

apply classical methods to the prediction of the behavior of the system. In
the systems approach, an attempt is made to evade the problems raised by the

complexity of the physics, the complexity of the structure of the system, and

the complexity of the input.

Figure 1-2 shows the essential nature of the systems approach to the
problem. In figure 1-2, the elements of figure 1-1 are rearranged, and the
concept of system operations is introduced. In the systems approach, the

complexities arising from the physical laws involved and from the structure

of the system being studied are combined into the single concept of the system

operation of this particular system. If either the nature of the system or the

physical laws are changed, then the systems operation will be changed. These
effects are shown in the vertical relationships in figure 1-2. In dealing with

one particular system, however, we can use this combined concept of system

operation as being the element which accepts the input and converts it into

an output.

Thus, in the systems approach, attention is concentrated on the horizontal

relationship in figure 1-2. In systems analysis, we are concerned only with the
way in which the system converts input to output. If we can describe this
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INPUT

PHYSICAL
LAWS

X

SYSTEM
OPERATION

NATURE
OF

SYSTEM

OUTPUT

Figube 1-2.—The concept of system operation.

system operation, we are not concerned in any way with the nature of the

system—with the components of that system, their connection with one

another, or with the physical laws which are involved. The systems approach

is an overall one and does not concern itself with details which may or may
not be important and which, in any case, may not be known.

The concern of the systems approach with overall behavior rather than
details can be exemplified by the unit hydrograph approach to predicting
storm runoff. In this approach, precipitation excess is taken as the input and

the direct storm runoff as the output. The operation of the whole watershed
system in converting precipitation excess to direct storm runoff is summarized
in the form of the unit hydrograph. We are not concerned with arguments

about whether there is, or is not, such a thing as interflow, nor with arguments

as to whether overland flow actually occurs; and if it does, what the friction

factor is. We may overlook our ignorance of the physical laws actually deter
mining the processes in various parts of the hydrologic cycle. We may ignore
the problem of trying to describe the complex watershed with which we are
dealing; we do not have to survey the whole watershed by taking cross sections
on every stream as we would have to do if we wanted to solve the problems

by classical hydraulics. Instead we assume that all the complex geometry in
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the watershed and all the complex physics in the hydrologic cycle is described

for that particular watershed (but of course for that one only) by the unit

hydrograph. The systems approach is basically a generalization of this standard

technique that has been used in applied hydrology for many years. The

essential feature is that in dealing with the analysis of a particular system,

attention is concentrated on the three horizontal elements in figure 1-2.

This does not mean that the structure of the system or the physical laws

can be completely ignored. If our problem is one of synthesis or simulation,

rather than analysis, it is necessary to consider the vertical elements in figure

1-2. Again we have an analogy with the unit hydrograph technique in applied

hydrology. If we have no records of input and output (that is, of precipitation

excess and of storm runoff) for a watershed, it is necessary to use synthetic

unit hydrograph procedures. This is done in applied hydrology by correlating

the parameters of the unit hydrograph with the catchment characteristics.

In this way, the effect of the structure on the system operation is taken into

account. Because the physics does not change from watershed to watershed,

it might be thought that no assumptions are made about the physics of the

problem in synthetic unit hydrograph procedures. This is not so. The whole

unit hydrograph process of superimposing unit hydrographs and blocks of

precipitation excess depends on the superposition principle, which will only

apply, as we shall see later, if the system we are dealing with is linear. There

fore, unit hydrograph procedures make the fundamental assumption that

the physical laws governing direct surface runoff can be represented as

operating in some linear fashion.

In the above example, the details of the operation of a system were ignored

because they were too complex to be understood. In other cases, the details

are ignored because they are not important. Again we can take an example

from classical hydrology. The problem of routing a flow through an open

channel can be solved by writing down the equation of continuity and the

dynamic equation and proceeding to solve the problem for the given data by

the methods of open channel hydraulics. Even with large, high-speed com

puters, the solution for the case of a nonuniform channel is extremely difficult.

The solution proceeds step-by-step down the reach and marches out step-

by-step in time. In practice, the detailed results for the discharge and depth at

every point along the channel are not required since all we usually wish to

know is the hydrograph at the downstream end. Whether we use the method

of characteristics, an explicit finite difference scheme, or an implicit finite

difference scheme, difficulties of one sort or another arise in the numerical

solution of this problem. Most of the information which we have gained with

such labor is of little interest to us as applied hydrologists. More than 30 years

ago, hydrologists dodged these difficulties by introducing the idea of hydrolo

gic routing, that is, the idea of treating the whole reach as a unit, trying to

link up the relationship between the upstream discharge and the downstream

discharge without bothering with what went on in between.
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Systems terminology

As in every other discipline, a terminology has grown up in systems analysis

and systems engineering. The meaning of the more important concepts and

terms must be clear before we can understand what is written in the literature

concerning the systems approach.

A complex system may be divided into subsystems, each of which can be

identified as having a distinct input-output linkage. A system or a subsystem

may also be divided into components, each of which is an input-output ele

ment, which is not further subdivided for the purpose of the study in hand.

Thus, a system is composed of subsystems, and the subsystems themselves

consist of components.

Reference is frequently made to the state of a system. This is a very general

concept. Any change in any variables of the system produces a change of

state. If all of the state variables are completely known, then the state of the

system is known. Perhaps it is easiest to look at this in hydrologic terms. If

we knew exactly where all the water in a watershed was—how much of it was

on the surface, how much of it in each soil horizon, and how much of it in each

channel—we would know the hydrologic state of the watershed. The state

of a system may be determined in various ways. In some systems, it is deter

mined historically, that is, the previous history of the system determines its

present condition. In other cases, the state of the system is determined by

some external factor which has not been included in the system under examina

tion. In still other cases, the state of the system is stochastically determined

or else assumed to be stochastically determined, that is, determined by a
random factor.

A system is said to have a zero memory, a finite memory, or an infinite

memory. The memory is the length of time in the past over which the input

affects the present state. If a system has a zero memory, then its state and its

output depend only on the present input. If it has an infinite memory, the

state and the output will depend on the whole past history of the system. In

a system with a finite memory, its behavior, its state, and its output depend

only on the history of the system for a previous length of time equal to the
memory.

The distinction between linear and nonlinear is of vital importance in

systems theory as it is in classical mechanics. The analysis and synthesis of

linear systems can draw on the immense storehouse of linear mathematics

for techniques. The special properties of linear systems will be dealt with in

detail later. For the moment, it will suffice to say that a linear system is one

that has the property of superposition and a nonlinear system is one that
does not have this property.

Another important distinction is between time-variant and time-invariant

systems. A time-invariant system is one whose input-output relationship does

not depend on the time at which the input is applied. Most hydrologic systems
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are actually time-variant; there are seasonal variations throughout the year

and a variation of solar activity throughout the day. Nevertheless, the advan

tages of assuming the systems to be time-invariant is such that these real

variations are usually neglected in practice.

It is necessary to distinguish between continuous and discrete systems, and

also among continuous, discrete, and quantized systems. Whereas hydrologic

systems are continuous, the inputs and outputs may be available in either

continuous, discrete, or quantized form. A system is said to be continuous

when the operation of the system takes place continuously. A system is said

to be discrete when it changes its state at discrete intervals of time. An input

or an output of a system is said to be continuous when the values of it are

either known continuously or can be sampled so frequently as to provide a

virtually continuous record. An input or an output is said to be discrete if the

value is only known or can only be sampled at finite time intervals. An input

or an output is said to be quantized when the value only changes at certain

discrete intervals of time and holds a constant value between these intervals.

Many records of rainfall, which are only known in terms of the volume during

certain intervals of time, are in effect quantized records.

We can talk of the input and output variables and the parameters of the

system as being either lumped or distributed. A lumped variable or parameter

is one whose variation in space is either nonexistent or has been ignored. Thus,

the average rainfall over a watershed, which is used as the input in many

hydrologic studies, is a lumped input. Where the variation in one or more

space dimensions is taken into account, the parameter is a distributed one.

Either the parameters of a system itself or the inputs or outputs can be lumped.

The behavior of lumped systems is governed by ordinary differential equations

with time as the independent variable. The behavior of distributed systems is

governed by partial differential equations.

A distinction is also made between deterministic and probabilistic systems.

In a deterministic system, the same input will always produce the same

output. The input to a deterministic system may be either itself deterministic

or stochastic. A probabilistic system is one which contains one or more ele

ments in which the relationship between input and output is statistical rather

than deterministic. The present lectures are mainly concerned with deter

ministic systems.

The distinction is sometimes made between natural systems and devised

systems. The essential feature of natural systems is that though the inputs

and outputs and other state variables are measurable, they are not controllable.

In a devised system, for example, an electronic system, the input may be both

controllable and measurable.

Other descriptions of systems are that they are either simple or complex.

Complex in this context usually means systems with feedback built into them.

Some systems have negative feedbacks built into them to produce stability

and others are designed for ultrastability, that is, to be stable even against
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unanticipated changes in the external environment. Beyond feedback we have

adaptive systems which learn from their past history and improve their

performance.

A causal system is one in which an output cannot occur earlier than the

corresponding input. In other words, the effects cannot precede the cause.

In electrical engineering, the limitation to causal systems is sometimes

abandoned to achieve certain results. All of the systems dealt with in hy

drology are causal systems. Simulation systems are also referred to as being

realizable. This has much the same meaning as causal insofar as it means that

the system is nonanticipative in its operation.

A further important property of systems is their stability. A stable system

is one in which if the input is bounded, then the output is similarly bounded.

In hydrology, virtually all our systems are stable and extremely stable. In

most cases, when the input to a hydrologic system is bounded, the bound on

the output is considerably less than that on the input.

Basic problems involving systems

We have already seen that a system is essentially something which inter

relates an input and an output. Thus, from an overall viewpoint there are

three elements to be considered—the input, the system operation, and the

output. This general relationship can be represented either by a rectangular

box, in which the system H converts the input x(t) into the output y(t).

Alternatively, it may be represented by the general mathematical relationship:

y(t)=h{t)+x(t) (1)

where h(t) is a mathematical function characterizing the system operation

and f is a symbol denoting that the function h(t) and the input function x(t)

are combined in some way to produce the output function y{t). If the opera

tion of the system can be described in any way, then we are concerned with

the interrelation of three functions—the input function, the system operation

function, and the output function.

If we have derived a mathematical representation of the operation of the

system and we know the input, then the problem of finding the output is a

problem of prediction. In terms of the unit hydrograph approach, the problem

is to determine the storm runoff knowing the unit hydrograph and the given

or assumed effective rainfall.

If, however, we do not know the unit hydrograph, it is necessary to derive

it from the past records. This is the problem of finding a function describing

the system operation knowing the input and output; it may be described as

the problem of system identification. The problem of system identification is

much more difficult than the problem of output prediction. It is important to

realize what we mean by system identification. We cannot identify the system

uniquely in the same way as we might identify someone from their fingerprints.
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Rather can we identify the behavior of the system much the same way as a

criminal might be identified by his modus operandi. All that system identifica

tion tells us is the overall nature of the systems operation and not any details

of the nature of the system itself.

The various problems that can arise are shown on figure 1-3. If we have

a given system, then the problem is one of analysis, as in the case of the

structural engineer who is faced with the analysis of a given design. There are

three elements in the system relationship; hence there are three types of

problems in analysis with which we must concern ourselves. In each of these

situations, the problem is to find one of the elements when given the other two.

The third problem of analysis is detection. This occurs when, knowing how

our system operates and knowing the output, we wish to know what is the

input. This is the problem of signal detection and the problem inherent in all

instrumentation. In hydrology, as in many other fields of engineering, this

particular problem has been widely ignored. The engineer has been too content

to assume that his instruments are perfect, that is to assume that the input

to an instrument is correctly given by the output recorded by the instrument.

It is only in recent years that there has been any study of hydrologic instru

ments from a systems viewpoint. The problem of signal detection, or signal

identification, is mathematically the same as the problem of system identifica

tion and, therefore, also substantially more difficult than the problem of

output prediction.

The problem of prediction is that of working out the interrelationship of the

two functions h(t) and x(t) shown on the right-hand side in equation 1. The

PROBLEMS ARISING WITH SYSTEMS

TYPE OF PROBLEM

Analysis'

Prediction

Identification

Identification

Synthesis (Simulation)

INPUT

V

f

SYSTEM

>/

?

77
• •

OUTPUT

?

Figure 1-3.—Classification of systems problems.
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problem of system identification or signal detection is that of unscrambling

one of the components on the right-hand side of the equation. This involves a

problem of inversion, which is inherently difficult.

Besides the problems of analysis, we have also the problems of synthesis.

This corresponds to the problem of the structural engineer who has to design

a structure as well as know how to analyze it. In hydrology, we do not design

watersheds, except possibly in urban hydrology, but even here we do not design

them from a hydrologic viewpoint. We do, however, attempt to simulate

complex hydrologic systems by simpler models, and this is essentially a

problem of synthesis. The problem of synthesis is to devise a system which

will convert a known input to a known output within certain limits of accu

racy. It involves the selection of a model and the testing of the operation of

this model by analysis. This is even more difficult than the problem of iden

tification, and hence the double question mark in figure 1-3.

A scientific approach to the analysis and synthesis of systems must rest on

a firm mathematical foundation. In the following lectures, the mathematical

techniques used at present in parametric hydrology are introduced and their

application described. Those interested in studying more deeply the mathe

matics of system behavior can do so in books by Aseltine (5), Zadeh and

deSoer (46), DeRusso and others (13), Gupta (23), and Wymore (45).

Hydrologic systems

Although we have already referred to certain isolated problems in hy

drology, it is well to consider the hydrologic cycle as a whole before considering

the various hydrologic subsystems. Figure 1-4 shows a diagram of the hy

drologic cycle by Ackerman and others (1).

Similar diagrams can be found in any standard textbook. These diagrams

can be compared for such qualities as artistic merit and draftsmanship, but

what do they mean from a systems point of view? Those who use the systems

approach are known to have an aversion to such diagrams and to insist on

drawing everything in terms of neat rectangles. These austere rectangular

boxes do not even have the color of modern abstract art to save them from

criticism. From their appearance one would deduce that they show much less

information than the figures such as that shown in figure 1-4. Actually, this

is not so. Figure 1-5 is a systems representation or block diagram of the

hydrologic cycle and is based on figure 1-4. Actually there are less assump

tions in the block diagram of figure 1-5 than in the representation in figure 1-4.

The whole hydrologic cycle is a closed system in the sense that the water

circulating in the system always remains within the system. The whole system

is driven by the excess of incoming radiation over outgoing radiation, and the

movement of water through the hydrologic cycle is only possible because of

this source of energy. In figure 1-5, the system represented by the hydrologic

cycle has been divided into subsystems. Thus we have the atmospheric sub-
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system, the subsystem represented by the surface of the ground, the sub

surface subsystem or unsaturated phase, the ground water subsystem or

saturated phase, the channel network subsystem, and the ocean subsystem.

Each of these subsystems will contain individual components, but for the

purpose of an overall analysis and overall discussion, these components have

all been lumped into one subsystem. The hydrologic cycle shown in figure 1-5

is a system in which the inputs and outputs are material. Water in one of its

vDeep
percolation

Fia. 1-4.—Representation of the hydrologic cycle.
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phases either moves through the cycle or is stored in some part of the cycle at

all times. Figure 1-6 shows a representation of the hydrologic cycle developed

by Kulandaiswamy.* The latter figure is similar to the systems representation

used by electrical engineers.

Neither classical hydrology nor systems hydrology deals with the hydrologic

cycle as a whole. Hydrology leaves the atmosphere to the meteorologists, the

lithosphere to the geologists, and the seas to the oeeanographer. The resulting

subsystem is shown in figure 1-7. In outlining this subsystem we have cut

across certain lines of water transport and, consequently, the system is no

longer a closed one. These lines of water transport—precipitation, evapora

tion, transpiration, and runoff—are now either inputs or outputs to our new

* Kulandaiswamy, V. C. a basic study op the rainfall excess-surface runoff

relationship in a basin SYSTEM. Ph.D. thesis, Univ. of Illinois. 1964 [Available as Publi

cation No. 64-12535.] from University Microfilms, Inc. P.O. Box 1346, Ann Arbor, Mich.

48106
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system. Whereas precipitation is clearly an input and runoff an output, it is

not always easy to decide whether evaporation and transpiration are inputs

or outputs. One reasonable standpoint is to consider potential evaporation as

an input and actual evaporation as an output.

The system shown in figure 1-7 is clearly a lumped system. But this does

not involve any more assumptions than are made by classical hydrologists

when they consider the individual basin, whether it be a parking lot, an

experimental plot, or a natural watershed. These are all basins—they are all

systems, which convert a certain hydrologic input into a hydrologic output.

It is possible to divide up the system and subsystems shown in figure 1-7

into components. Thus, we could divide the soil into various layers, or divide

the ground water into two ground water components, one of which is shallow

and subject to transpiration, and the other of which is so deep that no ground

water loss can occur through transpiration.

The distinction shown in figure 1-7 between overland flow, interflow, and

ground water flow is not generally made in applied hydrology because it is

virtually impossible to separate the three types. Instead, applied hydrologists

distinguish between surface flow and base flow and use a model of the hy

drologic cycle something like that shown in figure 1-8. The precipitation is

divided into (1) precipitation excess and (2) infiltration and other losses.

The precipitation excess produces direct storm runoff. The infiltration re

plenishes soil storage which is drawn down upon by transpiration. Any excess

infiltration after soil moisture storage is satisfied forms recharge to ground

water, which eventually emerges as base flow. The presence of the threshold

in the soil storage phase of the system makes it impossible to treat the whole

system as linear, even where the evaporation and transpiration are completely

known. The development of the unit hydrograph theory as a linear relation

ship between precipitation excess and storm runoff avoided this difficulty by

Infiltratii
Subsurface inflow
Ql tochonnal

RoinfalltR).

V^/Roinfoin TSui
excess

Surface Inflow
to CnQflftSl

Figure 1-fi.—Kulandaiswamy's block diagram.
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the elimination of the base flow and the infiltration. It is the existence of this

threshold—rather than the difference in response time between the surface

response and the ground water response—that necessitates the separation.

In applied hydrology, the full model shown in figure 1-8 is not used. In

practice, the base flow is separated from the total hydrograph in some arbi

trary fashion, and the precipitation excess is then taken so as to be equal in

value to the storm runoff. On the other hand, in soil moisture accounting the

threshold effect inherent in soil moisture storage is taken into account. It is

only recently that studies have taken both phases into account. Also, it is only

recently that the systems techniques developed for surface water have been

applied to the problems of ground water response, notably by Kraijenhoff

van de Leur (25).

If we wish to consider the whole system shown in either figure 1-7 or figure

1-8, then we are of necessity dealing with a nonlinear system. This brings in

all the difficulties of nonlinear mathematics. It is not surprising, therefore,

that the concentration has been on the individual elements shown in figure

1-8. Over the past 35 years, unit hydrograph techniques have been developed

for dealing with the direct response in runoff and these techniques are all

based on the assumption of linear behavior. Similarly, drainage engineers

dealing with the saturated zone have used linearized equations, though it was

not until very recently that it was realized this would enable systems methods

to be used without further loss of generality (25). The unsaturated phase

involving soil moisture storage remains the most difficult part of the hy-

drologic cycle to handle. Not only does a threshold exist, but there is a feed

back mechanism because the state of the soil moisture determines the amount

of infiltration. It is in the unsaturated phase that the greatest difficulties will

be encountered and that the greatest amount of work needs to be done.

The systems approach has been fruitful in many other disciplines. Such

work as has been done on parts of the hydrologic cycle has been encouraging.

There is every reason to believe that the application of the systems approach

to the whole hydrologic cycle will produce a coherent theory of hydrologic

systems, which can form the basis for an applied hydrology with a scientific

basis. The development over the past 15 years can be followed in the references

cited at the end of this lecture. General surveys of the problem from varying

points of view have been given by Paynter (36), Amorocho and Hart (8),

Kraijenhoff van de Leur (26), Nash (33), and Dooge (17).

Linear Time-Invariant Systems

The essence of linearity is the principle of superposition, which may be

described as follows (an arrow signifies that a particular input to the system

results in a particular output):

If xi(t)—yi(t)
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then the system is said to be linear if:

This principle includes the principle of homogeneity in the special case in

which Xi=Xi.

The principle of superposition, of course, is not confined to the addition of

only two inputs. Any number of inputs can be added together as long as the

principle holds; the output will be the sum of the individual corresponding

outputs. Since integration is a limiting form of summation, if the input to the

system can be expressed as the integral of any function /(<), then the corre

sponding output can be obtained by integrating the output due to an input

fit).
The system linearity defined by the principle of superposition must be dis

tinguished from the existence of a general linear (that is, a straight line)

functional relationship between input and output. It can easily be verified that

if the input to a system is x and the output is y=ax+b, the system is not linear.

A system is said to be time-invariant when its parameters do not change

with time. For such a system, the form of the output depends only on the form

of the input and not on the time at which the input is applied. Thus, if

*(t)-*y(t)

then for a time-invariant system:

where t is a time shift which may be either positive or negative.

In hydrology, the assumptions of linearity and time-invariance are not

valid, but nevertheless have been used for a long time in applied hydrology

because of the simplification they introduce. The ability to predict the output

from a hydrologic system is based on past records of input and output. By the

assumption of time-invariance, it is possible to predict an output for a given

input if that particular input has already occurred at some time during the

period of record. Without the assumption of time-invariance this would not

be possible. The further assumption of linearity allows the prediction to be

made even though the shape of input in which we are interested has not

occurred in the past. This is done by (1) breaking down the past input and

the input being considered into basic elements of standard shape but varying

volume, (2) decomposing the past output so as to obtain the output due to a

characteristic input element of standard volume, (3) using the latter result to

predict the output due to the individual characteristic elements of the input

being considered, and (4) superimposing the outputs from these individual

characteristic elements to obtain the total output. This is the basis of the

unit hydrograph procedure, which deals with the storm runoff for a unit

period.
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The problems of systems analysis and synthesis are also greatly simplified

if the input and output of a system are assumed to be lumped. In a lumped

system with a single input and a single output, the behavior of the system

would be governed by an ordinary differential equation. For the system with

several inputs and several outputs, the behavior of the system would be

described by a set of differential equations. If the inputs and outputs are not

lumped, then the system behavior must be described by partial differential

equations. Since partial differential equations are much more difficult to

handle than ordinary differential equations, there are distinct advantages in

using lumped inputs and outputs in the first attempt to formulate a theory

of system behavior.

The assumptions of linearity and time-invariance are also reflected in the

type of differential equations which would describe the behavior of the system.

Thus a lumped linear system would correspond to an ordinary linear differ

ential equation. If the system were also time-invariant, then the differential

equation would be an ordinary differential equation with constant coefficients.

The fact that ordinary differential equations with constant coefficients are

far easier to handle than any other type indicates the advantages of making

the assumptions of lumping linearity and time-invariance in the handling

of system operations.

The assumption of linearity helps us greatly with the problem of pre-

direction. If a complex input can be described in terms of a set of simple

characteristic functions and the output corresponding to each of these char

acteristic functions is known, then the output due to the complex input can be

obtained by superposition. This question has been well discussed by Sievert

(40). It is, of course, possible to expand an arbitrary function in a great

variety of ways. Thus, we could expand the function in terms of a power

series:

(2)

or in terms of an exponential series:

x(l)=Cc+cle-'+cter*'+ (3)

The trouble with such series is that in the case of a function which is given

numerically, it is difficult to determine the values of the coefficients in the

expansion with good accuracy. If, however, we expand x{t) in terms of a set

of functions/,(<):

x(0 =co/o(0+ci/i(0+ej/*(0 + (4)

where the functions /<(<) are orthogonal (see "Orthogonal Polynomials and

Functions," lecture 3) then the property of orthogonality can be used to find

the coefficients d relatively easily and with good accuracy.

In choosing between the orthogonal functions available it is, of course,

convenient if the orthogonal series used to fit a given x(t) is as short as
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possible. Consequently, one set of orthogonal functions may be preferable

to another set because of the nature of the input. If the input is expanded in

terms of a set of orthogonal functions/,■(<) in accordance with equation 4 and

the output corresponding to each of these orthogonal functions is given by:

0 (5)

then the output from the system due to the input x(t) is given by:

y(t) =cbffo(O +ctf,(0 +Cj{fe(O + (6)

where the values of the respective coefficients in equations 4 and 6 are equal'

It is also convenient if the output corresponding to the typical orthogonal

function is simple in form. Thus, the choice of a convenient set of orthogonal

functions for representing the input, output, and response function depends

both on the nature of the input and the nature of the system.

Electrical engineers deal with lightly damped systems in which the inputs

are usually sinusoidal. Consequently, Fourier methods of analysis are of great

utility in electrical engineering, since the sine and cosine functions are or

thogonal to one another and are of the same general form as the inputs and

outputs. Consequently, the Fourier methods were the first to be developed in

systems analysis. The various developments of Fourier methods—the Fourier

integral for dealing with transients and the Laplace transform for dealing with

unstable systems—are natural developments. These well-established tech

niques can be found in standard texts such as Gardner and Barnes {22).

In hydrology, however, the systems are not lightly damped and the re

sponses are not oscillatory in nature. Instead, we have systems that are very

heavily damped. It would, therefore, be foolish to take over from the electrical

engineer the techniques he has developed for his particular problems without

close examination of their relevance to hydrologic systems.

Continuous forms of the convolution equation

The derivation of the fundamental equation for system operation of a linear

system depends on the use of the concepts of an impulse function and the

impulse response. The impulse function—or Dirac delta function—is really

a pseudofunction or distribution which is usually defined as having the

properties:

5(f-<o)=O, when t^to (7)

6(t-U>)dl=l (8)

The delta function is usually visualized as the limiting form of a pulse of some

particular shape as the duration of the pulse goes to zero. The more correct
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mathematical definition of the delta function:

x(t)= f S(t-T)x(r)dr (9)

is actually more directly useful for our purpose here. Siebert (40) has pointed

out that equation 9 is a special limiting form of equation 4, in which /,-(*) is

replaced by the orthogonal delta function S(t—t.) and the orthogonal coeffi

cients d are given by x (t<) .

The impulse response of a system, h(t), is defined as the output from the

system when the input takes the form of an impulse or delta function, that is,

if x(t) =5(0i then y(t) =h(t). If the system is linear, the impulse response

gives as complete a description of the system behavior as is needed. In surface

water hydrology, the IUH is the impulse response of the catchment.

The two concepts given above can be used to derive a convenient mathe

matical formulation of system operation for a lumped linear time-invariant

system. If the impulse response of the system is k(t), then we have:

«(0-»*(«)

For a time-invariant system

«(<-t)->M<-t)
For a linear system

*<t)«-t)-«(t)A(«-t)

Any arbitrary input x(t) can be considered as being made up from an

infinite number of delta functions as indicated by equation 9 above. Since the

operation of integration is linear, the output from such an input x(t) will be

given by integrating the weighted output x(r)h(t—r) corresponding to the

individual delta functions S(t—t) :

*(<)-> f h(t-r)x{T) dr (10)

Thus for an input x(l) and an output y(t), we have the relationship:

h{t-r)x(r)dr (lla)

The right-hand side of this equation represents the well-known mathematical

operation of convolution, which is often represented by an asterisk so that

we can write:

y(t)-h(t)*x(t) (lib)

Thus, the completely general relationship indicated in equation 1 has been

replaced by the definite convolution relationship represented by equation 11

for a lumped linear time-invariant system. As long as we confine our attention

to such systems, we will be concerned with the solution of equation 11. The
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problem of prediction now becomes the solution of equation 11 for known

values of x(t) and h(t) and, hence, represents only the operations of multi

plication and summation which are inherent in convolution.

The twin problems of system identification—the determination of k(t)—

and of signal identification—the determination of x(t)—are now seen to

involve the solution of an integral equation which is, of necessity, a much more

difficult mathematical problem than that of convoluting two known functions.

The problem of synthesis is now seen to be that of devising a simulation

system whose impulse response mil, to a sufficient degree of approximation,

represent the function h (t) which is required. The impulse response in equation

11 is the IUH used in hydrology. In other disciplines, it is variously referred to as

an impulse response or a characteristic response or a weighting function; in

mathematics it is referred to as a kernel function, a Green's function, or an

influence function.

Though we are largely concerned with lumped linear time-invariant systems,

it is instructive to consider briefly the more general forms of the mathematical

relationship between input and output when these assumptions are relaxed.

If instead of a single input, we had a number of lumped inputs, then the

relationship would be as follows:

2/(0 = £ / X,(r)hi(t-T) dr (12)

An equation of the above type would apply to the case where the rainfall was

measured at several points in the catchment and the values of z,(0 represented

the individual rainfall records. In such a case, A,(0 would represent the

contribution from the portion of the catchment area corresponding to the

Ith rain gage to the flow not at the outlet from that subcatchment but at the

outlet from the whole catchment. The solution of the identification problem

in this case would involve the solution of a set of simultaneous integral equa

tions. If the rainfall were taken as completely distributed over the catchment

area, then the equation for the outflow at the end of the area would be given

by:

f x(T,a)h{t-T,a-a)drda (13)

In a system which has a lumped input and is linear but time varying, then

the impulse response h(t,r) is a function of both the elapsed time t and the

time t at which the impulse of input is applied to the system. Thus we have

the relationships:

t(t-T)-*h(t,T)
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Using the property of linearity, we would have for an input x(t), the output

given by:

*(*)-* [ x(r)h(t,r) dr (14)

so that the system operation is defined by:

2/(0= /" X{r)h(t,r) dr (15)
•' — to

Since equations 11, 12, 13, and 15 are superposition integrals, they apply

only to linear systems. There is no corresponding general formulas for the case

where the system is nonlinear, but special formulas can be developed when the

system is assumed to belong to a particular class of nonlinear systems.

If we make the assumptions of lumped inputs and outputs, linearity, and

time-invariance, we have the general superposition integral given by equation

lla. Since in this equation, t is a dummy variable of integration, we can

replace it by t—r in which case the superposition integral becomes:

2/(0 = I h(r)x(t-T) dr (lie)

Equations lla and lie are equally valid formulations of the relationship

among the input, the system operation, and the output.

The limits of the superposition integral can be modified if we make the

further assumption that the systems being considered are causal, that is, that

the output cannot occur before the input. Since the impulse response h(t) is

the response to a delta function at time 1=0, the impulse response function

will be zero for a negative argument. Thus for causal systems, equation lla

can be written as:

2/(0= /' x(r)h(t-T) dr (16a)

and equation lie can be written as:

y(t)= f* h(r)x(t-r) dr (16b)
•'o

If the system has a finite memory, or if the input has existed for only a

finite time, then the limits will be further modified. If the length of the memory

is n, then the impulse response will be zero for arguments greater than n and

equation 16a may be modified to read:

2/(0= [ x(r)k(t-r)dT (17a)
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and equation 16b will be modified to read:

j/(0= C h(r)x(t-T) dr (17b)
•'o

The equations given above will hold for the case where the input has oc

curred for an infinite time in the past. For an isolated input, it is convenient

to take the time zero at the start of input. In this case, the value of the input

x(t) will be zero for negative argument. For an isolated input to a system with

infinite memory, equation 16a will be modified to:

y(t)= [ x(r)h(t-r)dr (18a)

and equation 16b to:

y(t)= f h(r)x(t-r) dr (18b)

For an isolated input to a system with finite memory the limits of integration

in equation 17 will also be modified so that the range of integration will not

exceed t, but in practice, it is more convenient in this case to retain the limits

and record the zero values. Equation 18 is the normal form of the convolution

equation which is dealt with in parametric hydrology. Except in special

circumstances, which will be noted, it is the form used in the present lectures.

Classical systems analysis as developed by electrical engineers has grown

up around frequency analysis, which is essentially the analysis of periodic

phenomena. Care must be taken if these techniques are to be used in the anal

ysis of hydrologic systems. Such techniques can only be used if the system

under review has a finite memory. In such a case, if the input is of length M

and the memory of length N, then the length of the output will be P where:

P=M+N

In hydrologic terms, M is the duration of rainfall excess; AT is the base length

of the IUH, and P is the duration of surface runoff. Since, in the case of a

single storm event, everything that we are interested in is contained between

zero time and P, we could assume the whole phenomena as periodic with a

period T, provided that T is equal to or greater than P. This would mean

that both the input and the output would be assumed to be repeated at the

chosen interval T. Since these would be repeated inputs and not isolated

inputs, we would not be entitled to set the limits of the convolution integral

at zero and t as in equation 18. If the memory were finite and equal to N,
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the convolution equation would then become:

where

and

y(t±kT) = i
J

y(t±kT) = j

x(t±kT)

T>P

f x(r±kT)h(t-r) dr
t-N

rN

1 x(t-r*kT)h(r) dr
0

=0 for M<t<T

=M+N

(19a)

(19b)

(19c)

(19d)

Discrete forms of convolution equation

The form of the convolution equation given above as equation 18 is for the

case where both the input and the output are continuously defined. If either

the input or the output is given in quantized or discrete form rather than

continuous form, the convolution equation must be modified accordingly.

In the classical unit hydrograph procedures, the rainfall is frequently given

as a histogram, that is, in quantized form. In such a case, we deal not with an

IUH, but with the finite period unit hydrograph introduced in 1932 by

Sherman (39). A histogram input with an interval D can be defined either in

terms of the histogram ordinates x(t), where t is the actual time elapsed, or

in terms of the histogram areas X(aD), where a is the number of intervals

elapsed before the beginning of the interval in question. The latter is more

convenient and is used below. The histogram of input can be expressed in

terms of the volumes of input X(aD) in successive standard periods as follows:

x(l)= Z x(aD)PD(t-<rD) (20)

where

PD(t-<rD)=j- for <rD<t<(ff+l)D (21a)

and

Pd(t-oD) = 0 for other values of t (21b)

Equation 21 is in eiTect the equation for a rectangular pulse of duration D and

unit volume. Note that the volume of such a pulse is D and not unity.

Having replaced the delta function by the square pulse, we now replace

the impulse response h(t) by the pulse response hD(t) which is defined as

being the output from the system when the input is given by the rectangular

pulse defined in equation 21. Thus, we have:

PD(t)->hD(t)
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For a time-invariant system:

PD(t-ffD)-*hD(l-<rD)

For a linear system:

X(aD) 'hD(t-aD)-^X(<rD) -hD(t-aD)

Since summation is a linear process, we can write the output due to the input

defined by equation 21 as:

i-rD) (22)

so that the relationship between input and output for the system is given:

X{<rD)hD(t-*D) (23a)

which corresponds to equation lla for continuous input. As in equation lie,

this equation can be written in the alternative form:

2/(0 = Z X(t-oD)hD(eD) (23b)

As in the continuous case, the limits of summation will be affected by the

further assumptions of causality, finite memory, or zero input for zero time.

In particular, for a causal system with an infinite memory, we have for

isolated input:

2/(0 = T> X(<rD)hD{t-<rD) (24a)

2/(0 = 'H X{t-oD)hD{aD) (24b)

Equation 24 is the convolution equation for a finite period unit hydrograph.

Both the unit hydrograph and the output are denned continuously even

though the input is defined in quantized form being constant over each interval

of length D.

In some of the early unit hydrograph work, both the input of rainfall excess

and the output of storm runoff were represented by volumes over a fixed

interval. The convolution equation for this case would be:

Y{sD)= Y,X(oD)dD(&D-aD) (25)
,r-0
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where both 8 and a are discrete variables and do is the distribution graph for

the interval length D for the particular catchment. The distribution graph

do represents the proportion of the inflow during a standard interval which

runs off in successive standard intervals.

In some cases, the input and output are only sampled and, thus, are only

available in the form of functions known at discrete moments of time. In this

case, the convolution equation would take the form:

y(sD)= £ X(<rD)hD(sD-ffD) (26a)

which can be written without ambiguity as:

y(s)= £ X(<r)kD(s-<x) (26b)

Here again both s and o- are discrete variables and hD is the finite period unit

hydrograph. For a causal system with an isolated input this, of course, can

be written as:

y(sD)=YtX(<rD)hD(sD-ffD) (27a)

or

2/(s)= T,X(<r)hD(s-c) (27b)

where y(s), X(<r), and hD{s—<r) represent the ordinatcs of the output, the

input, and the finite period unit hydrograph, respectively, at standard in

tervals D.

Equation 27 can also be written in the alternative form:

2/,= I>A-/ (28a)
3-0

Vi= Zxi-ihj (28b)

In the above equation, x has been used to represent the volumes of input which

appear as X in equation 27. This is done in the interest of simplifying matrix

equations which are developed later.

When written out in full, equation 28b has the familiar form given in text

books on classical hydrology which is given below for an input lasting for five
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units of time and a system memory length of three units of time:

(29a)

(29b)

(29c)

(29d)

(29e)

(29f)

(29g)

yi=htxt (29h)

The above set of simultaneous equations can be written in the matrix form:

(30)

Where the matrix of inputs which has p+1 rows and n+1 columns is given

below:

a* 0 0

Xi Xo 0

Xm

0 Xm Xm_i

0

Xi

(31)

0 xmj p+1, n+1

An alternative matrix formulation of the discrete case is:

Ifi.i (32)

where the H matrix is made up from the h vector in the same way as matrix

31 and has p+1 rows and m+1 columns.

Equations 27, 28, 29, and 30 are merely alternative ways of formulating the

relationship between the volume of input and the rate of output. Where the

input is defined strictly as a discrete function, it is necessary to adjust the

equations. Thus equation 27b for the relation between input volume and
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output rate would be replaced by:

!/(«)= T,x(<r)hD(8-<r)D (33)
<r-0

Note that as D approaches zero, equation 33 approaches the form of the

continuous convolution equation lla.

Identification and Simulation

Classical unit hydrograph methods

The problem of identification is the characterization of the system response

from a given record of input and output. In hydrologic terms, the problem is

to derive the unit hydrograph from a given record of precipitation excess and

storm runoff. The classical method of solving this problem was by trial and

error. Though it has nothing of the systems approach about it, this method

has been illustrated in a systems fashion in figure 1-9. In the classical approach,

some form of the unit hydrograph, that is, the impulse response, or pulse

response, is assumed and applied to the given rainfall excess. The prediction

of the output for this assumed unit hydrograph is merely a matter of simple

multiplication and addition. The output based on the assumed unit hydrograph

is then compared with the actual output and a decision made as to whether

the fit is close enough.

If the fit is judged to be sufficiently close, then the assumed unit hydrograph

is accepted. Otherwise, the assumed unit hydrograph is modified and the

procedure repeated until an exception fit is found.

While the above procedure may be acceptable as an ad hoc method of

getting a specific answer to one particular problem, it cannot be accepted as

deserving of the name of scientific hydrology unless both the criterion of

acceptable fit and the rule for modifying the trial unit hydrograph are objec

tively defined. The technique of optimization by eye has been widely used,

modify h1

accept

Fiqube 1-9.—Identification by trial and error.
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not only in unit hydrograph studies but also in many other branches of

hydrology. The supposedly learned journals on scientific hydrology abound

with papers in which two curves are said to be a sufficiently accurate approxi

mation of one another or in which a curve is said to represent some plotted

data to a reasonable degree of accuracy. In a rational science, it should be

possible for a second worker to use another scientist's data and reach exactly

the same conclusion. The systems approach in hydrology attempts to achieve

this latter objectivity instead of the subjectivity inherent in many of the

methods in use today.

Figure 1-10 is a systems representation of the Collins (10) method of de

riving the unit hydrograph. This is an iterative method and one which is a

distinct improvement on the trial-and-error approach. In Collins' method the

assumed unit hydrograph is not applied to the whole precipitation excess

record, but only to all the rainfall volumes other than the maximum. The

resulting estimated runoff, therefore, represents the runoff due to rainfall in

all periods except the period of maximum rainfall. When this estimate is

subtracted from the actual runoff, the difference gives an estimate of the

runoff due to the rainfall in the unit period of maximum precipitation excess.

When divided by the appropriate volume of precipitation excess in the period,

this runoff due to maximum rainfall gives a new estimate of the unit hy

drograph, and the whole process is then repeated. Except for unusual condi

tions, the iterative procedure is convergent. If the unit hydrograph is con

strained to be causal, that is, to have zero ordinates for negative time, then

the effect of the Collins' procedure is to concentrate any error in the matching

of the runoff hydrograph into the portion of that hydrograph due to rainfall

before the period of maximum rainfall.

Transform methods of system identification

Parametric hydrology has concerned itself with the development of such

objective methods as the impulse response or the rectangular pulse response

for determining the unit hydrograph. These methods will be discussed in

wmax !

—*<Q-Qmax) -O—Q

Figure 1-10.—Identification by iteration (Collins' method).
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detail in later lectures, but a brief preview is in order at this point. The

methods used can be grouped into two general classes, one of which may be

referred to as transform methods and the second as correlation methods.

Figure 1-11 shows the general approach of the transform methods to the

problem. In these methods, the known input and the known output are trans

formed in some fashion. These transformed inputs and transformed outputs

are then used to determine the transform of the impulse response or the

rectangular pulse response. If the transformed response can be inverted, the

actual impulse response or pulse response will then be known in the original

time domain. A complete transform method of identification therefore, con

tains three elements: (1) The transformation of the input and the output;

(2) the use of a linkage equation, which defines the transform of the system

response in terms of the transform of the input and the output; and (3) an

inversion of the transformed system response to get the system response as a

function of time.

The most widely used transform method in systems analysis is the Laplace

transform. In this method, the Laplace transform of the input and the output

are found. The Laplace transform of the impulse response—which is given

the special name of the system function—is then found by dividing the

Laplace transform of the output by the Laplace transform of the input. The

system operation is thus described in the transform plane, but most hy-

drologic situations will be described numerically rather than functionally. To

determine the impulse response as a function of time involves the difficult

problem of the numerical inversion of the Laplace transform.

In 1952, Paynter (36) applied the method of systems analysis based on the

Laplace transform to various problems in hydraulic engineering. He was

largely concerned with problems of water hammer and turbine governing,

but in part III of his paper, he dealt with the problem of flood routing. Un

fortunately, for the development of systems hydrology, Paynter's ideas were

not followed up at the time.

In 1959, Nash (3/), then working in the Hydraulic Research Station in

Great Britain, attempted to describe the IUH in terms of its statistical

moments. He showed that for a linear time-invariant system, the moment of

the input, the impulse response, and the output are connected by the

equation—

MB(y) = E ( ,) Mk(h)MH^(x) (33)

where MR(y) is the Rlh moment of the function y(t). Moments may be taken

either about the time origin or about the respective centers of the individual

functions. This is essentially a transform approach since the moments of a

function are a transform of it, and Nash's theorem of moments, given above

as equation 33, is the linkage equation between the transformed input, the
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SYSTEM

H

T(P)- T(Q)

Figure 1-11.—Identification by transformation.

transformed output, and the transformed systems response. The problem of

inversion (finding the form of a function given its moments) is again an

extremely difficult one and can be shown to be equivalent to the problem of

numerically inverting a Laplace transform.

Next, O'Donnell (34) applied harmonic analysis to the problem discussed

by Nash. O'Donnell's approach was to find the Fourier coefficients of the

system response. The method depends on the fact that the terms of a Fourier

series are orthogonal. The response function is known (to a degree of accuracy

depending on the length of the series) once the Fourier coefficients for the

function are known. Thus, the harmonic analysis method used by O'Donnell

does not encounter any difficulty in the inversion procedure. Because Fourier

analysis is concerned with periodic functions, the method can, however, only

be applied to systems with finite memory.

In 1964, Levi and Valdes (28), working in Mexico, applied the Fourier

transform to the problem of systems identification in hydrology. In the same

year, Diskin4 took up Paynter's work and applied the Laplace transform in

more detail to the study of unit hydrographs.

In 1965, Dooge {16) suggested the use of Laguerre coefficients rather than

harmonic coefficients for the analysis of heavily damped systems, such as are

encountered in hydrology. This method was developed because Dooge felt

the method of harmonic analysis, which depends on sine curves as its basic

elements, was not entirely suitable in hydrology where many functions were

of a dead beat type rather than an oscillatory one. It was thought that if an

orthogonal method could be derived in which the elements of the series were

of much the same form as the gamma distribution (which had proved so useful

4 DlSBKIN, M. A BASIC STUDY OP THE LINEARITY OF THE RAINFALL-RUNOFF PROCESS

in watersheds. Ph.D. Thesis, Univ. 111. Urbana. 1064. (Xerox copy available by purchase

from University Microfilms, Inc., P.O. Box 1346, Ann Arbor, Mich. 48106 as Publication

No. 64-8375.1
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in applied hydrology), that the number of terms required to represent a given

response function would be less than in the harmonic method.

The above methods of systems identification will be discussed in greater

detail in lecture 5. Meanwhile, it is only necessary to note that they are all

objective methods of system identification.

Correlation methods of system identification

The second group of objective methods of system identification consists of
methods based on least squares correlation. The method of least squares was

applied to the derivation of unit hydrographs by Snyder (41) in 1955 and also

developed independently in Australia by Body (8) in 1959. Body published

in detail the matrix operations involved and the adaption of the method for

digital computers. Snyder (42) published the matrix formulation of the
method in 1961.

The set of equations represented in equation 29 comprises (p+1) equations

in (n+1) unknown values of h and, consequently, is overdetermined. In
theory, any group of (n+1) equations could be selected from the (p+1)

equations available to solve the equations for the values of the unknown

ordinates (A,) of the unit hydrograph. In practice, of course, the data are not

exact, and, consequently, no unique mathematical solution exists which would

be valid for all inputs. If the first (n+1) equations are chosen and the equa

tions solved by forward substitution, the ordinates of the unit hydrograph

may become unstable and unrealistic. The procedure introduced by Snyder

and Body is to use all the equations and the least squares criterion to produce

the optimum values of the unknown ordinates of the unit hydrograph. The

matrix form of the unit hydrograph equations is given by equation 30:

(30)

The least squares formulation of the problem is given by:

1.n+1{A}o+lil (34)

Since the product of the transposed matrix XT and the original matrix X is

necessarily square, this product can be inverted, and the vector of unknown

unit hydrograph ordinates can be written as,

(35)

This procedure is shown diagrammatically in figure 1-12. The record of input

is used to determine the input matrix, and this is then multiplied by its

transpose. The output vector is also multiplied by the transpose of the input

matrix, and these two products are used to determine the optimum unit

hydrograph, which is then accepted as an estimate of the true unit hydrograph.

The method of time-series analysis, also shown in figure 1-12, can be classed

as a correlation method. If the record is a continuous one, or a discrete record
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—{0}

MTM- -{hopt}

(K) {hopt} Pq (K)

Fioure 1-12.—Identification by correlation.

existing for infinite time, it is not possible to apply the least squares method,
since the matrices become extremely large and impossible to invert. In the
case of an inflow which is not isolated, it is also impossible to use the method of
Laplace transforms or Fourier transforms since the function may not behave

at infinity in accordance with the requirements of mathematical theory.

However, a long-time series can be transformed and described in terms of its

autocorrelation function. The autocorrelation function of a time series is

defined as the limit:

*»(*)-- 2 *(«)*(»+*) (36)

where n=2p+l is the number of data points as p tends to infinity.

Where two time series are known (for example, an input and an output),

we can determine their cross-correlation coefficient which is defined as the

limit:

n,__p

(37)

as p tends to infinity. If we have a causal, linear, time-invariant system, it
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can be shown that the optimum impulse response in the least squares sense

is given by:

<*>»(£)= E^p«(i)*»(fc-i); when fc>0 (38)

which is a discrete Wiener-Hopf equation. We started off with the ordinary

convolution equation (equation 26) and ended up with another convolution

equation. However, equation 38 connects the cross correlation of x and y.

If the input is isolated, no advantage has been gained, and it can be shown

that equation 38 is equivalent to the least squares procedure of Snyder and

Body, though more complicated. If, on the other hand, we have an infinitely

long time series which we are continuously sampling, then the problem has

been reduced to manageable form. The time series approach is currently being

developed at the Massachusetts Institute of Technology under Eagleson {20),

and work is also being done by Bayazit6 of the University of Ankara.

Methods of simulation

Even if we could completely solve the problem of identification, this would

only enable us to predict the future outputs from an individual system. Com

plete identification would not help us in any way to predict the output from a

system of the same class for which records of input and output were not

available, or to study the effect of variations in the parameters of similar

systems on their outputs. Furthermore, the identification of nonlinear systems

is extremely difficult, and, in such cases, it is natural to turn to simulation

rather than identification as the basis of a prediction. It is important to remem

ber that we are still interested in the overall performance of the system rather

than the details. We are looking for a reliable predictor rather than a pho

tographic reproduction when we seek a model to simulate our system. The

model system used to simulate an actual system may be either abstract or

real. According to Chorafas (5), "Simulation is simply a working analogy.

Analogy means similarity of properties or relations without identity." A

model may be defined as being a system which can reproduce some, but not

all of the properties of the prototype.

Figure 1-13 shows the division of methods of simulation into three broad

groups. It is intended as a basis for discussion rather than a strict classification.

In this tentative classification, the problem of simulation is looked upon as

4 Bayazit, M. instantaneous unit iiydroqraph derivation by spectral analysis

and its numerical application. CENTO Symposium on Hydrology and Water Resource

Devlpmt. Ankara. 1906.
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PROBLEM

CONCEPTUAL

MODEL

DIRECT

SIMULATION

SCALE MODEL

SPECIAL ANALOG

SEMI-DIRECT

SIMULATION

NETWORK ANALYZER

HELE-SHAW

INDIRECT

SIMULATION

DESK CALCULATOR

DIGITAL COMPUTER

DIFFERENTIAL

ANALYZER

Figure 1-13.—Methods of simulation.

being a two-stage problem. First, we take the actual field problem and abstract

from it a conceptual model of the problem. This conceptual model might be

very simple or it might be extremely complex. In other words, we might do a

lot of the work at this stage or very little. The next step is to attempt to derive

quantitative results from the conceptual model. The method in which this is

done often depends on the extent to which the conceptual model has been

developed. The two stages shown on the figure represent the two problems of

abstraction and of completion.

If the conceptual model has not been developed to any great extent, it will

probably be necessary to use a direct method of simulation to get quantitative

answers. An example from hydraulic engineering may be used to illustrate

this.

In the design of a hydraulic structure, the conditions may be so complex

that all we can say of our conceptual model is that we believe gravity forces to

be dominant in the problem. We could then decide to build a model which was

geometrically similar in some respect to the prototype and which would be

designed according to model laws based on the Froude number. Such a

hydraulic model would be a direct simulation of the problem and would be a

close imitation of the prototype. It would be possible to recognize the different

parts of the prototype in the model. On the other hand, a problem in the

hydraulics of open channels might be solved by developing a much more

complete conceptual model. This model would be based on the geometry of
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the situation, the equation of continuity, and the dynamic equation of un

steady open channel flow.

The finite difference equations incorporating physical assumptions and the

geometry of prototype would constitute an abstract model of the actual

problem. If it were completely specified, the actual computations could be

done on a general purpose computer of some type; thus, we might use a desk

calculator, a digital computer, or a differential analyzer. In this type of

indirect simulation, it would not be possible to identify visually any part of

the prototype in the model. The physical model can only solve one particular

ad hoc problem, but does not require a great deal of work at the conceptual

phase. On the other hand, the indirect simulation on a computer of some type

can solve a very wide variety of problems, but the amount of work done in

setting up the problem, i.e., constructing the conceptual model is often very

great. In between these two we have methods of semidirect simulation in which

we can construct a model which will solve particular types of problems.

Examples of these are network analyzers and Hele-Shaw models.

Simulation in hydrology

Figure 1-14 shows the Stanford Watershed Model Mark II used to simulate

the land phase of the hydrologic cycle. Though the Mark II model is shown

here, the Stanford model has since been developed to the Mark IV (11) and

Mark V stage in which the performance of the model has been improved at a

evaporation! I precipitation! RUNOFF FROM IMPERVIOUS AREAS

DEPLETION

.. DEPLETION

. DEPLETION

UPPER ZONE STORAGE
INTERCEPTION ANO
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DIRECT RUNOFF
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iSURFACE RUNOFF

| INTERFLOW |

GROUND WATER

STORAGE
TRANSLATION a
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SUBSURFACE
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FLOW
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HOURLY OR

DAILY STREAMFLOW

Figure 1-14.—Stanford Watershed Model Mark II.
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cost of extra complexity. Figure 1-14, however, shows the main features of

the Stanford model. The model as shown is essentially a conceptual model and

represents the first, or conceptual phase, of the simulation process as described

above. It is a flow diagram representing the main features of the simulation

model, and it must be supplemented by operational rules for determining the

amount of moisture movement from one component to another.

The computation, which is the second part of the simulation process, is

carried out on a digital computer. The model shown in figure 1-14 could, of

course, be computed by any other means, but the digital computer is the most

convenient method. There have been many other instances of the simulation

of subsystems or components in the hydrologic cycle and the solution on a

digital computer.

Dawdy and O'Donnell (12) pioneered the systematic study of objective

techniques for the optimization of parameters of simulation models. This key

question is discussed in later lectures.

Numerous attempts have been made to simulate the direct storm runoff

from a watershed by a conceptual model, which would be simple in form but

would have essentially the same operation as the watershed under study.

Many of these conceptual models involve some simple arrangement of linear

storage elements only, or else a simple arrangement of linear storage elements

and linear channels (15). In most cases, the behavior of these conceptual

models is predicted by analytical methods; however, any method for final

computation may be used.

Figure 1-15 shows the analog simulation of a linear storage element as given

by Shen (38). In this case, the analog element is not a direct analog of a

catchment element, but an analog simulation of a conceptual element for use

where an arrangement of conceptual elements has been synthesized to simulate

the action of the watershed. Figure 1-16 shows the simulation of a linear

channel also by Shen. A linear channel is purely a conceptual element because

no one has ever seen one and no one ever will. The analog units shown in

figures 1-15 and 1-16 are direct analog simulations of the conceptual elements,

but it is also possible to have indirect analog simulations in which the mathe

matical equation for the conceptual element is written down and then an

E, R

o VW

C Z±2

Figure 1-15.—Direct analog of linear reservoir.
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Figure 1-16.—Direct analog of linear channel.

analog unit assembled in which each of the mathematical operators is simu

lated and appropriately connected.

This is the end of a review of the development of parametric hydrology and

a preview of the material to be covered in the present course. The development

of the subject has been going in many scattered directions since 1932, but in

recent years it has gathered pace and is beginning to settle into a consistent

body of knowledge. No matter what our problem, no matter what types of

models we seek to use, we face essentially the two difficult problems of system

identification and system simulation. Our present knowledge is such that

identification can only be carried out with some degree of success if we make

the assumptions of linearity and time-invariance. We need not be restricted in

simulation because we can build in the nonlincarity and time-variance into

our model and predict the operation of the resulting nonlinear system in some

fashion. Nevertheless, if we wish to simulate objectively, or indeed efficiently,

it is desirable that the nonlinearities be reduced to a minimum and that if

possible the nonlinearity be confined to one part of the model, while the

remaining subsystems and their components are linear in action.

Problems on Hydrologic Systems

1. The following terms are commonly used in hydrology:

Unit hydrograph

S-hydrograph

Instantaneous unit hydrograph (IUH)

In each case, write down the corresponding terms used in other disciplines to

denote the same concept.
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2. The Muskingum method is commonly used in flood routing. Describe

this method and distinguish between the separate problems of prediction,

identification, and simulation.

3. Describe a part of the hydrologic cycle with which you are familiar; use

the nomenclature of the systems approach. Show the relationship of this part

of the hydrologic cycle to the other parts of the cycle by means of a simple

sketch. By means of a second sketch indicate how this part of the cycle might

be considered as consisting of a number of subsystems.

4. For the part of the hydrologic cycle described in question 3, list one or

more classical methods used in applied hydrology. Do these methods make the

assumptions of linearity or time-invariance? Describe the methods using

systems nomenclature.

5. For some particular part of the hydrologic cycle, give examples of the

use of simulation in hydrologic forecasting.
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LECTURE 2:

REVIEW OF PHYSICAL HYDROLOGY

Lecture 2 is a review of physical hydrology. It might be wondered why we

bother with a review of physical hydrology since it has already been stated

that the essence of the systems approach is to ignore the details of the physics

involved. The systems approach was described as being an attempt to get

around the complex geometry and the complex physics of the hydrologic

system. If we were solely concerned with problems of identification, this atti

tude of ignoring the details of the system would be a reasonable one. We can

identify a system (that is, find an expression for its impulse response) without

any knowledge of physical hydrology at all. In 1965, Dooge (12) developed

a method of system identification based on the use of Laguerre functions,

which he thought might be appropriate in hydrologic problems. However, the

first application of the new method was in the problem of determining resi

dence times in chemical engineering. This was possible because the method

was merely a method of system identification, and such methods are not by

any means tied to the hardware of the particular system being analyzed.

If, on the other hand, we are going to simulate a hydrologic system, our

knowledge of physical hydrology will be of greater importance. Such a knowl

edge is useful in model building because the closer we simulate the physical

reality, the better our model will be. If we build a model that is in conflict

with the physical realities, then we can hardly expect to get very good results

from such a model. The present review, therefore, will be a brief summary

of physical hydrology from the point of view of its possible use in the simula

tion of hydrologic systems by models of various types.

Our quantitative knowledge of physical hydrology is summarized in the

various formulas which are available in the literature. These formulas are

themselves models of the physical process which they are taken to represent.

The factors that are included in a formula and the relation between them all

involve simplifying assumptions concerning the relevant physical processes.

This lecture deals with the various parts of the hydrologic cycle in turn and

discusses some typical concepts and formulas. These are dealt with in more

detail in general reference works such as those by Linsley, Kohler, and Paulhus

(32)-, Chow (6); Soil Conservation Service (SO); and Eagleson (13). The

problem of measuring the various hydrologic quantities is discussed in publi

cations by the World Meteorological Organization (58), the International

Association of Scientific Hydrology (£5), and by Corbett (9). Some important

books and papers containing further information on physical hydrology are

included among those listed at the end of this lecture.

43
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Precipitation

In most of our work on hydrologic systems, precipitation is taken as an

input. Consequently, we are usually not worried about the processes of hydro-

meteorology (18,16,41). Our main problems are those concerned with meas

urement and with the sampling that is inherent in any system of measure

ment. However, the question of snowmelt, which is on the borderline between

meteorology and the land phase of hydrology, is of interest to us. If we wish

to include snowmelt in a simulation model, then we must either know some

thing or assume something concerning the physical processes involved (14,

62). If some of the components of our simulation models seem somewhat

crude, we may take some consolation from the fact that most of the physical

equations and formulas used in applied hydrology are equally crude. Thus the

daily snowmelt in inches is frequently computed by a formula like the fol
lowing:

where the daily snowmelt in inches (M) is related only to the mean daily

temperature in degrees Farenheit (T). The additional effects of wind velocity

and precipitation can be allowed for by using a formula of the following type:

M= (0.029+0.0084 47+0.007 Pr) (TID.an-32) +0.09 (2)

In the first equation, the snowmelt is related only to the mean temperature,

which is a crude way of relating the energy required to melt the snow to the

energy available from radiation. In the second formula, radiation, convection,

and conduction have all been taken into account. A more complex equation

proposed by Light (81) is derived from an eddy-conductivity equation based

on the analysis of atmospheric turbulence, and expresses the rate of snowmelt

Das:

m xr+(e_611)4*n (3)
801og.(a/2.)log.(tyz0) I" ' v " ' V

where

D=snowmelt in centimeters per second

p=density of air

fco=von Karman's coefficient (0.38)

a=elevation of anemometer in centimeters

Zo=roughness parameter (0.25 cm.)

b=elevation of hygrothermograph in centimeters

u=wind velocity at anemometer level in centimeters per second

cp=specific heat of air (0.24)

T=air temperature, in degrees Centigrade, at hygrothermograph level

e=vapor pressure of air in millibars

p=atmospheric pressure in millibars
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When we recall the nonhomogeneous nature of a watershed and the variations

in the factors involved, we become somewhat doubtful of the advantage of

using very complex equations.

Evaporation and Transpiration

Total evaporation has been defined as including water lost by evaporation

from water surfaces, moist soil and snow, together with water lost by tran

spiration from vegetation, in the building of plant tissue and through inter

ception (SO). The concepts involved and formulas used have been reviewed

elsewhere (IS, 17, U, tf, S3, 67).
The classical formula for evaporation from open waters was that given by

Dalton (10):

*) (4)

which related the rate of evaporation Ea from a water surface to the vapor

pressure deficit (ea-ea). Since then, many more complex formulas have been
derived. The Dalton formula is the simplest formula based on the mass trans

port approach to evaporation. If allowance is made for the windspeed, 7, we

get an empirical formula of the form:

e.) (5)

If the variation of wind with height is taken into account, more complex
formulas are obtained. Typical of these is the equation by Thomthwaite and
Holzman (46), which is based on the logarithmic wind law and is:

133.3(7,-7,) (ft-fe) (6)

*"> (7-459.4)

Still more complex formulas have been derived, and these were evaluated

in the comprehensive Lake Hefner study (17). The study of the evaporation
of Lake Hefner was a comprehensive operation lasting several years, but

after a detailed study of the various formulas and a most careful measurement

of conditions, it was concluded that the best equation for predicting evapora

tion from Lake Hefner would be of the form:

Eo=0.00177 7 (e»-ea) (7)

which is of the same form as the empirical formulas used 50 years ago and
only one step better than Dalton's original formula of 150 years ago.

An alternative approach to the subject of evaporation is the use of the
energy budget. This can be summarized in the formula:

E (8)
The numerator in equation 8 gives the amount of energy available for the
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transfer of both moisture and sensible heat from the water to the air in contact

with it. It is given by the incoming shortwave radiation from the sun (Q.)

plus the energy advected into the body of water (Qa) minus the total energy

losses due to the combination of reflected shortwave radiation (Qr), longwave

back radiation (Q6), and increased energy storage in the body of water ((?„).

To express the evaporation in terms of the amount of moisture transported,

it is necessary to divide this net energy by:the product of the density (p)

and the latent heat of vaporization (L) corrected by means of the Bowen's

(4) ratio (R) to allow for the transfer of sensible heat.

In 1948, Penman (89) combined the two ideas of mass transport and energy

budget to produce a combination formula which enables us to estimate the
evaporation from readily available climatic data. His basic formula is:

where Ea is a measure of the aerodynamic evaporation or the evaporation

from a mass transport point of view and H is a measure of the net energy

required for evaporation. Penman and others have refined this approach in
the past 20 years (54).

In the case of transpiration, we also have a wide variety of formulas of

different degrees of complexity. In many of them, a figure for cumulative

degree—days above a certain base temperature is used as a crude estimate of

the energy. Thus, we have the Hedke formula (18), which was developed for
use in irrigation work:

ET=Zk(T-T0) (10)

where the cumulative value of degree-days is used as a measure of the energy

required for total transpiration. Blaney and Criddle (S) developed a number

of formulas of the same general type. In 1948, Thornthwaite (47) developed
the following empirical formula:

which enables the monthly transpiration (ET) to be calculated from climatic

data. In the formula, T is the monthly mean temperature and / is a tempera

ture efficiency index which depends on the 12 monthly mean values of tem

perature. The exponent a is a function of /. The result obtained must be cor

rected for latitude and season to allow for the variation in the hours of

sunshine. Penman (40) derived a formula for transpiration similar to his
evaporation formula; it is written as:

_Ea+(A/y)Hr

E

In the above equation, the aerodynamic evaporation Ea is modified because
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of change in the roughness factor of vegetation compared with open water

and the energy term HT is slightly changed because of the modification in the

heat exchange occurring between the vegetation and the air. Penman found

that in practice an extremely good estimate could be obtained by applying

a coefficient to the estimate for open water evaporation:

ET=f-E0 (13)

The following formula by Turc (49) has been widely used in studies of water

balance in Africa by French hydrologists:

7^ _ £_

T [0.9+(P/W

where P is precipitation and L is a temperature index.

We have, thus, a variety of formulas for evaporation and transpiration, all

of which have a physical foundation to a lesser or greater extent. The final

formulas are, however, all empirical and represent a simplification of the very

complex physics involved. In incorporating them into a simulation of the

hydrologic cycle or part of it, we are at liberty to choose the particular formula

that suits our purpose best.

Infiltration and Percolation

The soil phase in the hydrologic cycle involves the phenomena of infiltra

tion or the entry of water through the surface of the soil, its downward perco

lation through the unsaturated zone and its storage in that zone.

Information on infiltration may be obtained from the results of tests with

infiltrometers, from the analysis of hydrographs from plot experiments and

from the derivation of basin indices for complete watersheds. As in the case

of other phenomena in the hydrologic cycle, a number of empirical formulas

for infiltration are available. Kostiakov (29) proposed as an empirical formula

for the amount of infiltration (F) during the period of high-rate infiltration:

F=btl>2 (15a)

which is equivalent to an infiltration rate (/) of:

£ (15b)
Horton (24) proposed an exponential formula for infiltration which has

been widely used:

/=/c+(/o-/c)e-*« (16a)
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The corresponding formula for the amount of infiltration is:

F=fe'i+(!ir) (1~6"t() (16b>
Philip (42) analyzed the problem of infiltration using the principles of soil
physics and developed a series solution which can be approximated by:

(17a)

or in terms of the infiltration rate:

The first term of Philip's equation is seen to be identical with the Kostiakov
equation derived empirically 25 years earlier.

Holtan (21) used the relationship:

f-fc=a(S-F)» (18a)

For a value of n=2 the equation for the infiltration rate can be written as:

/-/.•s«S»Cv^((«-O] (18b)

All of these formulas are empirical or have empirical coefficients and thus
may be considered as attempts to simulate the actual phenomena. Even if one

takes the full equation due to Philip, to which equation 17 is an approxima
tion, it is still a simulation of the process taking part in nature. This is because

Philip's full equation is based on the assumption that there is a perfectly

uniform soil, perfectly graded with no roots or root holes and no worms living

in the soil. For such an idealized case, Philip's full equation is the most ac
curate of all the formulas given (except for very long elapsed times), but the

question arises whether, in view of the uncertainties in the field, it is worth

using anything more than a simple equation. We can never get away from

simulation, and it is quite fruitless to argue about one equation being approxi

mate and another one accurate. They all involve various degrees of approxi

mation, and our choice is a free one. The balance is one between the need for

simplicity on the one hand and for accuracy on the other.

Ground Water Flow

The physical assumptions underlying these formulas are given in such

references as (2, 7,11, 33, 48, and 56). For one-dimensional flow in the satu

rated zone (that is, for the Dupuit assumptions), Darcy's Law takes the
form:

,, dh
Q=~kh- (19)

where q is the flow per unit area, k is the hydraulic conductivity, and h is
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the depth of saturated flow. The equation of continuity for the same condi

tions takes the form:

where/ is the specific yield and i(x,t) is the rate of recharge at the watertable

surface. Combination of these two equations gives:

Equation 21 is nonlinear, but in classical ground water hydraulics the equation

is linearized in one of two ways. Either we write:

or else we write:

k 3J(A2) , / - vw ., JN ,nns

-2-teT+Yh-tr=l{x'l) (23)

Ground water hydrologists have generally solved their problems on the

basis of such linear equations, which suggests that the application of linear

systems theory might be fruitful in this particular field. In view of the long

use of linear methods in hydrology, it is remarkable that a general linear ap

proach has not been used in ground water hydraulics except recently and then

to a limited extent. Once the original nonlinear equations have been linearized,

all of linear mathematics and all of linear systems theory are available for the

solution of our problems.

Hydrologists frequently assume that the recession curve for base flow is

given by:

(24)

This represents a more restrictive assumption than the simple one of linearity.

Equation 24 not only assumes that the ground water action is linear, but that

it acts as a single linear reservoir. Having made this assumption with regard

to the recession, there is no reason why the same assumption should not be

made in regard to the recharge of ground water and the whole ground water

system modeled by a single linear reservoir. In general, however, one can

assume linearity without restricting oneself to a single linear reservoir. If the

system is assumed to be linear, it is perfectly possible to derive a ground water

unit hydrograph just as is done for direct storm runoff.
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Overland Flow and Channel Flow

In the case of overland flow and open channel flow, we can write down the

equation of continuity (including lateral inflow if necessary) and the dynamic

equation. By using the classical methods of open channel hydraulics, we can,

in theory at any rate, solve these equations for any particular case. Even

with high-speed digital computers, the solution of such cases, even for simple

geometry, is by no means an easy matter. Whether we use a characteristic

solution or some method of finite differences based on a rectangular network,

the computational problems are quite severe. In hydrology, the complexity of

these problems has been avoided by using approximate methods of solution,

most of which retain the continuity equation but replace the dynamic equa

tion by some approximate relationship. This is to say that an applied hy-

drologist, when faced with the problem of overland flow or flood movement

in rivers, has replaced the field situation by a simplified model (20, 59).

The fundamental problem of overland flow can be quite simply stated.

Rain falls vertically on the plane surface at the upstream end of which is

either a divide or a vertical boundary as shown in figure 2-1. If the supply

rate is constant, then for equilibrium conditions there will be a definite profile

of steady overland flow. Even this steady flow problem is not an easy one to

solve precisely. We do not know the friction laws operating in such a flow, or

the effects of lateral inflow on the velocity distribution, or what the effect

would be if infiltration were occurring simultaneously.

In tackling the hydrology of overland flow, we wish to know far more than

the profile of steady state flow. What is required is the hydrograph of non-

steady flow, which occurs due to any change in input conditions (for example,

the relatively simple case of a steady input of rain starting from initially dry

conditions) and also the nature of the recession from the steady state after the

Lateral inflow, r(x,t)

11111111111111

-Upstream boundary
and dividing point

Downstream boundary •

Figure 2-1.—Overland flow.
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cessation of input. If the process were linear, one of these results would be

sufficient to determine the hydrograph for any pattern of rainfall input. How

ever, the phenomenon is nonlinear, and, thus, the principle of superposition

cannot be used. Every shape of input becomes a separate case and must be

handled on its own. Our interest is concentrated on three cases: (1) the rising

hydrograph for a constant input and initially dry conditions, (2) the recession

from steady outflow conditions after the cessation of input, and (3) the transi

tion from one steady state to another when there are two different constant

supply rates in successive intervals of time.

One approximation to the overland flow problem assumes that there is, at

all times, a definite power relationship between the outflow at the downstream

end and the average detention on the surface. A large number of experiments

during the 1930's indicated that if the equilibrium runoff were plotted against

the average equilibrium detention (that is, the storage at equilibrium divided

by the surface area) for a given experimental plot, the relationship could be

approximated by a straight line on log-log paper. This relationship applied to

the condition when steady flow had been attained and storage was no longer

changing, that is, to the steady state solution. Horton (28) assumed that this

power relationship would hold throughout the unsteady flow phase and used

this assumption as the basis of the solution for the particular case where the

discharge was proportional to the square of the average detention.

The general assumption of a power relationship between discharge per unit

area (q) and detention or storage per unit area may be written as:

q = as° (25)

This equation in fact replaces the full dynamic equation and is combined with

the continuity equation:

(26)

to solve the problem. Equations 25 and 26 can be combined to give:

,f
l~ a*q# I l-q/q.

The integral on the right-hand side of equation 27 can be solved explicitly

for c= 1 (the linear case) and also for c=2, 3, and 4. By suitable transforma

tions, it can also be solved for c=| and for c=$. Horton solved the equation

for c=2, obtaining the result:

- = tanA2(a»V/20 (28)

This equation has since been used for solving the overland flow problem and

designing airport installations (51). Izzard (26) carried out a series of notable
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experiments on overland flow and proposed the use of a dimensionless rising

hydrograph and dimensionless recession hydrograph, corresponding to the

solution of equation 27 for c=3. Because the integral in equation 27 is of

exactly the same form as the Bakhmeteff (1) varied flow function, tables of

the latter function can be used to solve equation 27 and hence the problem

of the overland flow hydrograph for any value of c which is tabulated. The

above class of solutions may be referred to as the Horton-Izzard solution. It

is not the only solution to the problem of overland flow and is given here only

as an example. The kinematic wave method has also been applied to the prob

lem of overland flow. Both approaches are discussed in more detail in lecture 9.

Hydrologic flood routing represents an early application of the systems ap

proach to a hydrologic problem. The full problem of flood movement in rivers

is complex, and in any case the details of the flow between the upstream and

downstream ends of the reach under examination are not of great interest.

When conditions in the whole reach are lumped, the continuity equation

becomes:

* * dt

This equation is used in all flood routing methods and is combined with some

special equation, which replaces the dynamic equation.

Among the well-established flood routing methods is the lag and route

method which assumes:

/ i \

(30)

that is, that the storage in the reach is proportional to the outflow taken at

some fixed time later than the time at which the storage is measured. In

another well-established routing method, the Muskingum method, the storage

is taken as being proportional to weighted values of the inflow and the outflow:

S(i)=K[xl(t) + (l-x)Q(t)~\ (31)

Among other important flood routing methods is the use of the diffusion

analogy, which was introduced by Hayami about 1950 (19). This approach

was dealt with by Henderson (20). More recently, we have had the Kalinin-

Milyukov (28) method which is now widely used in Eastern Europe. This

latter method is based on the division of the reach into a number of charac

teristic lengths and the treatment of each of these lengths as a linear storage

element. Routing through the whole reach thus consists of routing through a

cascade of linear storage elements, and the impulse response function is the

gamma distribution. Though the gamma distribution was used by Nash (86),
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Gray (16), Reich (43), and a number of others to represent the unit hydro-

graph, it was not applied to flood routing until this was proposed by Kalinin

and Milyukov.

It is of interest that the above methods of routing floods through an open

channel are all linear methods, thus all are linear models of the actual process.

The whole subject of linear routing in open channels is discussed in lecture 9.

This brief review of physical hydrology is intended to give examples of the

formulas which summarize our quantitative knowledge of physical hydrology

and which are used in practice. In our best efforts at physical hydrology, we

still make many assumptions that are, in truth, simulations. In many of these

cases, the assumption of linearity has already been made. When such an as

sumption has been made, the attitude in parametric hydrology is to make the

most of the assumption.

Problems on Physical Hydrology

1. List a number of alternative definitions given for the physical phe

nomena involved in one particular part of the hydrologic cycle. Discuss these

definitions critically, and then list them in what you would consider to be

their order of merit.

2. Briefly describe the methods used for measuring the physical phe

nomena involved in some particular part of the hydrologic cycle. Discuss these

techniques critically, stating their advantages, disadvantages, and possible

improvements. How does the method of measurement used affect the defini

tion of the physical phenomenon involved? What criteria could be used to

determine a suitable observation network for the particular phenomena

involved?

3. State what physical principles are involved in one particular part of

the hydrologic cycle. What physical formulas can be written down describing

the physical phenomena of this part of the cycle? What physical phenomena

are ignored in the formulas cited?

4. Mhat empirical formulas are used in hydrology in connection with the

phenomena discussed in question 3? What is the relationship between these

empirical formulas and any physical formulas available? What is the range of

validity of the empirical formula? What is the accuracy of the empirical

formulas?

5. What in your opinion arc the most serious gaps in our knowledge of

physical hydrology? How important are these gaps from the point of view of

apph'ed hydrology? Outline a research program which you think might help

to bridge an important gap in our knowledge of this subject, and give a rough

estimate of the cost and manpower involved.
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LECTURE 3:

REVIEW OF MATHEMATICS

If we are to develop objective methods for the identification and simulation

of hydrologic systems, sooner or later we find ourselves involved in mathe

matics and sometimes unfamiliar mathematics at that. The purpose of lecture

3 is to review some topics in mathematics that have been found useful in

parametric hydrology. The individual topics will appear again in subsequent

lectures when these mathematical techniques are drawn on as required. There

is no necessity to attempt to master completely the mathematics reviewed

in the present lecture.

In parametric hydrology, as in all engineering, the best strategy for the

applied scientist is to make himself generally aware of what mathematical

tools are available but not to attempt to master them until he needs a particu

lar piece of mathematics to solve a particular problem. Some of you may be

more interested than others in particular aspects of the mathematical founda

tions of parametric hydrology or in its computational aspects. Those interested

in such topics might find it useful to go through the references at the end of

this lecture in regard to the particular topic of interest and to work steadily

through the problems referring to that particular topic. Those who are not

interested in either analytical or computational mathematics need not worry

unduly about this aspect of our subject, but can accept the pragmatic view

that the techniques discussed here are well-founded and practicable. Books

which the author has found useful in respect of more than one mathematical

topic of interest in systems analysis are those by Gullemin (5), Raven {HO),

Korn and Korn {12), and Abramowitz and Stegun (/).

Orthogonal Polynomials and Functions

The following set of functions—

9*(t),9i(t), gm(t), gn(i)

is said to be orthogonal on the interval a<<<6 with respect to the positive

weighting function w(t) if:

f. w{t)gm{t)§n(t)dt=O,m^n (la)

"(00.(00.(0*7. (lb)

where the standardization factor (?„) is a constant depending only on the

58
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value of n. These two equations can be combined as follows:

w(t)gm(t)gn(O °yn-5mn (lc)f.
where 6ma is the Kronecker delta, which is equal to 1 when m equals n, but

zero otherwise.

If a function is expanded in terms of a complete set of orthogonal functions

as defined above:

(2)
*-o

then the property of orthogonality can be used to show that the coefficient

(ft) in the expansion is uniquely determined by:

ct=- f w(t)gn(t)f(t) dt (3)

If each of the functions £*(£) is so written that the factor of standardization

Yi is incorporated into the function itself, the set of functions is said to be

normalized as well as orthogonal. In a similar fashion, the weighting function

w(t) can for convenience be incorporated into the function {?*(/).

At some time or other, most engineers come in contact with Fourier series,

which are the basic classical orthogonal functions in engineering mathematics.

The vast majority of functions in engineering analysis and synthesis can be

represented by an expansion of the form:

f{t) = h °o+ S (a*cos fcf+fct sin kt) (4)
k-l

It can be shown (8) that sines and cosines are orthogonal over a range of

length 2ir with respect to the weighting function 1 and with a standardization

factor jr as follows:

/ cos(»n/) cosint)dt = v&mn (5a)

/s+Sr

sm(mt) sinint)di=±wSmn (5b)

/ cos(fftf) mi(nt)dt=0 (5c)
•'o

Because the terms of the Fourier series have this property of orthogonality,
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the coefficients a* and bt in equation 4 can be evaluated from:

1 f*
a*=- / /(0 cos (W) dt (6a)

b*-~ [ f(t)am(kt)dt (6b)

From a systems viewpoint, the significance of equation 4 is that the func

tion is decomposed into a number of elementary signals, each of which is

sinusoidal in form. For mathematical manipulation, it is frequently more

convenient to write the expansion given in equation 4 as a complex Fourier

series:

/(0= £ C*exp(»*0 (7)
k—a

For this exponential form of the Fourier series, the property of orthogonality

is expressed as:

/: (8)

where 8mn is the Kronecker delta, that is, is equal to 1 when m~n, but zero

otherwise.

We can determine the complex coefficients in equation 7 as:

Ck=hS exp(~*w(<) dl <9>
If the function being expanded is a real function, then the coefficients a* and

bk in equations 4 and 6 will be real, whereas the coefficient c* in equations 7

and 9 will be complex. The relationships between the coefficients are given by:

Ck=iA(ak-ibt) (10a)

(10b)

Though Fourier series are widely used in systems engineering, they are not

the only types of orthogonal functions which are of use. There are three

classical cases of orthogonal polynomials. These are (1) the Legendre poly

nomials, which are orthogonal on a finite interval with respect to a unit

weighting function; (2) the Laguerre polynomials, which are orthogonal on a

semi-infinite interval with respect to the weighting function exp(—t); and

(3) the Hermite polynomials, which are orthogonal on an interval infinite in

both directions with respect to a weighting function exp(—t2). Of these, only
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the Laguerre functions have been used in parametric hydrology. Their defini

tion can be written as:

f"exp(-t)Lm(i)Ln{t)dt=5an (lla)

It can be shown that the polynomials satisfying the above relationship are

given by:

MO=Z (-!)•«) ?| (12)

By incorporating the weighting factor in the Laguerre polynomial, we can

define a Laguerre function <f>n as:

i=exp(-0*.(Q-exp(--)MQ (13a)

= £ (-D»(D -rr- (13b)

which will obey the simple relationship:

<thn(t)<t>n(i)dl=Smn (lib)s:
which is an alternative form of equation lla.

It can be seen from equation 13b that a Laguerre function can be expressed

as a series of gamma distributions with integral exponents. Therefore, any

function can conveniently be expanded through the medium of Laguerre

functions in terms of a series of gamma distributions with integral exponents.

This is of interest because of the use of the gamma distribution (not neces

sarily with an integral exponent) to simulate system responses in hydrology.

So far we have been talking about functions whose arguments are continu

ous and which are orthogonal under the operation of integration. In hydrology,

our data are frequently denned only at certain discrete points or as averages

over certain intervals so that the data are not available in continuous form.

Under these circumstances, it is necessary to use discrete rather than continu

ous mathematics. Unfortunately, most engineers are trained in continuous

mathematics and find some difficulty in going over to the discrete analogs of

the continuous formulas and methods. Instead of defining orthogonal func

tions as in equation 1, we can define discrete functions to be orthogonal if:

1.6

2 w(s)ffm(s)ffn(a) =«„«„„ (14)

where s is a discrete variable.
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The Fourier approach can be applied to a discrete set of equally spaced

data as well as to continuous data (sec "Time Series Analysis of Discrete

Data," lecture 6). The method of harmonic analysis or trigonometrical inter

polation is based on the orthogonality under summation of the sines and

cosines of (2U/N-ks). Apart from the special case of harmonic analysis, dis

crete orthogonal functions are not discussed to any great extent in the mathe

matical literature.

If an attempt is made to apply Laguerre functions to discrete data, it is

found that the Laguerre functions are not orthogonal under summation. It

was found that the discrete analog of the Laguerre function defined by equa

tion 13b was:

/.(«) = (^)<'+»+I»2 £ (-l)*(j?) (f) (15)

The polynomial in equation 15 is a special case of the Meixner polynomials.

Comparison of equation 15 with the corresponding equation 13 for the con

tinuous case reveals a number of significant differences. The weighting func

tion exp(—1/2) in equation 13 has been replaced by the weighting function

{Yi)'n in equation 15, and the polynomial term tk/kl in equation 13 has been

replaced by (I). If allowance is made for the difference in the operations in

the continuous and discrete cases, these terms are seen to correspond. Thus,

exp(0 may be defined as the function which differentiates into itself; simi

larly, the function 2' is a function which forward differences into itself. The

differentiation of tk/k\ gives tk~l/(k—1)! while the forward differencing of (*)

gives (*!,).

Further information concerning Fourier series and orthogonal polynomials

can be found in the references at the end of the lecture; notably in Guillemin

(8), Hamming (9), Hildebrand (10), Lanczos (14), and Rainville (17).

Fourier and Laplace Transforms

Fourier and Laplace transforms have a number of applications in the linear

theory of hydrologic systems. They are useful in the solution of linear equa

tions in dealing with the operation of linear systems and particularly in ana

lyzing the transient behavior of systems. In addition, when the moments of

functions are used to characterize the functional relations between the input

and output of a system, Fourier and Laplace transforms can be used to deter

mine the moments of given functions.

Transformation of the original function is made to simplify the mathemati

cal procedure. On first attempting to master the techniques of Fourier and

Laplace transforms, the engineer may think that very little simplification is
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achieved. However, once mastered, the techniques are extremely useful,

particularly since the Laplace transforms and, to a lesser extent, the Fourier

transforms are tabulated like logarithms or trigonometrical functions. By

using the Laplace transform, it is possible to transform an ordinary linear

differential equation with constant coefficients into an algebraic equation

which is far easier to solve. It is also possible to convert a partial differential

equation into an ordinary differential equation, again achieving a tremendous

simplification in the type of problem to be solved. Of course, these simplifica

tions are made at the cost of having to understand Laplace transforms.

The Fourier transform is particularly useful in the analysis of the transient

behavior of stable systems. From one point of view, the Fourier transform

may be looked on as a limiting form of a Fourier series. The latter apply to

functions that are periodic outside the interval of integration and consist of

an infinite series in which each term refers to a definite discrete frequency. If

the interval of integration is increased indefinitely, the series will be replaced

by an integral as follows:

±f t)do, (16)

which corresponds to equation 7 with F(«) corresponding to c*, with integra

tion replacing summation, and with the term arising from the standardization

constant (211) appearing in the equation of the scries instead of appearing in

the equation for calculating the coefficients. Just as the coefficients c* in

equation 7 can be obtained from equation 9, so the function F(u) can be

obtained from:

*•(«)« f" fit) exp(-tcrf) dt (17)
"'—00

It would be equally permissible to introduce the standardization constant 211

in equation 17 and omit it from equation 16, or even to introduce the square

root of the factor into each of the equations.

Instead of looking on equation 17 as a limiting form of equation 9, it is

possible to consider it merely as the equation defining the transformation of

f(t) from the time domain to the frequency domain. Equations 16 and 17

have the advantage that, unlike equations 7, 8, and 9, they are not confined

to periodic phenomena. This advantage, however, is offset by the fact that

whereas equation 7 enables us to evaluate the function to a high degree of

accuracy by knowing the values of ct, equation 16, which represents the in

version of the Fourier transform, is not by any means as easy to handle.

If the system we are examining is not stable, or if the functions involved

do not fulfill certain other conditions, then the Fourier transform not of f(t)

itself, but of f(t)e~et, where c is a real number. Making this change gives us
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the bilateral Laplace transform of the function:

(18a)

(18b)

J er*'f(t)e-M'dt (18c)

f(t)e-«dt (18d)
e

As ordinarily used, the Laplace transform is only defined between zero and

plus infinity, and virtually all tables are for this unilateral Laplace trans

form. In this form we have:

= xrj(O] (19a)

°f(t)e-'dt (19b)

Equation 19b is the Laplace transform equivalent of equation 17 above.

The Laplace transform can be inverted to give the original function in the

same way as equation 16 by using the expression:

=—/ F(a)e"ds (20)

Again equation 20 is difficult to solve, but must be used unless the function

F(s) can be found in a set of Laplace transform tables. Numerical inversion

of the Laplace transform is quite difficult and involves the use of orthogonal

functions to represent the Laplace transform and the inversion of these func

tions term by term.

For discrete functions, the Laplace transform must be replaced by the

Z-transform. This can be written as:

Z[f(nT)]=\\J(nT)5(t-nT)l (21a)

= i,f(nT)ernT- (21b)
n-0

= "X)/(nr)Z-" (21c)
n-0

where

e*' = Z (21d)

This discrete transform has properties similar to those of the Laplace trans

form and has been tabulated.

Further information on transforms and their use in systems analysis can be
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found in the following. Aseltine (2) Doetsch (4), Jury (11), and Papoulis

(16). Extensive tables of transforms are available in Erdelyi (5) and Roberts

and Kaufman (21).

Differential Equations

Ordinary differential equations are differential equations in a single vari

able. If we are dealing with a lumped system, with lumped inputs and outputs,

then we will have only ordinary differential equations to handle in which the

single variable will be time. Ordinary differential equations are classified in

respect to their order and degree. The order of a differential equation is the

order of the highest derivative present in the equation. The degree of the

equation is the power to which the highest derivative is raised. A linear equa

tion must of necessity be of the first degree because otherwise there would be

an essential nonlinearity and the principle of superposition would not apply.

In a linear differential equation, all the derivatives in the equation must be

to the first power and their coefficients must not be functions of the dependent

variable. Thus, if we have an ordinary differential equation—or system of

ordinary differential equations—which describes the dependent variable (y)

and its derivatives with respect to the independent variable (0 as functions

of the independent variable (t), then there is no restriction on the order of the

derivatives but each derivative must appear only to the first power, and, in

addition, the coefficients of the derivatives cannot be functions of y but may

be functions of t. The general form of such an equation is:

an_* ^+ an(t)y=x(t) (22)

If the coefficients are neither functions of y nor of t but are constants, then we

have an ordinary differential equation with constant coefficients given by:

Equation 22 could represent the operation of a lumped linear system, but for

equation 23 to represent the operation of a system, the system would have to

be both linear and time-invariant.

Since our starting point in systems analysis is the study of lumped, linear,

time-invariant systems, we will first be concerned in our analyses with the

solution of linear ordinary differential equations with constant coefficients

such as equation 23a. An alternative form for the latter equation is:

iy+ any=x(t) (23b)

where D is the differential operator. This may also be written as:

p(D)=x(t) (23c)
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An equation such as 23 with a function of t on the right-hand side is said

to be nonhomogeneous and is more difficult to solve than a homogeneous

equation where the right-hand side is zero.

In accordance with the principle of solving simple problems first, the first

step is to look at the homogeneous equation:

p(D)y=0 (24)

and postpone solution of the full nonhomogeneous equation until a solution

of the homogeneous equation has been found. The classical method of solving

this equation is to assume that the solution is made up of terms of the form:

y=ccxp(st) (25a)

Any value of s which satisfies:

p(s)=0 (25b)

where p(s) is the same polynomial as p(D) in equation 24, will give a solution

of equation 24. If the original equation is of the nth order, then there will be

n roots, real or complex, for equation 25a. Consequently, the general solution

of equation 24, which is known as the complementary function, is given by:

y= £c*exp(stO (25c)
t-i

Real values of s* give rise to exponential terms and complex values of s* to

sinusoidal terms. In hydrologic systems which are heavily damped, the roots

are usually negative and real so that the solution consists of a series of expo

nentials with negative arguments. The n unknown constants Ck are obtained

from the boundary conditions.

Having solved the homogeneous equation, we now move on to the problem

of solving the nonhomogeneous equation. If a particular solution of the non-

homogeneous equation can be found:

(26)

then the complete solution of the nonhomogeneous equation is given by:

V=Vp(D+ I>exp(StO (27)
t-i

in which the first term of a particular integral will satisfy the right-hand side

of the equation, and the second term or complementary function will satisfy

the boundary conditions.

The solution of ordinary differential equations, such as equation 23, can be

greatly facilitated by the use of the Laplace transform. By taking the Laplace

transform of the equation and using the rules for the Laplace transform of a

derivative, we obtain an algebraic equation for the variable s in which the
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boundary conditions are automatically incorporated. If the function on the

right-hand side of the equation is simple, its Laplace transform may be in

cluded. If not, it may be replaced by a delta function and the solution for this

case obtained. The solution for the actual right-hand side is then obtained by

convoluting the function on the right-hand side of the original equation with

the solution obtained by using a delta function. If the system is a complex

one, there may be derivatives on the right-hand side of the equation, and the

use of the delta function may require some caution and a mastery of its

manipulation.

If the system has distributed rather than lumped characteristics, then its

operation will be described by a partial differential equation. Most of the

partial differential equations encountered in engineering analysis are of the

second order. For one space dimension, the general second order homogeneous

linear equation with constant coefficients is given by:

(28)
The first thing to determine about a partial differential equation is whether

it is hyperbolic, parabolic, or elliptic in form. This depends on whether the

discriminate 6s—4ac is respectively greater than, equal to, or less than zero.

Hyperbolic and parabolic partial differential equations correspond to prob

lems of propagation (in both directions respectively), whereas elliptic differ

ential equations represent the way in which the condition around the boundary

effects the interior of a space. The appropriate types of boundary conditions

are different for the three different types of equations.

Further details on the subject of differential equations and their solution

can be found in references by Lambe and Tranter (13), Fox (7), and Sneddon

(22).

Matrices

Matrices are essentially mathematical shorthand for representing arrays of

elements. A matrix is an array or table of numbers. Thus, we define the matrix

A as:

an an a\n

021 ^22 O2n

This matrix, which has m rows and n columns, is referred to as an m by n

matrix.

Matrix algebra tells us what rules should be used to manipulate such arrays
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of numbers. If a matrix C is composed of elements each of which is given by

adding the corresponding elements of matrix A and matrix B, that is:

(29a)

then matrix C is said to be the sum of the two matrices A and B, and we write:

C=A+B=B+A (29b)

Matrix multiplication is denned as the result of the operation:

C=A-B (30a)

where the elements of C are denned as:

Crt= T.dr.b.t (30b)

that is to say, the element at the intersection of the rft row and the ttt column

in the C matrix is obtained by multiplying, term by term, the r"1 row of the

A matrix by the tth column of the B matrix and summing these products.

This definition implies that matrix A has the same number of columns as

matrix B has rows. It must be remembered that matrix multiplication is in

general noncommutative, that is:

(30c)

A certain amount of nomenclature must be learned in order to be able to

use matrix algebra. A square matrix with the number 1 on all points of the

principal diagonal (that is, the one from top left to bottom right) and zero

on all the off-diagonal points is known as the unit matrix. It serves the same

function as the number 1 in ordinary algebra; it can be verified that multi

plication of a matrix by the unit matrix gives the original matrix. A diagonal

matrix is one in which the elements on the main diagonal are nonzero, but all

the other elements are zero. An upper triangular matrix may have nonzero

elements on the principal diagonal and above, but only zero elements below

the main diagonal; similarly, a lower triangular matrix has nonzero elements

elements in the principal diagonal and below it, but only zeros above the

diagonal. The transpose AT of a matrix A is the matrix which is obtained

from it by replacing each row by the corresponding column and vice versa.

The inverse of a matrix A-1 is the matrix which when multiplied by the origi

nal matrix A gives the unit matrix /, that is:

A-A-l=A-'-A=7 (31)

A matrix will only possess an inverse if it is square and nonsingular, that is,

if its determinant is not equal to zero. The transpose of the inverse of a matrix

is referred to as the reciprocal matrix. A matrix is said to be orthogonal if its

inverse is equal to its transpose, that is:

AT=A~l (32a)
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which is equivalent to:

and to:

C=A-AT=I (32b)

(32c)

The individual rows and columns of a matrix may be considered as row

vectors. Thus, the row vector which consists of a single row is really a matrix

of size 1 by n, whereas the column vector which consists of a single column is

a matrix of size mby 1. Two compatible vectors can be combined to give

either an inner product or an outer product. This is illustrated next for a

vector and its transpose.

The transpose of a row vector will be a column vector and vice versa. Con

sider a vector a which has n rows and one column; its transpose aT will have

one row and n columns. If we premultiply o by aT we obtain:

=[ai, a* an]

a*

(33a)

(33b)

(33c)

so that the result of the multiplication is a one by one matrix, that is, a scalar.

This is known as the inner product. The outer product is obtained by post-

multiplying o by oT:

at

(34a)

Since this is the product of an nXl matrix and a lXn matrix, the result is

an nXn matrix as follows:

• a? -o«o (34b)
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The comparison of equations 33 and 34 is a good illustration of the fact that

the multiplication of vectors is not commutative.

A set of simultaneous equations is represented in matrix form by:

Ax=b (35)

where A is the matrix of coefficients, x is the vector of unknowns, and b is the

vector of the right-hand sides of the simultaneous equations. If it is required

to solve the problem for different sets of values on the right-hand side, the

most convenient method is to obtain the inverse of the coefficient matrix and

write the solution as:

x=A-'b (36)

A matrix only has an inverse if it is square and nonsingular; therefore,

equation 34 can only be written if the coefficient matrix is square. This is

nothing more than the old criterion that the number of equations must be

equal to the number of unknowns in order to obtain a direct solution. If,

however, only one set of equations is being solved, there are more efficient

computational routines. From the point of view of actual computation, a

matrix may be nonsingular but may still give rise to difficulty because the

equations are ill-conditioned and the matrix is almost singular so that the

numerical results may be unreliable. Special computer programs are available

for the inversion of matrices and for the solution of simultaneous equations.

Further information on matrices and their use is to be found in publica

tions by Guillemin (8), Raven (20), Bickley and Thompson (3), and Wade

(23).

Numerical Methods

Because we deal with data and numbers rather than functions, the systems

hydrologist must have a firm grasp of numerical methods. Because of the

complexity of the systems with which he deals, most of his problems will re

quire a solution on a digital computer. The various stages of the solution of

a problem using a computer may be grouped as follows:

(1) Problem identification

(2) Mathematical description

(3) Numerical analysis

(4) Computer program

(5) Program checkout

(6) Production runs

(7) Interpretation

It is outside the scope of these lectures to discuss these various stages. Never

theless, those interested will be able to follow up any particular topic in the

references by Hamming (9), Hildebrand (10), McCracken and Dorn (15),
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Ralston (18), and Ralston and Wilf (19). In addition, a number of the prob

lems at the end of this lecture and at the end of other lectures in the series

will give practice in the solution of problems involving numerical methods.

Problems on Mathematics

Orthogonal polynomials and functions

1. Find the Fourier cosine and Fourier sine coefficients for the expansion

of a number of the functions of a continuous variable given in Appendix

table 1. From these determine the Fourier exponential.

2. Find the coefficients for the expansion of a number of the functions

shown in Appendix table 1 in terms of Laguerre functions. Compare the re

sults with those obtained in question 1 and comment on the difference.

3. Find the harmonic coefficients for the expansion of a number of the

functions of a discrete variable shown in Appendix table 2. What is the differ

ence between the expansion of a function of a continuous variable by means

of a truncated Fourier series and the expansion of the same function by the

harmonic analysis of the function of a discrete variable obtained by sampling

the function of a continuous variable at the same number of points?

4. Determine the harmonic coefficients for the discrete set of values ob

tained by sampling one or more of the functions of a continuous variable

given in Appendix table 1. What is the effect of the frequency?

5. In the case of a function which is zero outside a certain limited range,

what is the relationship between the Fourier exponential coefficient and the

moments of the function about the time origin?

Fourier and Laplace Transforms

6. Find the Fourier transform or Laplace transform of a number of the

functions given in Appendix in table 1.

7. Show that the explicit form given in either the Laguerre or Hermite

polynomials is identical to the Rodriguez form.

8. The impulse response of a given system may be represented by function

11 in Appendix table 1 and the input to the system may be represented by

function 12 in Appendix table 1. Find the output from the system (1) by a

direct convolution and (2) by means of the Laplace transform.

9. If the rlh moment of a function about the origin is given by

uK

Ur K (n-l)!

and the function is zero for negative time, find the function.

10. Use the Z-transform to find the function obtained when a Meixner

polynomial of degree m is convoluted with a Meixner polynomial of degree n.
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Differential equations

11. A number of unequal linear reservoirs are cascaded, that is, the out

flow from one is the inflow to the next. Write the differential equation for the

outflow from the last reservoir in terms of the inflow to the first reservoir

and the storage constants of the individual reservoirs. What is the form of

the solution to this general equation? What is the form of the result if the

linear reservoirs are all equal?

12. The following equation is the impulse response of a given linear
system.

-exp(-0

Draw two alternative arrangements of equal linear storage elements of unit

storage delay time which would have the same impulse response as the given

system. Then derive the differential equation for the response y{t) of the
given system to any given inflow x(t).

13. Find the solution of the following equation

Does the result hold for all values of n? What is the relationship between

this result and the result obtained in question 11 for n equal linear reservoirs?

14. Solve the linear wave equation for a semi-infinite channel for zero

initial conditions and a given condition at the upstream end. What would be

the solution if only the first-order terms on the right-hand side of the equation

were retained? What would be the solution if only the second-order terms on

the left-hand side of the equation were retained? What type of flow is repre
sented by these two solutions?

15. If in the linear wave equation the value of b and c are zero or of such

magnitude that the second and third terms can be neglected, what form does

the equation take, and what is the solution for the boundary conditions given

in problem 14? How does the form of this solution differ from the solutions
found in problem 14?

Matrix methods

16. Write out the set of simultaneous equations relating the ordinates of

the outflow hydrograph to the ordinates of the input hydrograph and the unit

hydrograph. Express this set of equations in matrix form in two alternative

ways. Give the matrix formulation of the direct solution and the least squares

solution for the unit hydrograph ordinates.

17. If the volumes of effective rainfall are given by function 6 in Appendix

table 2 and the ordinates of the unit hydrograph by function 8 in Appendix

table 2, use the matrix formulation to write down the ordinates of the outflow
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hydrograph. Rework the problem with the volume of the unit hydrograph

made equal to unity.

18. What maximum runoff would be predicted for the effective rain and

the unit hydrograph shown in Appendix table 3.

19. The input to a linear system is given by function 3 on Appendix table

2 and the output from the system is given by function 4 in Appendix table 2.

Find the pulse response of the system by means of matrix inversion.

20. If the output of the system in problem 19 was taken as function 5 in

Appendix table 2, find the pulse response indicated by this output both by

the ordinary matrix method and by the least squares method.

Numerical methods

21. List several methods for numerical quadrature of a given function.

Draw a flow diagram for the application of one of these methods to the quad

rature of one of the continuous functions on Appendix table 1, using either a

desk calculator or a digital computer. Give reasons for chosing the particular

quadrature method.

22. Develop a flow chart for a general computer program for determining

the coefficients in any orthogonal expansion of any given function. Write the

computer program for a section of the flow chart.

23. Write a computer program for matrix inversion and apply it to the

solution of problem 19.

24. Develop a flow chart for the derivation of a unit hydrograph from

records of total rainfall and total runoff. Write one section of the computer

program.

25. Discuss the methods available for the numerical solution of the linear

wave equation. Write out the finite difference scheme for solving the equation

by one of these methods and discuss how the boundary conditions would be

handled. What problems would you expect to encounter in computing accord

ing to the chosen method?
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LECTURE 4:

CLASSICAL METHODS OF RUNOFF PREDICTION

The Outflow Hydrograph

The purpose of lecture 4 is to review the classical methods of runoff predic

tion as used by applied hydrologists and to reformulate these methods in

systems terms. Most of the methods were derived during the golden age of

classical hydrology between 1930 and 1945. When some of these methods are

looked, at from a systematic point of view, the assumptions stand out more

clearly, and both the limitations and the full range of applicability of the

methods are revealed. In many cases, the scope of the methods is considerably

wider than would appear from the classical formulation of the method.

Classical hydrology paid a great deal of attention to the runoff hydrograph

in an effort to determine how it could be predicted. Figure 4-1 is taken from

a contribution by Hoyt (18). He talks of five phases in the runoff cycle;

four of these are illustrated in figures 4-1 to 4-4. The first phase relates to the

end of a dry period when the streamflow is relatively low, most of it being

supplied by base flow (<2») from ground water storage. During this phase,

the soil moisture will have been reduced by evaporation (E) and transpira

tion (T) so that a substantial field moisture deficit will exist. If the dry period

has been very long, the rate of transpiration may be severely reduced below

the potential rate due to the drying out of the soil and the lowering of the

water table. Phase 2 of Hoyt's runoff cycle relates to an initial period of rain

and is shown on figure 4-2. If the initial rain (P) is light, the amount in

filtrated (F) will not be sufficient to make up the field moisture deficit and

hence, no recharge to ground water (R) will occur. During this second phase,

a portion of the rain will be intercepted by vegetation (7) or stored in de

pression storage (D).

if

Figure 4-1.—Phase of low streamflow.

75
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Figure 4-2.—Phase of initial rainfall.

The third phase, shown in figure 4-3, is associated with the continuation of

rain for some time. If this occurs, the storage in the surface depressions (D)

will be satisfied and overland flow (Qo) will occur; similarly, if the infiltration

into the soil is sufficient to fill the soil moisture storage (S), then recharge

(R) to the ground water will occur. The streamflow will rise relatively rapidly

due to overland flow (Q«) and any return of interflow (Q.) to the stream.

Subsequently, there will be a more gradual increase in streamflow due to

outflow from the ground water reservoir (Q»), which is being recharged by

gravitational soil water (R). When the general conditions are favorable to

rainfall, there is a high relative humidity and both evaporation and transpira

tion tend to be reduced. In the analysis of conditions during prolonged rain

fall, evaporation and transpiration are frequently neglected. In this third

I I lpi I J I J I j j

Figure 4-3.—Phase of prolonged rainfall.
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phase, the rapid rise of the level in the stream channels due to overland flow

and interflow may result in increased bank storage, that is, a recharge of the

ground water close to the stream as a result of the increased streamflow.

Hoyt characterized the fourth phase as a period when rainfall has continued

sufficiently long and with sufficient intensity so that all available natural

storage has been satisfied. This condition rarely occurs in natural watersheds

of any appreciable size. In the case of small watersheds, both urban and rural,

the storage may be satisfied and the condition reached where the rate of runoff

is equal to the supply rate. This phase is not separately illustrated but is

similar to the third phase shown in figure 4-3.

The fifth phase described by Hoyt is illustrated in figure 4-4. It is the condi

tion when the rain has ceased, but sufficient time has not elapsed for channel

storage and surface retention to be depleted to the level at which they were

during the first phase. During this fifth phase, evaporation (E) and tran

spiration (T) may be considerable because the plentiful supply of moisture

allows evaporation to take place at almost the potential rate. Streamflow

will decline but only gradually as surface storage, channel storage, and ground

water storage are drawn upon in turn. This fifth phase is illustrated on the

last line of figure 4-4.

We might argue about the details of this particular picture of the runoff

cycle, but not about its general nature. How does this picture compare with

the systems view of the same phenomena? Can Hoyt's approach interpreted

from a systems point of view? At first glance there seems little in common be

tween the classical picture of figure 4-1 to 4-4 and the systems diagram shown

in figure 1-8 (p. 16). On closer examination, however, we realize that the two

can be related to one another. In figures 4-1 to 4-4, the channel storage and

the storage in the soil above the water table are shown pictorially; in figure

1-8 the same storages are represented by rectangular boxes. Hoyt's classifica

tion and illustration of the phases of the runoff cycle are based on two inputs,

Figure 4-4.—Phase of declining streamflow.
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one of precipitation and the other of potential evaporation and transpiration;

these are also the essential inputs of figure 1-8.

Classical hydrology, as exemplified by Hoyt's analysis of the runoff cycle,

makes the assumption that there is either rainfall and no transpiration, or

else transpiration and no rainfall. If this assumption is permitted in systems

hydrology, as in classical hydrology, then the task of the systems hydrologist

is greatly simplified. Instead of dealing with multiple inputs, it is possible to

deal with alternating inputs; thus we might consider the precipitation and

the potential evaporation for a given catchment as analogous to controls on

a storage tank operated in such a way that when one valve is open, the other

is shut and vice versa. W hile a complete model would have to take care of

simultaneous multiple inputs, the first approximation could follow the classifi

cation of Hoyt.

In the systems formulation, it is only necessary to use two phases. The first

phase would be the rainless period. The initial storage in the different parts

of the watershed would be determined by the previous history of the system.

The variation in that storage would be determined by the natural recession

of storage plus the effect of potential evapotranspiration on the soil moisture.

The second phase would be the rainy period. The initial condition would be

set by the history of the system during the previous rainless period in which

evaporation and transpiration would be neglected leaving precipitation as the

only input.

The decomposition of the total hydrograph into components is shown in

figure 4-5, which is based on a figure by Linsley, Kohler, and Paulhus {25).

In figure 4-5, the total hydrograph has been drawn on semilog paper. The

ground water recession is taken to be exponential, thus giving a straight line

on this plot. The exponential recession is continued back from A to B, and

B is then joined to the start of the rise of the hydrograph. When the assumed

ground water flow is subtracted from the total hydrograph, the hydrograph

of surface runoff plus interflow plotted in figure 4-6 is obtained.

Again the straight line recession may be extended back from C to D, and

the interflow separated out leaving the surface runoff. Thus, the total hydro-

graph has been divided into three elements—ground water flow, interflow,

and surface runoff—each of which is plotted as a triangle on semilog paper.

This figure is reproduced here as an illustration of a particular concept of the

components of the hydrograph without any comment on the extent to which

it reflects the position in most natural hydrographs. Whether we approach the

problem of runoff prediction from a classical or a systems viewpoint, it is

necessary to make some assumptions as a basis for the runoff prediction. The

division of the runoff cycle into phases and the division of the runoff hydro-

graph into the three components described above are examples of such

assumptions.
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Figure 4-5.—Hydrograph of total flow.

The Rational Method

During the latter part of the 19th century and earlier part of the 20th

century runoff was predicted in one of two ways. Most engineers used em

pirical formulas which were derived for particular cases and then applied to

other cases on the assumption that conditions were similar enough for the

predictions to be of some value. The second method used was that which has

come to be known as the "rational method." In this review there is little need

to examine the empirical formulas as they were ad hoc models whose param

eters were derived for one particular case and then used in a wider context.

The rational method, however, was essentially a procedure and, as its name

implies, was an attempt to approach the problem of runoff prediction ration

ally. The assumptions which it made were unduly restrictive but, nevertheless,

it is interesting to discuss this approach here as it was the one which lead

ultimately to the development of some important methods in classical and

modern hydrology.

Though the rational method is often dated from the papers of Kuichling
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Figure 4-6.—Surface runoff plus interflow.

(23) and Lloyd-Davies (26), the method is clearly outlined in a paper by

Mulvaney (28) presented to the Institution of Civil Engineers of Ireland in

1851. In this paper, Mulvany gives a clear exposition of the concept of the

time of concentration and its relation to the maximum runoff in the following

terms:

The first matter of importance to be ascertained in the case of a small or mountainy

catchment is the time which a flood requires to attain its maximum height, during the

continuance of a uniform rate offall of rain. This may be assumed to be the time neces

sary for the rain which falls on the most remote portion of the catchment to travel to

the outlet, for it appears to me that the discharge must be greatest when the supply

from every portion of the catchment arrives simultaneously at the point of discharge

supposing, as above premised, the rale of supply to remain constant, and this length of

time being ascertained, we may assume that the discharge will be the greatest possible

under the circumstances of a fall of rain occurring, of the maximum uniform rate of

fall for that time.

Mulvany then cites the example of a catchment with a time of concentra

tion of 3 hours. He points out that 1 inch of rain falling in 3 hours on such a

catchment would give a greater flow than 2 inches of rain falling in 24 hours.

He goes on to discuss the factors which affect the time of concentration as
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follows:

This question of time as regards any catchment, must depend chiefly on the extent,

form and rate of inclination of its surface; and therefore one great object for investi

gation is the relation between these causes and their effect; so that, having ascertained

the extent, form and average inclination of any catchment, we may be able to determine

in the first place, the duration of constant rain required to produce a maximum dis

charge, and consequently to fix upon the maximum rate of rainfall applicable to the

case. It is evident that, as a space of time is reduced, the rate of maximum rate of rain

is increased.

Mulvany was concerned with the maximum rate of runoff and that he

assumed a constant rate of rainfall. The circumstances of the development of

the rational method have been described elsewhere by Dooge (11).

The original rational method which was used to predict the maximum run

off was modified in the 1920's to allow for nonuniform intensities of rainfall

during the storm and also to allow for irregularities in the shape of the catch

ment. The first proposal for adapting the classical rational method to take

account of variations of rainfall within the storm period appears to have been

that by Hawken and Ross (25,87). A few years later, a second variation was

introduced to overcome the defect in the original rational method that—in

certain irregular shapes of catchment encountered in the design of sewerage

schemes—the predicted discharge from a part of the catchment could be

greater than the predicted discharge from the whole of the catchment. The

first modification of this type appears to be that due to Reid (84) in 1926.

Methods of handling the nonuniform rainfall can also be studied in papers

by Rousculp (88), Coleman and Johnson (8), Judson (21), Ormsby (88),

Harte (14), and Laurenson (25). The method of allowing for a higher runoff

from a partial area depends on the type of rainfall formula used. The methods

are described in papers by Riley (35), Escritt (18), and Munro (29). Some

of these methods for allowing for the nonuniformity of rainfall and irregu

larity of area are discussed in somewhat more detail in lecture 8, (see "Time-

Area Methods"), where they are related to the process of deriving synthetic

unit hydrographs. In both of these lines of development, use was made of a

time-area diagram, which indicates the distribution of the time of travel from

different parts of the catchment.

Figure 4-7 top shows a watershed on which have been drawn isochrones of

equal travel time. Thus, each point on the isochrone labeled t=4 has a travel

time of 4 hours, that is, it takes 4 hours for water to travel from any point on

that isochrone to the outlet. If a detailed survey of the catchment is available,

the position of the isochrones can be estimated by making allowance for the

time of overland flow to a channel and then calculating the time of flow in the

channel by Manning's formula or by some similar method.

If the area of that part of the catchment whose time of travel is less than

or equal to a given value of r, is plotted against that value of t, we obtain a

time-area diagram as shown in figure 4-7, bottom left. According to the rational
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Figure 4-7.—Top: Isochromes of travel time. Bottom: Left, time-area curve; right, time-

area-concentration curve.

method, this diagram shows for any value of r, the area which will contribute

to the maximum flow at the outlet due to rainfall with a duration equal to r.

Often it is more convenient to use the time-area-concentration curve shown

on figure 4-7, bottom right. The latter is the derivative of the time-area curve,

and its base length is equal to the time of concentration {Q. The time-area-

concentration curve in the modified rational method corresponds to the

instantaneous unit hydrograph (IUH) in the unit hydrograph method (SO).

In applying the modified rational method, the maximum rate of runoff was

obtained by superimposing the cumulative rainfall pattern (or the rainfall in

tensity pattern) and the time-area diagram (or the time-area-concentration

curve). To facilitate comparison, the time scales on the two diagrams were

made the same but with the time scale on the time-area diagram reading from

left to right and the time scale of the storm rainfall curve reading from right

to left. When the time-are-concentration curve and the rainfall intensity

curves were used, the maximum runoff was obtained by superimposing the

maximum rainfall intensity over the maximum of the time-area-concentration
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curve, then multiplying corresponding ordinates of the two curves, and, finally,

summing these products to obtain the maximum runoff. It is easy, in the

hindsight of the systems approach, to interpret and describe this graphical

and numerical procedure as a convolution of rainfall intensity and the time-

area-concentration curve. By sliding one curve laterally over the other, it was

possible, in the modified rational method, to obtain ordinates other than the

maximum and, with patience, to obtain sufficient points to define a complete

hydrograph of runoff {12).

In fact, we now realize that these methods developed in the 1920's use the

time-area concentration curve as a synthetic unit hydrograph. Before the unit

hydrograph had been invented, engineers were deriving synthetic unit hydro-

graphs (or synthetic S-hydrographs) in the form of time-area-concentration

curves (or time-area diagrams) by using Manning's formula to estimate the

time of travel. Because such synthetic unit hydrographs were based purely on

translation and did not take account of storage effects (either in the sewerage

system or on the ground, in the soil, and in the channel network), it is not

surprising that when combined with the true rainfall intensity pattern, they

tended to overpredict the peak rate of runoff. It is worthwhile noting that in

the original rational method in which a uniform rainfall intensity is assumed,

the error due to assuming uniform rainfall intensity and the error due to

neglecting storage were opposite in sign. Thus, the predicted peak would not

be as great as in the modified rational method and might in fact be closer to

the true peak.

Those who used empirical formulas for the time of concentration were also

using a synthetic method; this time one based on empirical relationships be

tween this particular parameter and the watershed characteristics. The ra

tional method is still quite properly used in certain routine design problems

such as small roadway culverts.

The rational method may be considered as a parametric method in which

a simple model is used. The basic formula of the rational method is given by:

Qaax = C-i(tt)-A (1)

in which Qmax is the estimated peak discharge, C is a coefficient whose value

must be determined in some way, i(te) is the intensity of rainfall of the chosen

frequency for a duration equal to the time of concentration (te), and A is the

area of the catchment. In a recent publication, Nash (SI) pointed out that

the rational method might have been developed on the basis of parameter

optimization. In this case, the data would have been examined to determine

the values of C and tc which gave the optimum fit in some defined sense. To

do so for a reliable set of data would be an interesting exercise.

Because these lectures are concerned with parametric hydrology, we have

only discussed the application of the rational method to the prediction of

individual storm events. Equation 1 can also be taken in a statistical sense
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in which C represents the ratio of the peak rate of runoff of a given frequency

to the rainfall of the same frequency and a duration equal to the time of con

centration. The use of the rational method in this way is outside the scope of

the present lectures, in which we are largely concerned with the rational

method as a forerunner of unit hydrograph procedures.

Unit Hydrograph Concepts

The unit hydrograph concept and its development was one of the high

lights of the classical period of hydrology. Figure 4-8 reproduces figure 1 of

Sherman's basic paper (40) published in 1932. In this figure, Sherman illus

trated for the case of a triangular unit hydrograph the effect of rain during

successive standard periods in building up the shape of the surface runoff

hydrograph through the superposition of displaced triangular unit hydro-

graphs, which combine to give the total runoff hydrograph. If the duration

of effective precipitation is greater than the base of the unit hydrograph, the

runoff becomes constant. For about 25 years, unit hydrograph methods were

widely used in applied hydrology without a recognition of the essential as

sumption involved, namely that the relationship between rainfall excess and

surface runoff was that of a linear time-invariant system.

It is instructive to quote a classical formulation of unit hydrograph pro-

.Moxlmum runoff rote

f for continuous

■v uniform ralnfoil.

12 13

TIME

Figure 4-8.—Superposition of unit hydrographs.
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cedures and to compare this with the systems formulation of the same basic

idea. One of the best classical discussions of unit hydrograph procedures is

that given in "Elements of Applied Hydrology" by Johnstone and Cross (SO).

They state the basic propositions of the unit hydrograph as follows:

We are now in a position to state the three basic propositions of vaatgraph theory, all

of which refer solely to the surface-runoff hydrograph:

I. For a given drainage basin, the duration of surface runoff is essentially constant

for all uniform-intensity storms of the same length, regardless of differences in the

total volume of the surface runoff.

II. For a given drainage basin two uniform-intensity storms of the same length produce

different total volumes of surface runoff, then the rates of surface runoff at corre

sponding times t, after the beginning of two storms, are in the same proportion

to each other as the total volumes of the surface runoff.

III. The time distribution of surface runoff from a given storm period is independent

of concurrent runoff from antecedent storm periods.

The classical statement of unit hydrograph theory quoted above can be

summarized in six words: The system is linear and time-invariant. Proposition

I and proposition II together make up the property of proportionality. If,

the length of input remains constant but the volume of input increases, then

the base length of the outflow is not altered, but the ordinates of the outflow

are raised in proportion to the volume of input. Proposition III is the principle

of superposition, which allows us to decompose the input into separate parts

and then superimpose on one another the separate outputs to obtain the total

output.

The classical manner of stating the unit hydrograph concepts and proper

ties was not questioned until about 1955. Nowadays, we make the assumption

that the watershed, in converting precipitation excess to direct storm runoff,

acts as a linear time-invariant system. It is interesting to note the comments

which Johnstone and Cross (20) make following their outlining of the three

basic propositions:

All these propositions are empirical. It is not possible to prove them mathematically.

In fact, it is a rather simple matter to demonstrate by rational hydraulic analysis that

not a single one of them is mathematically accurate. Fortunately, nature is not aware

of this.

In this regard our position has not changed. We are aware that the assump

tions of linearity and time-invariance for a catchment system are not strictly

correct, but we are content to adopt them as long as they are useful. We can

look at the fundamental equations of open channel flow and show that they

are nonlinear; we can look at laboratory results which show that the runoff

from model watersheds is nonlinear; we can look at field results and demon

strate their nonlinearity. Nevertheless, we cling to the assumption of linear

operation. The reasons are that linear methods are relatively simple, are by

far the best-developed methods we have, and that the results obtained by

using these linear methods are acceptable for engineering purposes. We will



86 TECHNICAL BULLETIN NO. 1468, U.S. DEFI. OF AGRICULTURE

continue to use them until such time as workable nonlinear methods are de

veloped and that are more accurate without being unduly complex or

costly.

The original unit hydrograph developed by Sherman was a continuous

hydrograph of runoff due to uniform rainfall in unit period. Later, Bernard

(4) introduced the idea of a distribution graph in which runoff is expressed,

usually as a percentage, in terms of volumes of runoff in standard periods.

Where the flow is subsequently routed through reservoir storage or channel

storage, it may be convenient to use a distribution graph rather than a unit

hydrograph.

The S-hydrograph, or S-curve, is defined as the hydrograph of surface

runoff produced by a continuous effective rainfall of 1 inch per hour. If the

unit hydrograph has been normalized to unit volume, then the D-hour unit

hydrograph corresponds to rain falling at a rate of 1/D inches per hour for

D hours. For a rate of 1 inch per hour lasting for D hours, the ordinates of

the Z)-hour unit hydrograph have to be multiplied by D. In the S-hydrograph,

there are D inches in the first unit period of D hours, D inches in the second

unit period, D inches in the third unit period, and so on. The equation of the

S-hydrograph is, therefore given by:

S(t)=D £,hD(t-iD) for nD<t<(n+l)D (2)

One of the big advances in classical unit hydrograph theory was the dis

covery that the S-hydrograph could be used to convert a unit hydrograph

from one unit duration to another. Before this, it was necessary to find a

storm of the appropriate duration to derive the required unit hydrograph

from the data. If you wanted a 6-hour unit hydrograph, you had to find a

6-hour storm, or a storm whose duration was an even submultiple of 6 hours

so that the shorter unit hydrograph could be developed and then shifted and

superimposed to give a 6-hour unit hydrograph. Figure 4r-9 shows the classical

diagram of the relationship between the S-hydrograph and the unit hydro-

graph. Once the S-hydrograph has been obtained from any unit hydrograph,

a unit hydrograph of a new given period can be derived from it by displacing

the iS-curve by the required amount, subtracting the ordinates of the two

S-curves, and normalizing the volume. This process can be represented by

the equation:

h m S(t)-S(t-D)
hD{t)= — (3)

As D becomes smaller and smaller, the process represented by the above

equation comes closer and closer to the definition of differentiation, and in
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the limit we have:

d_

~~dt (4)

The hydrograph defined by equation 4 is known as the instantaneous unit

hydrograph (IUH). It was developed in hydrology from hydrologic concepts

rather than from systems analysis where it was already known under a variety

of names, but most commonly as the impulse response (see pages 20 and 25,

lecture 1). The main motivation for its derivation in hydrology appears to

0 24 48 72 96 ISO 144
HOURS

Figure 4-0.—Unit hydrograph and 5-curve for 1,290-square-mile drainage area.
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have been the need to simplify the treatment of synthetic unit hydrographs.

For a finite period unit hydrograph, the shape naturally depends on the unit

period (D), and it was discovered that for very short durations the changes

in shape were quite slight. Some workers in the field suggested going to the

limit and using an IUH, thus getting rid of the variable D.

Once the IUH is accurately known, any other finite period unit hydrograph

can be obtained through the iS-hydrograph. Indeed, the time-to-peak of a

finite period unit hydrograph of any given duration can be found directly

from the IUH. The peak of the finite period unit hydrograph, given by equa

tion 3, is the time for which the above expression is a maximum. Since the

derivative of the <S-hydrograph is the IUH ko(l), then the condition for the

maximum ordinate of the finite period unit hydrograph Ad(0 is:

ko{t)-ho(t-D)=Q (5)

that is, the peak of the finite period unit hydrograph occurs at the time when

the ordinate of the IUH is equal to the ordinate at a time D earlier. The

ordinate of the finite period unit hydrograph at any time is given by the

integral expression:

MO-Tj/"' ho(t)dt (6)

Looked at from the viewpoint of classical hydrology, all of these results have

to be proved before we are convinced that the IUH can be used to derive any

other expression which we wish. From a systems viewpoint, we know from

our basic theory that for a linear time-invariant system, the impulse response

contains all the necessary information about the behavior of the system.

The process of deriving finite period unit hydrographs from an S-hydro-

graph is not as easy in practice as it appears on first sight. This is because the

S-hydrograph may not be known continuously, but only at certain intervals

of time. If we start off with a unit hydrograph which is defined only for 6-hour

intervals, the derived S-curve will be defined for the same intervals. We can

certainly try to derive the unit hydrograph for a period of 1 hour, 2 hours,

or 3 hours from this <S-curve, but the results may not have much meaning.

If there are inaccuracies in the original unit hydrograph, then there will

probably be oscillations in what would be a smooth <S-hydrograph. These

oscillations may lead to grossly erroneous ordinates in a second unit hydro-

graph derived from the S-hydrograph. Though a smooth IUH will always

produce a smooth S-hydrograph, there is no guarantee that the 5-hydrograph

derived from a smooth finite period unit hydrograph will itself be smooth.

Some of the problems at the end of this lecture are designed to show the pit

falls in this particular connection. Though hydrologists attribute oscillations

in S-curves to measurement and other errors in the data, it is quite possible
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for oscillations to arise in S-hydrographs derived from synthetic finite period

unit hydrographs which appear physically reasonable.

Separation of Base Flow

The first step in analyzing an actual hydrograph is to separate the base

flow from the direct storm runoff. Hydrologic literature abounds with methods

for making this separation. The effect of different types of storm event on the

hydrograph are shown schematically in figure 4-10 which are due to Horton.

Figure 4-10.4 shows the effect of an intense rainfall of short duration. Be

cause of the high intensity there would be surface runoff, but due to the short

duration and consequent small volume, the field moisture deficit might not

be satisfied, and, thus, there would be no recharge to ground water. Under

these conditions, the base flow recession before and after the storm event

would follow the same general curve, and the response of the hydrograph

would consist of a sharp rise and sharp recession back to the same master

curve of base flow recession.

On the other hand, if we have prolonged rainfall of small intensity, we get

the condition shown in figure 4-105. In this case, the intensity does not exceed

the potential infiltration rate, and, thus, there is no surface runoff. However,

the rainfall is sufficiently prolonged to make up the field moisture deficiency

and to give a recharge to ground water shortage. The effect of this recharge is

to increase the amount of ground water outflow or baseflow, and the recession

curve is shifted as shown in a stylized fashion on figure 4-10J3. In this case,

the recession curve after the rainstorm has the same shape as the recession

before the rainstorm but is shifted in time. More usually, however, in storms

which are of consequence in hydrologic analysis, both of the above effects are

combined so that we get both the distinct peak and a measurable amount of

surface runoff on the one hand and a recharge of ground water giving a shift

in the master recession curve on the other. This mixed condition is shown in

figure 4-10C. One of the first steps necessary in unit hydrograph analysis is

to separate out these two effects.

If during the analysis of a discharge hydrograph, we encounter a storm

event of the first type, as shown on figure 4-10A, where there is no recharge

to ground water, then there is no problem in separating the surface runoff

from the baseflow. All that has to be done is to join up the line of recession

before and after the storm event and treat all flow above this single master

recession curve as surface runoff. In the second case, as shown on figure

4-10C, where all the flow is base flow, no difficulty arises because this is not

a storm event from the point of view of surface runoff.

For a storm event giving rise to both surface runoff and ground water re

charge, some method of separating the two must be applied if the unit hydro-
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High intensity, short duration

Low intensity, long duration

B

Mixed response

Figure 4-10.—Hydrograph response to different types of storm events: A, Surface water

response; B, base flow response; C, combined response.
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graph of direct runoff is to be derived. The applied hydrologist has quite a

wide choice of such separation techniques to draw from in the technical litera

ture, but few of them are soundly based. In these methods, the base flow is

separated in some arbitrary fashion and then the total precipitation is ad

justed so that the volume of effective precipitation is equal to the volume of

direct storm runoff. There is no attempt to link infiltrating rainfall with

ground water recharge and hence, with ground water outflow. Transition from

the recession curve before the storm event to the recession curve after the

storm event is usually taken as being of relatively little interest in applied

hydrology, but this is a grave error. In fact, the form of this recession gives us

the shape of the ground water unit hydrograph, a concept which has been

studiously ignored by applied hydrologists over the past 35 years. If a block

diagram is drawn of the procedure described above, it would show an open

loop between the infiltration into the soil and the ground water outflow. This

would indicate that these two quantities wouldhave to be either separately

measured or else connected by a subsystem. In the systems formulation of

catchment response, this open loop is closed as shown in figure 1-8 (p. 16).

Most workers in applied hydrology are ready to accept that a good repre

sentation of the recession curve can be got by fitting a straight line to the

recession part of the hydrograph plotted on semilog paper. This is equivalent

to assuming that the ground water reservoir acts as a single linear reservoir.

Once this assumption has been made, the maximum benefit should be obtained

from it and the further assumption made that the ground water reservoir acts

as a single linear reservoir during the recharge as well as during recession.

Figure 4-11 shows the application of this approach. The total precipitation

is taken as being divided into precipitation excess and a constant rate of in

filtration; this represents a ^-index approach rather than the use of a more

sophisticated infiltration equation. The first part of the infiltration will re

charge ground water at a constant rate. The ground water hydrograph will be

as shown in figure 4-13. From A to B during the replenishment of field mois

ture deficit, the base flow will continue to decline as before and we will

have:

From B to C, the ground water reservoir will operate as a linear reservoir

being recharged at a uniform rate (Ro) and the outflow will be:

Q= (Qb-Ro) exp -^r^- \+Ro (8)

After the cessation of rainfall and an allowance for time of travel through

the soil, the recharge to ground water will cease and the recession will be ex-
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ponential as before:

[^] (9)

The above approach to ground water separation Is rational insofar as it is

based on a definite model of ground water behavior. As such, it is superior

to purely empirical rules usually quoted.

There is little doubt that the actual separation of base flow made in practice

in ad hoc hydrologic studies is superior to the separation that would be ob

tained by a blind application of the rules of thumb and empirical procedures

quoted in the textbooks. This is so because the hydrologist is usually familiar

with the particular watershed under examination. He modifies these empirical

rules to get a commonsense result based on his own sensitivity to hydrologic

behavior and his knowledge of the watershed. The trouble is, however, that

though the individual separation in ad hoc studies may be reasonably correct,

it makes the comparison of results between one watershed and another very

difficult when there is a large subjective element in the manner of separating

base flow from surface runoff.

In his study of 90 storm events on 48 British catchments, Nash {32) pro

posed a method of base flow separation which, though not founded on any

physical principle or model, had the great advantage of both being objective

A-B recharge of

soil moisture

B-C recharge of

groundwater

t

Figure 4-11.—Separation of base flow.
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and of affording some scope for investigating the effect of the assumption on

the results obtained. He proposed separating the base flow by drawing a

straight line from the start of the rising portion of the flood hydrograph to a

point on the recession such that the time between the end of the effective

rain and the point on the recession was equal to three times the lag between

the center of effective rain and the center of storm runoff. The point on the

recession to which the separation line was drawn could only be determined

by trial and error. In effect, Nash's method of separation gives an IUH whose

base length is three times its lag.

Analysis of Complex Storms

Leaving aside for the moment the difficulty of ensuring that the base flow

separation has been correctly made, we turn to a consideration of the problem

of deriving the shape of the unit hydrograph from the surface runoff hydro-

graph due to a complex pattern of effective precipitation. In the early unit

hydrograph studies in the 1930's, the procedure was essentially one of trial

and error. This approach has already been referred to in lecture 1 and illus

trated on figure 1-9. Without an objective criterion for the acceptance or

rejection of a trial unit hydrograph, the subjectivity of such an approach was

necessarily very high.

At the end of the 1930's, some less subjective methods were developed,

but these still did not have the objectivity required of a really scientific

method. In 1939, Collins (9) suggested an iterative method in which a trial

unit hydrograph is assumed and applied to all periods of rainfall except the

maximum. The trial surface runoff hydrograph thus generated is subtracted

from the total measured hydrograph to give a net runoff hydrograph, which

can be taken as the runoff due to the ignored maximum rainfall in a unit

period but which will also contain the errors in outflow due to errors in the

trial unit hydrograph. If this net hydrograph is then assumed to be the outflow

due only to the maximum rainfall in a unit period and ordinates are adjusted

by dividing by the volume of the maximum rainfall, we obtain a second ap

proximation to the shape of the finite period unit hydrograph. This process is

repeated until there is no appreciable change in the ordinates of the trial unit

hydrograph. Another special method for determining the shape of the unit

hydrograph from a complex runoff unit hydrograph is the graphical method

described by Sherman (41). If consistently applied without modification,

methods such as these could be ranked as objective methods of hydrograph

derivation since strict application of the method would always give the

same result. In practice, they were rarely objective since any anomalies in the

derived hydrographs were arbitrarily corrected by the investigator.

In the 1940's, the derivation of the unit hydrograph from complex storms

was based on the solution of the set of simultaneous equations giving the

ordinates of the finite period unit hydrograph (or volumes of the distribution
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graph) and the rainfall volumes in each unit period. These equations, which

have already been given in lecture 1 may be written as:

(10a)

(10b)

yt=xihi>+xhL+x9h2 (10c)

Vm = xJk+xm-ihi+ (10m)

(10n)

(lOp)

This set of equations can, of course, be summarized as:

*-<

Jr-0

In the above set of equations, the values of j/o, 2/1 yP are assumed to be

known, the values of i0, *i, xm are known, and the problem is to find

the values of Ao, hi, hp-m. From a mathematical viewpoint, this can be

done by solving the first equation for Ao; substituting this value in the second

equation and solving for Ai; substituting for the value of Ao and Ai in the third

equation and solving for A2; and so on until all the unknown values of A are

determined. In practice, the existence of errors in the values of the effective

precipitation x, or the direct runoff y, will produce errors in the ordinates of

the unit hydrograph A. The substitution of an inexact value of Ao in the second

equation will produce an error in h\, and the substitution of these two errone

ous values in the third equation will produce an error in A2. Under certain

circumstances, the error in the values of A, that is, in the ordinates of the

unit hydrograph, can grow rapidly and quite unreal values are obtained in

the solution for the later ordinates of the unit hydrograph.

Several methods have been proposed to overcome this disadvantage of the

above direct algebraic solution by forward substitution. One of these was the

method of least squares, whose use is mentioned by Linsley, Kohler, and

Paulhus (25). The method was developed by Snyder (42) in the United

States and Body (5) in Australia and programed for the digital computer.

The least squares method of unit hydrograph derivation will be discussed in

greater detail in lecture 6. Another approach to this problem was that of

Barnes (S). In his approach, any oscillations occurring in the unit hydrograph

were eliminated by deriving the unit hydrograph in the reverse order. This is
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in line with general experience in numerical methods—a calculation which is

unstable in one direction is usually stable if taken in the reverse direction.

Barnes further suggested that the estimated effective precipitation should be

adjusted until the unit hydrograph obtained in the forward and reverse direc

tions was substantially the same.

Although the derivation of the unit hydrograph from the outflow hydro-

graph due to a complex storm (that is, the problem of identification) is a

difficult one to solve, the prediction of the flow hydrograph due to a complex

storm when the unit hydrograph is known is relatively easy. All that is re

quired is the application of each of the volumes of effective precipitation in

a unit period to the known finite period unit hydrograph. To obtain the out

flow hydrograph, carefully locate each volume of effective precipitation in

time and then sum the results. In terms of the set of simultaneous equations

10a to 10p, the problem is simply to determine the left-hand side knowing all

the values of x and all the values of h.

Classical hydrology nearly always made use of a finite period unit hydro-

graph and, therefore, of the superposition of a finite (and usually small)

number of block rainfall events. Research workers who are interested in plac

ing the classical unit hydrograph approach on a sounder theoretical basis

tended to use the IUH rather than a finite period unit hydrograph. The pro

cedure for prediction is similar in this case except that summation is replaced

by integration. The relationship is shown on figure 4-12. In the upper part of

the figure, the rainfall falling between the time r+dr has been shown as

shaded. The volume of precipitation represented by this shaded area is x(r)dr.

If h(t) is the IUH produced by a unit volume of precipitation excess falling in

an infinitesimal short time at 1 = 0, then the shape of the hydrograph due to

the shaded area of precipitation will be the same as the shape of this IUH,

but the ordinatcs must be multiplied by x{r)dr, and the whole hydrograph

must be displaced along the time axis by an amount r. Each element of pre

cipitation excess will produce a similar hydrograph.

Instead of concentrating on the effect of all times in the future of a given

element of precipitation excess, we can concentrate on the outflow at a given

time and examine how this is made up from contributions from precipitation

excess at all times in the past. As seen from figure 4-12, the contribution of the

shaded area of effective precipitation to the outflow at a time, t, will be:

Sy(t)=x(T)h(t-r)dT (12)

Because all elementary areas of precipitation excess whose value of t is less

than t will contribute to the outflow at a time t, we get for the outflow the

relationship:

2/(0= /' x(r)h(l-r)dr (13)

which is the familiar convolution relationship for a lumped linear time-invari-
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x(r)h(t-T)dT

t)

Figure 4-12.—Convolution of inflow with IUH.

ant causal system. The above derivation is inherent in the time-area version

of the rational method, or isochrone method, as this method is sometimes

known. The above physical demonstration parallels the purely mathematical

derivation of the convolution relationship given in lecture 1.

In the 1950's, a number of research workers in hydrology, working inde

pendently of one another, began to grasp that unit hydrograph methods

represented the application in hydrology of systems techniques used in other

disciplines. An essential step forward here was the recognition that the unit

hydrograph method was merely the assumption that the watershed under

examination was converting effective precipitation to storm runoff in a linear

time-invariant fashion. The gradual development of the systems formulation

of hydrologic problems can be traced in publications by Larriev {24), Nash

(SO), Dooge (J0), Amorocho and Orlob (2), Kuchment (22), and Roche

(36). The changes brought about by this new viewpoint can be appreciated
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if the references given are compared with the treatment of the corresponding

topics given in the number of textbooks on hydrology published in the 1940's

by Meinzer (27), Foster (13), Johnstone and Cross (20), Wisler and Brater

(46), Linsley, Kohler, and Paulhus (25), and the American Society of Civil

Engineers (/).

All of the concepts and methods of the classical unit hydrograph approach

can be neatly formulated in systems nomenclature. The only necessary as

sumptions in the unit hydrograph approach are those of linearity and time-

invariance (10). Once these assumptions are made, the relation between the
input, the output, and the system response are given by the convolution

equation. TV here the inputs and outputs are defined continuously, the con

volution equation takes one of the continuous forms discussed on pages 28 to

35 of lecture 1. The various methods available for the solution of the continu

ous convolution equation are discussed in detail in lecture 5. If the input and

output data are only defined as discrete points, then the unit hydrograph

approach can be formulated in terms of the discrete forms of the convolution

equation discussed on pages 35 to 40 of lecture 1, and the methods of solution

used in these cases are discussed in detail in lecture 6.

Problems on Classical Methods

1. The time-area variations of the rational method enable the complete

hydrograph to be predicted for a given storm. What is the relationship be

tween this method and the unit hydrograph method?

2. Table 3 in the Appendix shows the effective rainfall in inches and the

runoff in cubic feet per second for the Big Muddy River at Plumfield, 111.,

for April and May 1927. Derive the 24-hour unit hydrograph from these

figures.

3. The figures defined by function 9 in Appendix table 2 when reduced to

unit volume represent the ordinates at hourly intervals of a 2-hour unit hy

drograph. (1) Determine the runoff if the volume of effective rain in succes

sive 2-hour periods is given by function 6 in Appendix table 2. (2) Calculate

the ordinates of the S-curve and from these derive the ordinates of the 8-hour

unit hydrograph. (3) W hat would be the effect of ignoring the variation of

the intensity of effective rainfall in the given storm? (4) Derive the 1-hour

unit hydrograph.

4. Carry out the calculations indicated in question 3 for the case where

the 2-hour unit hydrograph is defined by a triangle of unit volume whose

ordinates at hourly intervals are in the proportion indicated by function 8 in

Appendix table 2. Comment on the results obtained.

5. Assume that the hydrograph of effective precipitation is given by func

tion 12 on Appendix table 1 and the hydrograph of storm runoff by function

13 on Appendix table 1. Determine as accurately as possible the form of the

IUH.
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G. List a number of conventional methods used for separating the base

flow and the storm runoff. Compare these methods critically, and give your

opinion as to the probable order of merit.

7. An effective rainfall lasting 2 days produces an outflow lasting 6 days.

If the daily volumes of outflow are distributed according to function 11 in

Appendix table 2, apply Barnes method to determine the distribution graph

for the catchment.

8. For the outflow given in problem 7, show that a second unit hydrograph

can be derived from the same outflow hydrograph. Is it possible to prove that

there are no further exact solutions except these two?

9. (1) For the output obtained in either question 3 or question 4, make a

small alteration in one or more ordinates of the output and then seek to derive

the unit hydrograph for the original input and the adjusted output. Compare

the resulting unit hydrograph with the original unit hydrograph. (2) For the

same example, make an adjustment in an ordinate of the input leaving the

output unaltered and again proceed to derive a unit hydrograph. Contrast

the effects of errors in the input and the output.

10. Derive a matrix formulation for the Collins' method of deriving a unit

hydrograph.
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LECTURE 5:

IDENTIFICATION BASED ON CONTINUOUS DATA

Transform Methods of Identification

Lecture 5 deals with the identification of linear time-invariant systems

where the data are given in continuous form, that is, by functions of a con

tinuous variable. Historically, unit hydrograph procedures were first developed

for discrete or quantized data and only later adapted to continuous data.

In a systematic approach, one can start either with continuous inputs and

outputs or with discrete inputs or outputs. Since most hydrologists are more

familiar with continuous mathematics than with discrete mathematics, the

present lextures deal with continuous data before going on to discrete data.

In lectures 5 and 6, we will be dealing only with the question of identification;

the problem of simulation will be dealt with in lectures 7, 8, 9, and 10.

In tackling the problem of system identification, we are trying to develop

objective methods for describing the way in which a particular system operates

on inputs in order to produce outputs. This description—which may be

expressed in graphical, numerical, or functional form—will reflect the general

operation of the system but will tell us nothing about the nature of the system,

about the nature of any of its components, or the way in which these com

ponents are put together. If we can obtain a description of the operation of the

system for some general class of inputs (and if our assumptions of linearity and

time-invariancc are reasonable), then we will have little difficulty in pre

dicting the output from the system due to any input belonging to this general

class. If linearity holds, then we can use the principle of superposition to

predict the output from any shape of input; if time-invariance holds, we can

apply the description of the operation of the system obtained from past

records to a future time. These assumptions may appear unduly restrictive,

but the strategy of parametric hydrology is to master the special case of linear

time-invariant systems before relaxing these assumptions.

It was shown in lecture 1 that the assumptions of linearity and time-

invariance allow us to relate the input and output of a particular system by

the convolution relationship:

2/(0= /
* —a

x(r)h(t-T) dr (la)

or

y(t)= f° x(t-r)h{r) dr (lb)
•'—to

where h(t) is the impulse response of the system and provides a complete

102
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description of the operation of the system. If the system is a causal system,

then the relationship between input and output is given by:

2/(0 = / x(r)h(t-r) dr (2a)

or

= / x(t-r)h(r) dr (2b)

If, in addition to the system being causal, the input is isolated, then we can

write:

y(l)= f x(r)h(t-r) dr (3a)

or

1= f x(t-r)h(r)dr (3b)
Jn
f

provided the time origin is taken to be not later than the start of the input.

In these circumstances, the problem of system identification reduces to the

mathematical problem of determining the function h(t) when given the

functions x(t) and y(l) and the relationship indicated by equations 1, 2, or 3.

The approach to the solution of the identification problem by transform

methods was mentioned in lecture 1. In these methods, the input, output, and

impulse response, which are connected by the convolution relationship:

y(l)=x(t)*h(l) (4)

are each subjected to the same transformation so that:

(5a)

(5b)

and

T(h) = Tlh(t)2 (5c)

These transformed functions are then connected by the relationship:

= T(x)\T(k) (6)

where X is the operation in the transform domain, which corresponds to con

volution in the time domain.

If equation 6—which may be described as a linkage equation (18)—is

simple in form, then the transform of the system response may be expressed

in terms of the transforms of the input and the output. This transform of the
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impulse response can then be inverted, though sometimes only with great

difficulty, to obtain the system response in the time domain:

MO-T-'Cn*)] (7)

The general procedure is illustrated in figure 1-11. There arc three separate

stages in the identification process: (1) the transformation of the input and

the output (equation 5), (2) the solution of the linkage equation (equation

6), and (3) the inversion to obtain the impulse response in the time domain

(equation 7). The efficacy of any transform method depends on the ease with

which these three operations may be carried out. Nearly all of the methods

proposed for the identification of hydrologic systems with continuous input

and output, where the input can be isolated, may be considered as transform

methods. These methods are discussed in detail later in this lecture, but at the

moment, it is only necessary to commend briefly on their relationship to

one another.

System identification based on Fourier series involves the expansion of both

the input and the output into a series of sine and cosine terms. In each case,

the coefficients in the Fourier series represent the transformation of the

respective function, and the determination of these Fourier coefficients

represents the step corresponding to equation 5 above. Because the sines and

cosines are orthogonal to one another, the Fourier coefficients for the input

and output can easily be obtained by integration. If a linkage equation can

be obtained corresponding to equation 6, then the Fourier coefficients of the

impulse response can be determined from the Fourier coefficients of the input

and the output (18). The solution of equation 7, that is, the inversion of the

transform, offers no difficulty because the impulse response in the time domain

can be reconstituted from its Fourier elements. Though the Fourier method is

largely applied to periodic data, it can be applied, in the case of an isolated

input, to a system with a finite memory by basing the analysis on the assump

tion that the input and the output are periodic with a period which is equal

to or greater than the length of the output.

The restriction to isolated inputs and finite memories can be relaxed by

using the Fourier integral or Fourier transform instead of Fourier series (BO).

This was the line of development adopted by electrical engineers in dealing

with transient phenomena. The use of the Fourier transform, however, has the

disadvantage that the problem of inversion is much more difficult than in

Fourier series. If the Fourier coefficients of the impulse response are known,

then the impulse response itself is known in the time domain to an accuracy

depending on the number of Fourier terms. In contrast, the Fourier integral is

difficult to invert, particularly if it is only known numerically. In systems

analysis, the Fourier integral is usually replaced by the Laplace transform to

enable us to handle unstable systems or systems whose stability is in doubt.
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The numerical inversion of the Laplace transform (6) is even more difficult

than numerical inversion of the Fourier integral.

The first transformation method used to analyze hydrologic data was the

method of moments proposed by Nash (17) in 1959. From a theoretical point

of view, the moments (and the cumulants which will be discussed later) can

be derived from the Fourier integral or the Laplace transform. Moments and

cumulants share with the Fourier integral and the Laplace transform the

advantage of a simple linkage equation coupled with the disadvantage of

difficulty of inversion.

Dooge (9) has proposed the use of Laguerre functions in place of Fourier

analysis. Laguerre analysis shares with the Fourier series the advantage of

orthogonality and with the Fourier transform the property of covering the

range from zero to infinity. However, Laguerre analysis has the disadvantage

of requiring a more complicated linkage equation, which makes the deter

mination of the coefficients of the impulse response numerically less stable

than where the linkage equation consists of a single term.

Analysis by Fourier Series

The definition and properties of Fourier series and other orthogonal func

tions were discussed in lecture 3 (see pp. 86-93). In the present section, we are

concerned with the application of Fourier series to the identification of linear

time-invariant systems. For such a system, the input, impulse response, and

output are connected by the convolution relationship:

y(t)= f' x(r)h(t-r)dr (7a)

If the system is causal, this relationship can be written as:

V(t)= f x(r)h(t-T)dr (7b)

and if the system is causal and has a finite memory M, then we have:

x(r)h(t-T)dr (7c)

Where the input is periodic with a period T, the output will be given by:

y(t+kT)= [' x(r+kT)h(t-r) dr (8)
J t-M

If the period of the input (T) is greater than the sum of the duration of
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input (iV) plus the memory length of the system (M), that is, if—

T>(M+N) (9a)

then the value of the output y will return to zero during each period. Equation

8 can be replaced by the equation for an isolated output due to an isolated

input:

y(t) = /' x(r)Ht-r) dr
J t-M

(9b)

which is seen to be identical with equation 7c. An isolated storm event can be

analyzed by Fourier methods provided the assumed period T is greater than

the duration of output, which is the condition given by equation 9a.

In the Fourier analysis of systems, we need to obtain the Fourier coefficients

of the output as a function of the Fourier coefficients of the input and the

Fourier coefficients of the impulse response. These coefficients appear in the

Fourier series expansion of the three functions:

*(0- t cexpft^) (10a)

(10b)

y(t)= E Cpexp^pyj (10c)

The exponential or complex form of the Fourier series has been used in the

above equations because the linkage equation between the respective coeffi

cients and other properties take a particularly simple form in the complex

coefficients. Since h (t) is zero for values of t between t =M and t = T, equation

9b can also be written as:

2/(0 = f X(r)h(t-r) dr (9c)
Ji-r

By the property of orthogonality we have:

)dt (11)j

Substitution from equation 9c into equation 11 gives:

C,= I^exp(-t. ^fx(r)h(t-r)drdt (12)
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Reversing the order of integration gives:

/
which can also be written as:

C- \HT*M mv{-i^)jyv{-i^l)W-r)^r (14)

Performing the inner integration with respect to (t—t) gives:

CP= f x(t) exp (-t ^) yp dr (15a)

or

f (^)r (15b)
' t-T

so that on integration with respect to t we obtain:

Cp=T.yp-cp (16)

which is the required linkage equation between the Fourier coefficients of the

output Cp, the Fourier coefficients of the input cp, and the Fourier coefficients

of the impulse response yp.

In practice, the linkage is not quite this simple, because for a real function

the exponential Fourier coefficients will be complex. Accordingly, it is pre

ferable to write the output in terms of cosine coefficients (Ak) and sine coeffi

cients (fit), the input in terms of cosine coefficients (at) and sine coefficients

(bt), and the impulse response in terms of cosine coefficients ak and sine

coefficients 0k. Because we have:

Ck = y2(Ak-iBk) (17a)

ck=H(ak-ibk) (17b)

7* = H(at—ifa) (17c)

equation 16 can be written as:

}4(Ak-iBk) =T>}4{ak-ibk)}4(ak-i$k) (18a)

which the real part gives:

Ak= | (akak-bkpk) (18b)

and the imaginary part:

Bk= — (a*0*+&ioti) (18c)
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In system identification, we need to express the coefficients of the impulse

response (a and 0) in terms of the coefficients of the input (a and b) and the

coefficients of the output (A and B). These are obtained by solving equations

18b and 18c for a* and ft, getting:

2 atAk+btBt

at= t ' -tfThT (19a)

2 QkBthAi

*" T ' aS+bS (19b)

Once the values of at and fit have been obtained, the form of the impulse

response is easily determined since it is given by:

MO =M«.+ £ («* cos —+ft sin —j (20)

If only a limited number of coefficients arc determined, the effect is that the

high frequency components neglected by the truncation are not included in

the impulse response. Because hydrologic systems are heavily damped, the

neglect of high frequency components does not give rise to appreciable error.

The linkage equation derived above is for Fourier coefficients defined in

terms of a continuous function. If the data were defined continuously, it

would be possible to compute these coefficients either by Gaussian quadrature

formula based on a very large number of equally spaced sample points. In

lecture 6, the same linkage equation is obtained for the pulse response where

the input and the output are defined discretely. In the latter case, the linkage

equation was derived and applied by O'Donnell {18) to actual data of surface

runoff.

Analysis by Fourier and Laplace Transforms

As mentioned in lecture 3, the Fourier and Laplace transform techniques

have been widely used in the analysis of nonperiodic phenomena {12, 20). In

these cases, a simple linkage equation can also be found. Most hydrologic

systems are inherently stable and, thus, could be analyzed by Fourier trans

forms; however, Laplace transforms are more widely treated in the engineering

and mathematical literature, and the tables of transforms are more extensive

{12, £3). In lecture 3, both techniques were mentioned and both will be dis

cussed in this lecture.

The Fourier transforms of the input, output, and impulse response are

given by:

= / x(0 exp(-wot) dt (21a)
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Y(a) = [* y(t) exp(-tW) dt (21b)

H(u) = [" h(t) exp(-ta>0 dt (21c)

For a linear time-invariant system, we have the relationship:

y(t) = P x(r)h(t-T) dr (22)

It is necessary to find the linkage equation between the Fourier transform

of the output and the Fourier transforms of the input and the impulse response.

Substituting from equation 21 into equation 22, we obtain:

Y(u)= f" exp(-i«0 f x(T)h(t-T)drdt (23)

Reversing the order of integration gives:

Y(u)= [' x(r) f" exp(-i(cl)h(t-T)dtdr (24)
'—CO '—CO

Replacing t by (t—r) as a variable of integration in the inner integration and

rearranging exp(—t«0 gives:

7(«)= f" x(t) exp(-tW) f" expl-Mt-T)yi(t-r)d(t-T) dr (25)
J—H, *—CO

and performing the inner integration gives:

K(«)= f* x(r)exp(-io>t)'H(w)dT (26a)
•'—to

= #(«) r i(r) exp(-zW) dr (26b)
•'—to

Performing the remaining integration then gives the required relationship:

Y(o>)=H(o)'X(w) (27)

As compared with analysis by Fourier series, the coefficients of the Fourier

series analysis are replaced by the continuous functions of the Fourier trans

form. If we allow for this difference, the linkage equation given by equation 27

is seen to be of the same form as the linkage equation for Fourier analysis given

by equation 16 above.

While the form of the relationship shown in equation 26 is suitable for
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analytical purposes, it is necessary for the purposes of calculation to separate

the real and imaginary part of the Fourier transform. Thus, we need to write:

X («) = XR («) +1*, (w) (28a)

Y(u) = Ya(<o)+iYI(o>) (28b)

H(«) =#«(«) +tff/(«) (28c)

Substituting the expressions from equation 28 into equation 27 and equating

the real and imaginary parts, we obtain:

r«(«) -H»{»)Xa(u) -HiMXtM (29a)

Yi(u) -HmMXiM+NjMXrM (29b)

In the identification problem, we need to express the real and imaginary

parts of the Fourier transform of the impulse response in terms of the real and

imaginary parts of the Fourier transforms of the input and the output. These

are given by:

««(«) = y / \« ■ y I \i <3Oa)

A«(w

In electrical engineering, it is unusual to express the Fourier transform of

the system in terms of the amplitude and the phase angle. In hydrologic

systems, the formulation of equation 30 is probably more convenient.

The determination of Hr(u) and Hi(u) only specifies the impulse response

in the frequency domain. To find the description of the impulse response in

the time domain, it is necessary to invert the Fourier transform H(u). This

is given by:

1 /■"

= 2n J cosut~Hl(w) s[nutldu (31a)

Because h(t) is real, we have:

Hs{-o»)=Hr(w) (31b)

and

Hi(-») = -Hi(w) (31c)

so that we can write:

[HK(u) coa(wt)—Hi(u) smuQdu (31d)

If h(t) is causal, that is, if it is identically zero for all negative values of t,
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we can also write:

h(t) =- f HB(u) cos(«t) dw (31e)
iw0

or

h(t) =^- f #/(«) sin(a>0 do (31f)
iw0

Equation 30 may be compared with equation 19. Again, the Fourier integral

approach is similar to the Fourier series approach except for the replacement

of summation by integration. The necessity to integrate suggests the possible

use of values of « determined by the requirements of Gaussian quadrature.

For the bilateral Laplace transform, defined by:

(32)= f° f(t) exp(-st) dt

the development of the linkage follows exactly the same steps as in the Fourier

transform. However, in the more usual unilateral Laplace transform defined

by:

F(s) = £[/«)]

= f°f{t) exp(-sO dt (33)

care must be taken with the limits of integration.

For a linear time-invariant system for which the input is zero for negative

time, we have the relationship:

y(t)= C x(r)h(t-r) dr (34)
•'o

The Laplace transform of the output is given by:

F(«) = r 2/(0 exp(-s<) dt (35a)
■'o

- r exp(-«0 [*x(T)h(t-T)drdt (35b)
■'a •'o
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Reversal of the order of integration gives:

/« ,«

x(r) / exp(-st)h(t-T)dtdr (36a)

/« ,00

x(T)exp(-sr) / exp[-s(<-T)]A(t-T)d<dr (36b)
v '0

Because the system is causal, h(t-r) will be zero for any value of t less than r,

and, consequently, the lower limit of integration for the right-hand integral
can be set equal to t, thus giving us:

x(r) exp(-sr) / expi-8(t-T)yi(l-r)dldT (37)

Changing the variable in the inner integration from I to u = i—r, we obtain:

i(t) exp(-sr) / exp(-su)A(u)dudr (38a)

F(s) = / x(t) exp(-sr) -H(s) dr (38b)

Y(s) =H{s) Ix(t) exp(-8r) dr (38c)

Y(8)=H(8)-X(8) (38d)

Once again, the linkage equation has the same general form as in the case

of Fourier series and Fourier transform. Equation 38d only gives us the

Laplace transform of the impulse response or the system function as it is

sometimes called. The numerical inversion of a Laplace transform is extremely

difficult. One of the most efficient ways of doing it is to expand the Laplace

transform in terms of a series of orthogonal polynomials and then invert this

series term by term (6). It would appear, however, that if the orthogonals

are going to be used for inversion, then we might as well start and base our

whole analysis on the use of orthogonals.

Both the Fourier transform method and the Laplace transform method

have been used for the identification of hydrologic systems. In 1952, Paynter

{21) suggested the use of Laplace transform methods for the study of both

hydraulic and hydrologic systems. Diskin1 determined the Laplace transforms

for a large number of storm events. The watersheds examined were between

1 Diskin, M. H. a basic study op the linearity of the rainfall-runoff process

in watersheds. Ph.D. thesis, Univ. 111. 1964. [Univereity Microfilms Publ. No.
64-8375.]
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30 square miles and 1,420 square miles in area and between four and 10 storms

were examined for each watershed. In the same year, Levi and Valdes (16)

discussed the application of Fourier transform techniques to the determination

of the IUH and applied the method to the Tuxpan River in Mexico. More

recently, Blank and Delleur (7) used the Fourier transform approach in a

study of 1,059 hydrographs from 55 watersheds in Indiana.'

Moments and Cumulants

The first transform method of identification applied to hydrologic data was

based on moments used by Nash (17) in 1959. In systems analysis, moments

are used in the same sense as in statistics. Thus, the Rth moment of a function,

which has been normalized to unit area, about the point a, is denned as:

M*(f)= f* f(t)-(t-a)*dt (39)
■'—00

In particular, moments about the time origin are defined as:

f(l)-t*-dt (40)
0

and moments about the center of area are defined as:

UrU)= C !<,t)(t-Ui')Rdt (41)

The moments are related to the Fourier transform and the Laplace trans

form; in the theory of statistics, the Fourier transform is used in the form of a

characteristic function or a moment generating function. If we are dealing

with functions that are zero for negative time and are only interested in

moments about the origin, it is possible to perform all the operations necessary

with the ordinary Laplace transform. If, however, we wish to deal with the

moments about the center of area (or with functions which are not zero for

negative time), then it is necessary to use either the Fourier transform or the

bilateral Laplace transform. The following development is in terms of the

bilateral Laplace transform, which is defined by:

Fb(s) - I fit) exp(-st) dt (42)

If the above expression is differentiated with respect to 8, we obtain:

£ - C fit) -t-exv(-at) dt (43)
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and if the differentiation is carried out R times:

J^(«)]=(-l)*/"/(0-<*-exp(-80 dt (44)

By setting «=0 on both sides of the equation, we obtain:

= (-Ds-W(/) (45b)

so that the Rth moment about the origin can be obtained from the Laplace

transform provided that the transform exists and can be differentiated R

times at 8=0.

The relationship between the moments of the input and the output and the

impulse can be obtained as follows. For a linear time-invariant system,

we have:

YB(s)=XB(s)'HB(s) (46)

The Rth moment of the output about the origin I = 0 is given by:

Ua'(y) = (-D!t^LYB(8)l^ (47)

Substitution from equation 46 into equation 47 gives:

Ua'(y) - (-l)*|^prB(s) •#,(«)!_, (48)

Using Leibnitz's formula for the continued differentiation of a product, we

have:

Vn'iv) = (-l)s Z (?) J^LXb{b)]._o^[Ffl(s)]_, (49)

which gives the relationship between the moments about the origin as:

k-R

Un'(y) = £ (?) Uk'(x) Ur-t'(h) (50)
k-C

It can be shown that if the moments of the normalized output are taken

around the point t=a, the moments of the normalized input around t = b, and

the moments of the normah'zed response about the point t=c, and if a=b+c,

then the relationships between the moments is the same form as equation 50.

In particular, if the moments are taken about the respective centers of area,
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we have:

k-R

(51)

which was the form of the theorem of moments for a linear time-invariant

system published by Nash (17). For the special case of R = \, equation 50

becomes:

h) (52)

which expresses the fact that the lag of the output is equal to the lag of the

input plus the lag of the impulse response. For R=2 and fl=3 in equation 51,

because Ui( ) =0, we have the special cases:

h) (53a)

fi) (53b)

This special additive relationship does not hold for any higher moments.

Equations 50 and 51 represent linkage equations between the moments of

the output, the input, and the impulse response. Once the moments of the

input and the output have been determined, the corresponding moments of the

impulse response can also be determined. The final inversion of the latter can

only be made via the Fourier transform or Laplace transform. The problem of

moment inversion is to determine the nature of the function given the moments

of that function. If the Laplace transform of the function is consistent when

near zero, it may be expressed in terms of a Maclaurin series:

*■(«)= EttIIFWIUt; t54)
t_o as* ki

which can be written as:

F(a)= E (-iW(/)r; (55)
*-o *•

Even if only a few moments are known, they give a certain amount of in

formation about the Laplace transform near the origin and, therefore, of the

original function at relatively large values of time.

Moments are not the only set of parameters which may be used to describe

the response function; in some cases they are not the most convenient set.

Another set of useful parameters used in statistics are the cumulants or so-

called semivariants (14). These are defined as the set of parameters for which

the logarithm of the characteristic function (or Fourier transform) is the

generating function. All the cumulants except the first are unaffected by a

change of origin. In a similar manner to the moments, the cumulants can be

derived by continuous differentiation of the logarithm of the Fourier transform
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or the Laplace transform. Thus, the cumulants may be defined by:

^n(s)]._o (56)

For a linear time-invariant system we have:

Y(8)=X(8)-H(s) (38a)

and therefore:

logr(s) =logX(«) +logff(a) (57)

Differentiating both sides of equation 57 tf-times, and setting 8=0, we obtain:

(58)
ue~ us~ cms"

which is clearly equivalent to:

thus, indicating that in the case of cumulants we get the simple additive

relationship of equation 59 for all orders of cumulant.

The simple form of the moments relationship in equation 52 and equation 53

is due to the fact that the first cumulant is equal to the first moment about the

origin and the second and third cumulants are equal to the second and third

moments about the center of area, respectively. The fourth cumulant is equal

to the fourth moment about the center of area minus three times the square

of the second moment about the center of area and is known in statistics as

excess kuriosis. The Gaussian distribution has a first cumulant which deter

mines the position of the mean and a second cumulant which determines the

variation about the mean, but all cumulants above the second are zero. In

the gamma distribution, which is widely used in hydrology, the Rlb cumulant

takes the form

KR=n(R-l)\K* (60)

where n and K are the parameters of the gamma distribution.

Nash (17) also introduced the idea of plotting dimensionless shape factors

derived from moments in order to compare the shape of derived unit hy-

drographs. He defined a dimensionless moment of order R as the Rih moment

about the center of area divided by the first moment about the origin raised

to the power of R, that is,

- Un .
m«=' /rr/M. (61)
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In dealing with the linear theory of open channel flow, Dooge* found it more

convenient to define dimensionless shape factors in terms of the cumulants

rather than the moments. These are defined as:

^ (62)

and can be plotted against one another to compare different functions or

models with one another or to compare a model with the data which it is

attempting to simulate.

In the above discussion of moments and cumulants, it has been assumed,

as indicated earlier, that all the distributions involved have been normalized

to unit area. The use of normalized distributions is convenient both in theo

retical investigations and in actual computations. If required, however,

corresponding relationships can be derived for the case where the input and

output have not been normalized.

Laguerre Analysis of Systems

It was noted previously that a Fourier analysis of systems had the advan

tage of orthogonality but the disadvantage that the method could only be used

for an isolated input to a system with finite memory. The success of the

method, however, would suggest that in systems with infinite memory an

alternative method of analysis which might be useful would be one based on
functions which are orthogonal over the whole range from zero to infinity

instead of only over a finite range. Because Laguerre polynomials are or

thogonal over the range 0 to °o with respect to the weighting factor exp(—Oi

this suggests the use of Laguerre functions defined by:

t-o

as the basis of the systems analysis. Dooge (9) has suggested that these

functions may be more convenient than Fourier methods for heavily damped
systems because the Laguerre functions can be seen to be made up of gamma

distributions, a function which has been widely used to represent the damped

response typical of natural watersheds.
If Laguerre functions are to be used as the basis of system identification,

then it is necessary to express the input, output, and impulse response in

1 DOOOE, J. C. I. LINEAR THEORY OP OPBN CHANNEL FLOW, m: MOMENTS AND CUMT-

LANT8. Dept. Civ. Engin., University College, Cork, Ireland. 1967. (Unpublished

report.)
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terms of Laguerre functions. Because the Lagucrre functions are orthogonal

to one another this is easily done. There is no guarantee, however, that the

Laguerre functions would be convenient functions to use in the analysis of the

system. The first step necessary is to examine what the effect is of convoluting

one Laguerre function with another, that is:

0(0= fU(r)Mt-r) dr (64)

where/„(/) and/n(<) are Laguerre functions as defined by equation 63. The

right-hand side of equation 64 results from multiplying a power series of order

m by a power series of order n and then integrating, thus producing a power

series of order (m+n+1). The resulting power series could therefore consist

of (m+n+1) terms, each of which is a Laguerre function. In practice, all but

two of the terms drop out and only the last two terms remain, the result being:

(65)

For the Laguerre series analysis of a system, we proceed as before and

expand the input, impulse response, and output in terms of Laguerre functions:

*«) = "Z o-/-(0 (66a)
m-0

M0= £«,/,(() (66b)

2> (66c)
p-o

Due to the property of orthogonality, these coefficients are given by:

a*- [" x(t)fm(t) dt (67a)

A(0/.«) dl (67b)

y(t)h(t) dl (67c)

The linkage equation can be derived as follows. Substituting for y(t) in

equation 67c, we obtain:

P= /"Vp(0 fx(r)h(t-r)drdt (68)
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and substituting in this equation the expressions for x(t) and h(t) in equations

66a and 66b, we obtain:

A,= /"/p(0 f "£ am/m(r) "2 anfn{t-r)dr dt (69)
*0 0 m*4) n—0

Reversing the order of the summations and the integrations, we have:

Ap= "If am "2 an /"/,(«) ffm(r)fn(t-r)dr dt (70)
m-0 n-0 ^0 •'O

Using the result of equation 65, this becomes:

Integrating with respect to I and using the orthogonality relationship, we have:

m—oo n—oo

m-0 n-0

Performing the summation with respect to n results in:

p= / ,- flml Cltp-m—Of p-m-l I V'«aJ

m-0

Since the Laguerre coefficients of the impulse response are only defined for

nonnegative values of n, this can be written:

m—p m—p—1

m-0 m—0

which can be readily shown to be equivalent to:

fc—p OT—p

t-0 m-0

The problem of identification is to determine the values of an given the

values of A, and dm. This can be done by successive calculation of the values

of a in accordance with:

*—p m—p—1

Oo«p= 2-1 At— 2-r Om«J>-m U«>J
t-0 m-0

Once the values of an are determined, the impulse response is easily found in

terms of equation 66b.
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The main purpose of using orthogonal functions is to determine conveniently

the coefficients in the expansions of the given input and output. It is possible

by means of Laguerre analysis to express the linkage in terms of gamma dis

tributions rather than coefficients of Laguerre functions. The input and other

functions can be expanded in terms of gamma distribution as follows:

Because gamma distributions are not orthogonal to one another, it is not

possible to obtain the values of the coefficients, dr, directly, but they can be

expressed in terms of the corresponding Laguerre coefficients obtained from

equation 67a, or corresponding equation. The relationship between the two

sets of coefficients is given by:

dr=(-2)^'roff rr)am (77)

The result obtained by convoluting two gamma distributions, one of order

m and the other of order n, is a gamma distribution of order m+n+1 as

indicated by equation 78:

-/: dT (78a)
g-l/2 {m+n+1

= o7—iTT—IT*—n—•/3(wi+l>n+l) (78b)
2(wi!)(n!) 2

where j8(m+l, n+1) is a beta function. Expressing the beta function in terms

of factorials gives:

(78c)

When the input function, output function, and impulse response functions

are all expanded in terms of gamma distributions, we have the relationship:

C? e-"(t/2)» -W e-'/2«/2)-". ",=- «r'««/2)«
2L, Dv —, = 2- <*» —. L, » ; (79)

By comparing the terms on the two sides of this equation, we obtain the

linkage relationship:

*-p-i

(80)

Because, in the problem of identification, we need to express the values of 5
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in terms of the values of D, and we need the linkage equation in the form:

do5P=Z)^i- Zd*V* (81a)

if the value of rfo is zero, then we can use:

S (81b)
t-3

It is not known whether use of the linkage equation in terms of gamma dis

tributions is numerically more stable than direct use of the Laguerre coeffi

cients.

If a function is to be expanded in terms of a Laguerre series, the length of

series required to reproduce the function to a given degree of accuracy will

depend on the time scale chosen for the Laguerre functions. In any given

function, it is possible to determine the optimum time scale for Laguerre

representation. For a time scale other than the optimum to reproduce the

function to the same accuracy, a longer series would be required. In system

identification, there would be different optimum time scales for the input and

the output. The problem of choosing the optimum time scale in this case is

currently under investigation.

Though Laguerre analysis has been applied to some discrete hydrologic field

data (for which it is not orthogonal and therefore not appropriate), it has only

been tested on synthetic hydrologic data of a continuous type {9, 10). The

method has, however, been applied to the analysis of cascaded systems in

Chemical Engineering by Anderssen and White (/).

Time-Series Analysis

If the interval between nonzero inputs is shorter than the memory of the

system, then the output will not return to zero and the techniques described

above will not be applicable. In such cases, the input and output can be

viewed as time series and can be described in terms of their autocorrelation

and cross correlation as is done in the case of time series in communication

theory (15).

The autocorrelation function may be defined by the limit:

x(l)x(t+r)dt as T-» (82)
'-772

and the cross correlation function by:

. . 1
x(t)y(t+r)dt as T-*=o (83)

-T/2

If there were no errors in input or output, then any of the systems described
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earlier in this lecture should, apart from errors in computation, predict the

impulse response perfectly. If however, there are errors in the data, that is,

noise on the system, then perfect prediction is not possible. Methods of time

series analysis have been proposed by Eagleson (11) and by Bayazit (3) as a

method of handling this problem of noise in the same way as is done in com

munications engineering.

For any assumed causal impulse response, the residual error in the output

ordinate is given by:

r(t) = 2/(0 - C h(r)x{t-r) dr (84)

The optimum linear response is one which minimizes the residual given by the

above equation in some sense. If the criterion is taken as one of least squares,

then the problem is to minimize the expression:

1 rTl%
J asr-» (85)

Insertion of the value of r(t) from equation 84 in equation 85 gives:

1 rTli F /" V
Elh(01=r \y(t)- h(r)x(t-r)dr\ dt as 7^oo (86)

■* •'-772 L ■'O J

The problem, therefore, reduces itself to finding the optimum value hop%(t),

which, when used in equation 86, minimizes the expression E[h(l)']. Squaring

the expression between square brackets in equation 84 gives rise to three

terms as follows:

-y(t)y(t)dt as T-» (87a)

h(r)x(t-T)drdl as T-*°° (87b)

1 rT/i rm c
-/ / A(Ti)*«-Ti)dri / h(Ti)x(t-T«)dTidt as T-+« (87c)

Both the first and the third terms must be nonnegative because they are the

result of squaring the terms inside the square brackets in equation 84. The

first of the three terms, that is, that given by equation 87a, is clearly equal to

4>uvW- The reversal of the order of integration in equations 87b and 87c and

use of the definitions of the autocorrelation and cross correlation function

given by equations 82 and 83 reduce the second term to a single integral and

the third term from a triple to a double integral. The expression to be mini-



LINEAR THEORY OF HYDROLOGIC SYSTEMS 123

mized can now be written as:

£[*(0>*w(0)-2 I" h(r)<l>III(r)dT+ f" h{ri)dn f A(t*)*»(ti—r») dn
Jo Jo Jo

(88)

The minimization of the above expression is obtained by a manipulation of

the ordinates of the impulse response h{t) until the optimum causal impulse

response is obtained. If the optimum causal linear response is denoted by

AOpt(0. then any nonoptimum linear response can be denoted by:

A(0=*op,(0 +«•*' (0 (89)

where e is an arbitrary real nonnegative number and h'(t) is an arbitrary

causal function. If hopt(t) is a true optimal, then we must have:

(90)

where £[/i(0] >s the error criterion denned by equations 84 to 88.

Substitution from equation 89 into equation 88 and segregation of the terms

involving Aopt(0 and h'(l) results in the equation:

A'(T)**(r)dr (91)

/• /■«

A'(ti)<*ti / AO
•'o

I h'(n)dn [
o •'o

which can be written as:

2 (92)

where the second term on the right-hand side of equation 92 corresponds to

the second and third terms on the right-hand side of equation (91), and the

third term on the right-hand side of equation 102 corresponds to the fourth

term on the right-hand side of equation 91.

For /iOpt(0 to be a true optimum, it is necessary for the condition of equation

90 to hold and hence for:

:o (93)

for any value of h'(t) and any nonnegative value of e. Because the fourth term

on the right-hand side of equation 91 is a perfect square, then h must also be a

perfect square, and thus for arbitrarily small values t the condition for
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optimality reduces to:

/i<0 (94)

7i can be seen from an inspection of the second and third terms on the right-

hand side of equation 91b to be:

- f A'(ti) dn (95)

If 7i as given above is either zero or negative, then the condition of equation

94, and hence of equation 90, is satisfied. If, however, h is negative for a given

function h'(t), then it will according to equation 95 be positive if the sign of

h'(t) is changed. Consequently, unless h is zero, it is possible to find a function

h'(t) which makes 7i positive and therefore violates the condition of equation

94 for an arbitrarily small value of «. In these circumstances, the function

ftoPt(0 would not be truly the optimum causal linear response. Accordingly,

the condition for the optimum response is:

7,=0 (96)

Since the condition must hold for any arbitrary causal function «'(/), then

we must have:

r
- (97)

Because h'(t) was defined as a causal function, the above relationship need

only hold for nonnegative values of n.

The condition represented by equation 97 is frequently referred to as the

Wiener-Hopf equation, and the solution of this equation gives the optimal

causal linear response for a system whose input and output are in the form of

continuous time series. It can be seen that determination of the optimum

linear response in the least squares sense depends not on the original functions

but only on the autocorrelation function of the input and the cross correlation

function between the input and the output.

Problems on Identification Based on Continuous Data

1. Find the Fourier coefficients for the functions given in table 1, of the

Appendix.

2. Find the Fourier transform and Laplace transform for the functions

chosen in problem 1.

3. Find the first 4 moments and cumulants for the functions chosen in

problem 1.

4. Find the Laguerre coefficients for the functions chosen in problem 1.
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5. The input and output to a linear time-invariant system are given on

Appendix table 1 by functions 12 and 13, respectively. Find the impulse

response of the system by some method of system identification suitable for

continuous data.

6. Find the impulse response for the data of problem 5. Use a different

method of system identification.

7. In Appendix table 1, the output from a linear time-invariant system is

given by function 16 and the input, by function 15. Find the impulse response

of the system by some method of system identification.

8. Find the impulse response by a second method of system identification for

the data of problem 7.

9. Compare the results of problems 5 and 6 or problems 7 and 8, and the

difficulties of the two methods used and give reasons for the differences found.

10. Write a general computer program for the identification of linear time-

invariant systems for which the data are available in continuous form.
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LECTURE 6:

IDENTIFICATION BASED ON DISCRETE DATA

Basic System Equations

Because hydrologic systems are continuous systems with continuously de

fined inputs and outputs, it might be thought that the methods of system

identification described in lecture 5 would be the most appropriate techniques

to use in identifying hydrologic systems. In many cases, however, hydrologic

data are only available in discrete or quantized form. A good deal of rainfall

data is only reported as hourly volumes, and the input in these cases is repre

sented by a number of square pulses because all that we know are the volumes

(or the mean rates) of rainfall during each interval. Modern recording equip

ment is usually digital in form, but the frequency of sampling is so high that

the records could, if necessary, be treated mathematically as a continuous

record without appreciable error. Even where a continuous or virtually con

tinuous record is available, it may be uneconomic to process the complete

record. In this case, the record will be sampled and the sample data processed

in some way. The data, though actually recorded in continuous form, must be

considered discrete data for the purpose of analysis.

If an attempt is made to analyze a square pulse by a series of continuously

defined orthogonal functions, serious difficulties of representation arise. Even

if a large number of terms is used in the series, the discontinuities at the be

ginning and the end of the pulse will not be faithfully reproduced and oscilla

tions, known as Gibbs' oscillations, will occur. In harmonic analysis, certain

mathematical techniques arc available for the smoothing of these oscillations.

It seems preferable, however, to accept the discontinuous nature of the data,

and instead of looking for the impulse response of the system, to try and

identify the response of the system to a square pulse of standard length. In

effect, this means seeking the finite period unit hydrograph rather than the

IUH and, thus, returning to the basic concept used during the original de

velopment of unit hydrograph methods.

If we define the pulse response knit) as response of the system to an input

of unit volume occurring at a uniform rate for a period D, then as expressed

in equation 24a, lecture 1, the relationship between input and output is given

by:

2/(0= if'X(<rD)hD(t-<rD) (1)
<,D-0

127
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where X{oD) is the volume of input in the interval from time <tD to (<r+l)D

and y(t) is the continuous output. In the above case, both the finite pulse

response and the output are continuously defined.

If the pulse response is only defined at certain intervals; then as expressed

in lecture 1, equation 27a, the relationship between input, output, and pulse

response is defined in terms of the discrete variables s and a:

y(sD) = £ X(aD)hD(sD-aD) (2a)
7-0

which can be written as:

y(s)= £x(<r)/ij>(s-<0 (2b)

where the interval between ordinates is D. It is necessary for the interval at

which the impulse response and output are determined to be a submultiple

or a multiple of the unit period of input, D. Otherwise, interpolation will be

necessary before the ordinates making up the output are summed together.

If the output is taken in block form, as in Bernard's distribution graph, then

we have:

V(s)= J2X(<r)dDs-a) (2c)

where dD represents the distribution graph, that is, the distribution of volume

of output for the unit period of input.

The above equations are for the case where the input is defined in terms of

volumes. If the input is denned in terms of discrete ordinates, then the equa

tion corresponding to equation 2b would be:

y(s)= J^x(<r)hD(8-<T)D (2d)
7-0

for the discrete input x(s).

The convolution relationship of equation 2 can be written in matrix form.

(See lecture 1.)

{yIw-l.l=Mw-l.n+l{/l)n+I.l (3)

where y is the vector of outputs, X is the matrix of inputs, and h is the vector

of the pulse response. The general structure of the matrix X formed from the

input vector a; is indicated in lecture 1. A typical matrix of inputs is formed as
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follows:

*o 0 0 0

Xi x0 0 0

Xi Xi Xo 0

X= Xi Xi xi xo (4a)

Xi X3 Xz X\

0 Xi X3 Xi

0 0 Xi x3

.0 0 0 xK

The above example shows the case where the input lasts for five unit periods

and the pulse response has four ordinates; it illustrates the general method of

forming the matrix which might be called the convolution form of matrix.

For the above case, the output has eight ordinates in accordance with the

general relationship p=n+m, where there are wt blocks of input, n+1 ordi

nates of the pulse response, and p+1 ordinates of output. It is equally pos

sible to leave the input as a vector and convert the impulse response into a

matrix:

The form given in equation 4a is most convenient in the identification of the

pulse response; form 4b is most convenient where a derived pulse response

has been adjusted to eliminate anomalies and where it is required to ascertain

what corresponding adjustment in the input should be made.

This lecture is concerned with the various methods which might be em

ployed to solve equations of the forms given above. In contrast to the case of

continuous data where the solution of an integral equation was called for, in

discrete or quantized data it is only necessary to solve a set of simultaneous

equations. Consequently, we would expect that matrix methods would be

applicable to the identification problem for discrete data. We would also ex

pect that discrete versions of the various transform methods and of time

series analysis described in lecture 5 would also be available. These are dis

cussed in the remainder of the lecture.
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Matrix Methods of Identification

If the available input and output were completely free from error there

would be no difficulty in determining the ordinates of the pulse response or

finite period unit hydrograph. The set of simultaneous equations given in

matrix form in equation 4a can be written out as:

j/o=io/io (5a)

(5b)

(5c)

y. = z.M \-Xohi (oi)

2/m-i = xm-ih<>-t-xm-thi+ • • • +Xohm-i

(5m)

(5n)

Vp= xmhn (op)

If the output and input are known, then all the values of the vector x0, X\,

x* x<» and of the output vector y0, yuy2 i/p_i, yp are known. The

values of the unknown ordinates of the pulse response or unit hydrograph,

that is, h0, hi, hi «„_,, hn can be determined successively from the set of

equations 5. Thus, equation 5a is used to obtain the value of /i0; substitution

of this value in equation 5b enables us to calculate the value of hi; and so on

until all the unknown ordinates of h have been determined. \\ here there is no

error in the data, the values obtained by the solution of the first n equations

automatically satisfy the remaining equations. This method of solution by

forward substitution is equivalent to solving a subset of the equations 5a to
.">p in the form:

i) (6)

which indicates that only the first (n + 1) values of output and the first

(n+1) rows of the X matrix are used. There are now the same number of

equations as unknowns, so that direct algebraic solution is possible. We also

note that the matrix of inputs X is now a square matrix and this can, there

fore, be inverted. There is, of course, no necessity to use the first (n + 1) rows

to form the (n+1) by (n+1) matrix. Any (n+1) rows could be used, but

if the first (n+1) rows or the last (n+1) rows are used, the matrix is tri

angular and therefore more easily inverted.

An alternative way of equating the number of equations and the number

of unknowns is to treat the unit.hydrograph or pulse response as if the num-
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ber of its ordinatcs were equal to the number of ordinates of runoff. In this

case, the matrix equation becomes:

(7)

Again, the equations can be readily solved by direct algebraic methods. In

the absence of errors in the input or output data, only the first n-ordinates

will have significant values, and the ordinates of the unit hydrograph between

hn+i and hp will come out as identically zero.

The rule for calculating any ordinate of forward substitution (that is, the

use of the first (n+1) equation is:

Vi- Zttxi-ih* for .<m (8a)
x

h{=V<~ £#—*'->*'• for i>m (8b)

which can be solved successively for i=4>, 1, 2, n.

For backward substitution (that is, the use of the last (n+1) equations),

the corresponding formulas arc:

-J for ,.<m (8c)

hn ,=yp-- Z#-»—*A-j for {>m (8d)
xm

which can be solved successively for i = 4>, 1, 2 n.

In the absence of errors in the data and of errors of computation, it is im

material which set of (n+1) equations are used to solve for the (n+1) un

known ordinates of the unit hydrograph. The direct solution by forward

substitution (or backward substitution) is, however, unreliable in practice

due to the presence of error. It can readily be shown by the use of synthetic

data that if errors occur in the measurement of the input or the output, un

realistic unit hydrograph ordinates are obtained in the solution. We are thus

faced with the problem of finding an optimum solution for the unit hydro-

graph using all the information available.

The matrix method based on least squares solves the problem in the form

of equation 4a. It assumes that the length of the unit hydrograph is known

by subtracting the length of the input from the length of the output and,

therefore, that the ordinates of the unit hydrograph between hn+i and hp are

zero. In the presence of error, therefore, we must restrain these particular

ordinates and distribute the error on the other ordinates.

The method of least squares is based on minimizing the sum of the squares
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of the residuals between the actual output and the output predicted by using

any particular value of h. The residuals are given by the column vector:

,.n+1{A|n+1., (9a)

= \y-Xh)»i.i (9b)

the sum of the squares of these residuals is most conveniently got by using

the inner product, that is, by multiplying r by its transpose rT. Taking the

inner product (see page 99, lecture 1) and using the rule for the transpose

of a product, we obtain:

(10)

On multiplying out the terms, we get:

E r\ = yTy-yTXh-hTXTy+hTXTXh (11)

Since h and y are column vectors, their transposes will be row vectors, and,

consequently, the second and third terms on the right-hand side of equation

11 are scalar in form. Since a scalar transposes into itself, the two terms must

be equal so that we can write:

Z r*i=ify-2hTXTy+hTXTXh (12)

The problem is to choose the ordinates of the response vector h so as to

minimize the expression given in equation 12. For ordinary functions, this can

be done by taking each ordinate in turn and setting the partial derivatives,

with respect to that particular ordinate equal to zero. However, the compres

sion of vector notation may be used. Because the first term we are differenti

ating does not involve h, the derivative for this term will be zero. Vector

differentiation of the second term on the right-hand side of equation 12 with

respect to h resembles the ordinary differentiation of the first power of a

function. Similarly, vector differentiation of the third term on the right-hand

side of equation 12 with respect to h resembles the ordinary differentiation of

the second power of a function. The result of differentiation with respect to h

can be readily verified. Setting the result equal to zero is given by:

Q (13a)

or

XTXh = XTy (13b)

The vector h which satisfies equation 13b makes £ r>2 a minimum. It is

therefore the best least squares solution to the original set of equations oa to

op. To solve equation 13b for h, it is necessary to invert the matrix given by:

Z-X'X (14a)
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thus obtaining the solution

k = Z~lXTy (Hb)

Since the matrix formed by multiplying any matrix by its transpose is neces

sarily a square matrix, this inversion can be carried out.

Note that the sum of the squares of the residuals for the above solution is

not an absolute minimum. It is a minimum subject to the restraint that h has

a base length from zero to n+1, that is, that the values of the ordinates from

An+i to hp are zero. The effect of other constraints and of errors generally will

be discussed later in the lecture.

Discrete Transform Methods

Transform methods are available for handling discrete data which corre

spond to the transform methods for continuous data discussed in lecture 5,

"Identification Based on Continuous Data." Thus the classical Fourier series

can be replaced by the finite Fourier series, which will reproduce exactly the

functions involved at the sampled points and can be used to interpolate

trigonometrically between these points. In place of the Laplace transform, we

have the Z-transform which was developed for use with sampled-data systems.

Dooge (written commun., 1966) has derived a discrete analog of the Laguerre

methods of analysis, but this has not yet been fully developed or published.

The method of harmonic analysis has been applied to hydrologic data by

O'Donnell (9, 10). If an output is specified at a number of equidistant dis

crete points, then it can be fitted exactly at these points by a function of the

form:

'£ *

where « = 2;j+1 is the; number of data points. Since then; are only n-pieces

of information, it is impossible to derive more than H-meaningful coefficients

Ak and Bk for the data. Since sines and cosines arc; orthogonal under summa

tion, the coefficients can be determined from:

- E»(«)sm (—)
" j-0 \ " /

where k can take on the integral values 0, 1, 2 p— 1, p. The above formu-
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lation can also be expressed in the exponential form:

»(«)= Z,C*expf J (17a)

J (17b)

For a linear time-invariant system which is causal and has an isolated in

put, the discrete ordinates of the input, output, and pulse response are con

nected by:

y(sD)= £ X(<rD)hD(sD— <rD) (18a)

where X represents the volume of input in successive unit periods of length,

D; hD represents the finite period unit hydrograph for the unit period (D)

defined at intervals equal to the unit period; and y represents the output de

fined at intervals equal to the unit period (/)). For convenience, the unit

period can be taken as the unit of time and the relationship written as:

«0 (18b)

If the input is of finite duration and the memory of the system is finite, then

we can use finite Fourier series in the same way as infinite Fourier series were

used in lecture 5. The development is analogous and will not be repeated in

detail. The discrete functions representing the input and the output are as

sumed to be periodic with a period equal to tiD. Since the input is periodic, it

is necessary to write the relationship between input pulse response and output
as:

ral

y(s)= £ X(a)hB(s-c) (18c)

The linkage equation can then be found in similar manner to that indicated
by equations 11 to 16, lecture 5.

By substituting equation 18c in equation 17c, reversing the order of sum

mation, and using the orthogonality relationship twice, it can be shown that
in the discrete case, we have the linkage relationship:

Ck = nCk-ak (19)

which is the same as the linkage equation given by equation 16 of lecture 5,

except for the fact that the symbol n is used for the period in the discrete

case, the symbol T for the period in the continuous ease;. For the expansion

in trigonometrical rather than exponential form, the linkage relationship

takes the form:
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W (20a)

5 (20b)

which correspond to equations lSb and 18c, respectively, in lecture 5.

The fact that the trigonometrical functions arc orthogonal under both inte

gration and summation results in the same linkage relationship for continuous

and discrete data. The coefficients appearing in equations 19 or 20 of the

present lecture are frequently referred to as harmonic coefficients and the

coefficients appearing in equation IS of lecture 5 are referred to as Fourier

coefficients. The differences between the two cases should, however, be clearly

recognized. Firstly, the coefficients a* and 0k in equation 20 of this lecture,

define the finite period unit hydrograph hD(t); the corresponding coefficients

in equation IS, lecture f>, define the instantaneous unit hydrograph ho{l).

Secondly, the coefficients of equation 20 of this lecture are finite in number

because only as many coefficients as there are data points can be determined

altogether. For continuous functions, there is no limit to the number of co

efficients which can be calculated if required. Thirdly, the coefficients of

equation 20 of this lecture, when substituted into the finite Fourier expansion,

define the pulse response Ac at discrete points which are equally spaced at

the unit interval, D; whereas, the coefficients derived in lecture 5 define the

IUH continuously.

If a function only exists at discrete points, or is only known at discrete

points, it is not possible to obtain its Laplace transform directly. Such a func

tion can be considered as being defined by:

/(0= Z/(0*(«-nT) (21)
n-0

where n is an integer and T is the interval between data points. If the Laplace

transform is now taken, we have:

£[/«)] = Zf(nT)e-»« (22)
n-0

It is customary to write:

<•) (23)

and hence to write what is known as the Z-transform of the discrete variable

as:

J^f(nT)Z-" (24)
n-0
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The properties of the ^-transform (4) arc similar to those of the Laplace

transform, in particular, for a linear time-invariant causal system given by:

»(«)= T,x((,)h(s-a) (25)
»-0

We have the following simple relationship between the Z-transform of the

input:

Y(Z)=H(Z)-X(Z) (26)

If y(s) and x(s) are given numerically, it is possible to compute Y(Z) and

X{Z) and, hence, to determine the Z-transform of the pulse response:

If H(Z) can be expanded in inverse powers of Z, the coefficients of the ex

pansion will give the ordinates of h(s) since by definition:

E(Z) =h(0)+h(l)Z-i+h(2)Z-°-+ (28)

In practice, however, it is likely that, as in the Laplace transform1 the Z-

transform will not be easily inverted in practical cases where we have numeri

cal data rather than a mathematical function.

The other transform method discussed in this lecture corresponds to the

Laguerre analysis of systems with continuous inputs and outputs. If an at

tempt is made to represent a square pulse by a series of Laguerre functions,

the discontinuity cannot be well represented even if the number of terms in

the expansion is quite high; for 50 terms, the oscillations will be of the order

of 25 percent of the height of the pulse;. Accordingly, if it is wished to use

quantized data, the method of Laguerre analysis described in lecture 5 is no

longer adequate without modification. At first, it was hoped that the Laguerre

functions might be orthogonal under summation as well as integration, as

with trigonometric functions. Unfortunately, this did not prove to be the

case, and it was necessary to derive the discrete analog of the Laguerre

functions.

Though some books on numerical analysis mention that discrete analogs of

the classical continuous orthogonal polynomials do exist, no description of

these was available in any of the literature cited. Eventually, the form of

the polynomials orthogonal under summation from zero to infinity with re

spect to a damping factor exp(—s) was derived from first principles. It is

1 DoOOE, J. C. I. LINEAR THEORY OF OI'EN CHANNEL FLOW, III: MOMENTS AND CDMU-

LANTs. Dept. Civ. Engin., University College, Cork, Ireland. 1907. [Unpublished re
port.]



LINEAR THEORY OF HYDROLOGIC SYSTEMS 137

easier, however, in retrospect to derive the form of the discrete analog to the

Laguerre function by an analogy between discrete and continuous operations.

Integration in the continuous case becomes summation in the discrete case

and differentiation in the continuous cases is replaced by forward differencing

in the discrete case. The Laguerre polynomial2 is defined by:

Ln(t)= £ (-l)*(t)jr, (29a)

In the above equation, the continuous variable t occurs in the form lk/kl

This function has the property that when differentiated with respect to t, it

maintains the same form but with the order reduced by one degree. The

analogous discrete polynomial might be expected to be that function of the

discrete variable s which has the analogous discrete property, that is, the

function when forward differenced with respect to s maintains the same form

but with the order reduced by one degree. It can be verified that the form of

discrete function required is the binomial coefficient (J). Hence, we would

expect the discrete analog to the Laguerre polynomial to be of the form:

-!/„(«)=£ (-!)*("*)(:) (29b)
Jr-0

It can be shown that the above expression is a Meixner polynomial with a

value of b = 0 and c = J^.

The Laguerre polynomials defined by equation 29a are orthogonal in the

range zero to infinity with respect to the weighting factor exp(—0, that is,

F. e-'Lm(t)La(l)=8ma (30a)

If the Meixner polynomials arc to be written in similar form, it is necessary

not only to replace the integration by a summation but also to find the discrete

analog of the weighting factor exp(—t). The reciprocal of the weighting func

tion in the continuous case, cxp(<), differentiates into itself. This suggests a

function which forward differentiates into itself as a discrete analog. It

may be readily shown that 2' has such a property and consequently, Y<£ may

be tried as a weighting factor. When this is done one obtains the orthogonal

relationship:

£ (XA)'AT-(«)M, (s) = 2«+l5ini, (30b)

! Op. cit. p. 88, lecture 1, and p. 173, lecture 5.
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The normalized orthogonal function in the continuous case is:

Z(-D*(J)^ (31a)

(31b)

and the normalized orthogonal function in the discrete case is:

k-Q

The function given in equation 31b may be described as a Meixner function

and its properties explored by the use of the Z-transform (6).

To derive a method of Meixner analysis, it is necessary to determine first

of all the effect of convoluting one Meixner function with another as follows:

g(s)= ZUWM*-*) (32)
<r-0

It can be shown that:

ff(«)« (2)'«/»+.(«)-/.+.+i(«) (33)

Again the result is similar to that for Laguerre functions except for the scale

factor 2"\ The linkage equation is derived in a similar manner as for Laguerre

functions and is given by:

*=P t-p-i

AP= E (2)"2«*aP-*- £ ataP-i-i (34)
Jfc=O (-0

which corresponds with equation 73 of lecture 5. For the identification prob

lem, it is necessary to determine successively the values of the Meixner co

efficients for the response functions. These are given by:

«p<1o= Y. (lAY''-kwnAk- £ aiflP-k (35)
i=0 Jfc-0

The method of Meixner analysis is still under development and so far has

only been applied to synthetic data. There is some indication that it is not

as numerically stable as the Laguerre analysis of continuous data. In Meixner

analysis, as in Laguerre analysis, it is necessary to choose an appropriate time

scale to represent the functions involved by a relatively small number of

coefficients.

Time-Series Analysis of Discrete Data

The method of time series analysis developed by Wiener (7) and used in

the theory of communication has been applied to discrete hydrologic data by

the group working at the Massachusetts Institute of Technology under
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Eagleson (3). The problem is to determine for a given set of discrete inputs

and outputs, the causal linear response which is optimal in the least squares

sense. It is necessary to define the discrete analogs of the autocorrelation and

cross correlations defined by equation 82 and 83 of lecture 5 for the continu

ous case. The autocorrelation function for a discrete variable/(s) is defined

as the limit:

<*>//(*) = - T,f(s)f(s+k) as p-»» (36a)

where « = 2p+l is the number of data points. The cross correlation function

between two discrete variables/(s) and g(s) is defined as the limit:

*/.(*)=- T,f(s)g(s+k) as p^« (36b)
n,—p

For a causal linear time-invariant system, we have:

t/(s) = Z X(cr)Ms-<0 (37a)
<r»—90

or

V(s)= t,X(s-<r)hD(ff) (37b)

where D is the interval between the equally spaced discrete or quantized

data (and consequently also the unit period of the finite period unit hydro-

graph or pulse response hois)), which will enable us to predict the output

with minimum error. The individual error prediction for the single ordinate

is given by:

(38)
o-0

where i is the integer denoting the ordinate of output concerned. For a con

tinuous record which has been sampled or of discrete or quantized data, we

wish to minimize the least squares error, that is,

£[/'(»)] = - Z (r,)2=minimum (39a)
11 i ;>

If this is to be done by manipulation of the ordinates of the response function,

then we have the condition:

% i ^ (39b)

It is clear from equation 3S that for every value ofj greater than 0:
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i-= -X(i-j)

so that

~rr (i-j)y(t) -X(i-j) £ hD(,) X(i- „)

The criterion of equation 39 can now be written as:

«-») =0

(40)

(41)

(42)
t—p

The above relationship must hold for all values of j greater than 0. Reversing

the order of summation in the second term gives:

X(i-j)X(i-*)=0 (43)

Using the definition of autocorrelation and cross correlation for discrete func

tions given by equations 36a and 36b above, equation 43 can be written as:

60

ff-0

provided that the value of j is zero or positive. This is the discrete form of the

Wiener-Hopf equation used by Eagleson (3) in tin; analysis of hydrologic

systems.

Where we are dealing with isolated inputs and systems of finite memory we

also have isolated outputs. In this case, the correlation method of analysis of

time series can be shown to be equivalent to the least squares method. As

shown in lecture 6, page 1S7, the least squares method arranges the input

and output data in the form:

XTy = XTXk (45)

where the matrix X is of the form given by equation 4b of the present lecture,

that is, the input vector has been used to form a convolution-type matrix.

Accordingly, for the example given on page 39, lecture 1, and page 181, lecture

6, the left-hand side of equation 45 will be of the form:

Xo

0

0

0

Xl

Xo

0

0

Xi Xz

*1 Xi

Xo X\

0 xo

Xi 0

Xi Xi

Xi X3

X, Xi

0

0

Xi

0

0

0

Xi

y*

2/J

2/5

2/6

.2/7

(46)
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In the above example, the matrix X has four rows and eight colums, and

the column vector y has eight rows. The result of multiplying them together

will be to produce a column vector with four rows. If we follow the rules of

vector multiplication, these four rows will be given by:

*n,(0) (47a)

•Ml) (47b)

<t>xu(2) (47c)

0xy(3) (47d)

The left-hand side of equation 45 is therefore seen to be of the same form as

the left-hand side of equation 44.

Similarly, it can be shown that:

XTX--

*»(0)

*»(2) </.„(!)

(48)

which can be seen to be a convolution-type matrix formed from the auto

correlation coefficients of the input vector. Because the multiplication of this

convolution-type vector by the optimum response vector h is equivalent to

the convolution of the input autocorrelation coefficient vector and the re

sponse vector, the right-hand side of equation 45 is equivalent to the right-

hand side of equation 44.

In time series analysis and the use of equation 44, the number of equations

is not limited as in equation 47. If the system being investigated were a truly

linear system with a finite memory and the input and output data were free

from error, the cross correlation coefficients for values of j greater than the

memory of the system would be zero, and the number of equations would be

the same in both methods. If, however, the system is not truly linear, or if

there are errors in the data, the time series correlation method gives addi

tional equations which can be included in the set of equations to be solved. In

the latter case, the number of equations to be solved will be greater than the

number of ordinates required in the pulse response and, hence, restraints can

be introduced into the solution.

Computational Methods

In a truly linear system in which the input and output are given in the dis

crete; form and can be determined without error, all of the methods of system
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identification described above will give the same answer within the limits of

computational error. For this case of error-free data, the choice between

methods is merely one of the ease of computation, and there is no reason to go

beyond the direct solution of the simultaneous equations involved by the

method of forward substitution. For these ideal conditions, once the number

of equations solved corresponds to the length of memory of the system, all

the remaining equations will be automatically satisfied by the values for the

ordinates of the output response already found. If, however, there are errors

in the data, or if the system is not truly linear, then the values of the ordinates

obtained for the optimum linear response may vary according to the method

used. In this more general case, the choice between the methods depends not

only on the convenience of computation but also on the manner in which the

various methods handle errors in the data and linearize any nonlinear proper

ties of the system under identification. Except for the basic case of solution

by forward substitution, all of the methods require the use of a high-speed

digital computer unless the problem is trivially small. The techniques used in

the actual computations involved in the different methods are described in

the literature cited at the end of this lecture.

Only the essential features need be mentioned here. In the least squares

method, Body (2) suggested that the data be loaded into the computer as a

single unit in the form:

+i (49)

In the least squares method, the input consists of (m+1) ordinates of the

input and (p+1) ordinates of the output. A convenient way of organizing

the calculations is as follows. The input data can be used to compute the

elements of:

Z = XTX (49a)

which we have already seen to be the discrete autocorrelation coefficient of

the input. It is also necessary to calculate the elements of:

W=XTy (49b)

which are the cross correlation coefficients of the input and output. A standard

routine for matrix inversion can now be used to solve for the unknown finite

period unit hydrograph as follows:

h = Z~W (51)

Z will be a square matrix of size (p—m+1) and W will be a column vector

with (n+1) rows. The unknown pulse response h will also be a column vector

with (»+l) rows.

Once again, it must be emphasized that the least squares method involves

optimization subject to the restraint that the length of the response function
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does not exceed the amount given by the difference between the length of the

output and the length of the input. The prediction of the output using the

finite period unit hydrograph, which is optimum in the least squares sense,

will not be as good as the prediction of the output by a unit hydrograph,

which is allowed to be of the same length as the output. However, the use of

the method of least squares reduces the tendency towards unrealistic negative

or wildly oscillating ordinates which may occur with the forward substitution

method where there are errors in the data. If it were certain that the system

were linear and that these unrealistic values were solely due to errors in the

data, then there is a strong argument for introducing the restraints involved

in the least squares estimate. However, if negative ordinates result from the

attempt to represent a nonlinear system in a linear fashion, then the case for

rejecting the negative ordinatos is not nearly as strong.

For computation, further restraints are sometimes introduced into the cal

culation. Thus, Body (2) made the assumption that from a certain point

onward the finite period unit hydrograph (pulse response) shows an expo

nential decline and made use of this assumption to reduce the amount of

computation required. Similarly, Newton and Vinyard (8), in their descrip

tion of the Tennessee Valley Authority method, referred to the introduction

of the restriction that the ordinates of the pulse response may be replaced

over a number of intervals by a straight line, thus simplifying the numerical

computation at the cost of this restraint.

The sequence of computations is standard for any transform method based

on orthogonal polynomials (10). The first step is to read in the input and

output data and compute the coefficients of the input data (c) and of the

output data (C) for the particular orthogonal expansion assumed. The cor

responding coefficients for the pulse response or finite period unit hydrograph

(7,,) are then calculated from the linkage equation. These coefficients in the

expansion of the pulse response can then be used to find the actual ordinates

of the pulse response. In the harmonic analysis method applied to hydrologic

data by O'Donnell (9), the actual period of runoff, when divided into standard

intervals, provides a finite number of equidistant data points. The number of

harmonic coefficients derived is the same as the number of data points. In

Meixner analysis, however, the range; is from zero to infinity so that account

is taken not only of the finite number of data points in the isolated output

record but also of the infinite number of points after the conclusion of output.

For perfect matching, it would be necessary to take an infinite number of

terms in the expansion of the pulse response. However, it is only necessary

to carry the series far enough so that the ordinates within the period of output

are determined sufficiently accurately, and errors in the zero ordinates after

the close of output in which we are interested may be ignored.

In time series analysis, the autocorrelation and cross correlation coefficients

of the input and output must first be determined. If we arc dealing with an
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isolated input to a linear system of limited memory, then the autocorrelation

and cross correlation functions will become zero beyond a certain point. If,

on the other hand, we are dealing with a continuous time scries, it would be

a matter of decision as to the point at which these functions should be trun

cated. After the autocorrelation and cross correlation coefficients have been

determined, it is still necessary to solve; the \\ iener-Hopf equations given by

equation 44. If all of the equations arc used, then it will be possible to predict

the output closely but unrealistic ordinates may be obtained. Eagleson (3)

introduced the idea of solving the equations subject to the restraint that no

negative ordinates occurred. This necessitates a computation of a linear pro

graming solution to the \\ iener-Hopf equations.

The whole subject of the comparison between the various methods for sys

tem identification in the presence of noise and of possible nonlinearity is one

requiring careful investigation. Several research workers are known to be

working on the problem at the moment, but none of the results have so far

been published. It may be instructive to consider briefly the effect of an error

on a simple case using synthetic data. The data used are those in problems

1 and 2 at the end of this lecture. If the values of the input and output from

a system are given as:

i=2,6,l (52a)

2/= 0,4, 14,8, 1,0 (52b)

any of the methods described above can be used to show that the linear pulse

response for the system is given by:

7t = 0,2, 1,0 (53)

If however, the output were mistakenly given as:

2/ = 0,4, 17,8, 1,0 (54)

then, the estimates of the optimum linear pulse response would vary with

the method used. In this case, the method of direct forward substitution

would give the linear response as:

h = 0, 2, 2.5, -4.5, 12.75, -30 (55)

which is clearly unstable.

In using the method of least squares, it is necessary to decide the length of

the pulse response to determine the size of the input convolution matrix. The

output is given at six points and the input is given for three standard inter

vals. It could, therefore, be assumed that tin? pulse response, which is the

response due to input in one standard interval, would not exceed four intervals

in length. Assuming tho pulse response (the finite period unit hydrograph) to

be four intervals long, the least squares method gives as the optimum pulse
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response:

h = -0.15, 2.31, 0.S2, 0.02 (56)

This result is seen to give an wirealistic negative ordinate at the beginning of

the impulse response. If the restraint were inserted that this ordinate should

be zero, the result obtained would be:

A = 0,2.23,0.76,0.01 (57)

The latter result is seen to be not too different from the true pulse response

given by equation 53. However, even ordinates as small as the fourth ordinate

of 0.01 have an effect on the solution. If the fourth ordinate were constrained

to be zero, the result would be:

/j = 0, 2.18, 0.82,0 (58)

It can be seen from the above series of results that the more information

concerning the realistic form of the pulse response that is fed into the compu

tation, the closer the result will be to the true pulse response, which has been

masked by the error in the output. Similar variations in the result are obtained

in the correlation method if a certain number of \\iener-Hopf equations arc

chosen or if additional restraints are placed on the problem.

Problems on Discrete Systems Identification

1. If the input in a system is given in Appendix table 2 by function 3 and

the output by function 4, find the unit pulse response of the system both by

the direct algebraic method and by the least squares solution.

2. For the data of problem 1, find the autocorrelation function of the input

and the cross correlation function between the input and the output. Write

down the set of discrete Wiener-Hopf equations for these particular data.

Verify that the solution obtained in problem 1 is a solution to the latter

equations.

3. Use the Z-transform to identify the pulse response of the system in

problem 1 for the given input and output.

4. Solve problem 1 by either harmonic analysis or Meixner series.

5. In problems 1 to 4, what is the effect on the solution if the output func

tion correctly given by function 4 in Appendix table 2 is mistakenly taken as

function 5 in Appendix table 2?

6. In Appendix table 2, if the input to a linear time invariant system is

given by the discrete function IS and the output by the discrete function 19,

find the pulse response of the system by using Meixner series.

7. Find the pulse response for the data of problem 6 by using harmonic

analysis.

8. Appendix table 4 gives the effective rain and the storm runoff for a

rainfall event on the Ashbrook catchment. Find the unit hydrograph for the

catchment by a matrix method.
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9. Find the unit hydrograph for the data in Appendix table 4 by using

harmonic analysis.

10. Find the unit hydrograph for the data in Appendix table 4 by using

Meixncr series.

11. Find the harmonic coefficients or the Meixner coefficients of the func

tions for a number of the discrete functions given in Appendix table 2.

12. Find the ^-transform of the function for a number of functions given

in Appendix table 2.
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LECTURE 7:

SIMULATION OF HYDROLOGIC SYSTEMS

Basic Ideas in Simulation

Having spent throe lectures on the problem of analysis, we now turn to the

question of synthesis or simulation. It will be recalled from lecture 1 (see

pages 5-7, 24, and 27) that simulation consists essentially of synthesizing

a system (abstract or real) which will operate on the given inputs so as to

produce an output which will approximate the output of the prototype system

within a given degree of accuracy. Chorafas (18) has defined simulation as:

"Simulation is simply a working analogy. Analogy means similarity of proper

ties as relations without identity."

A model or a simulation reproduces some but not all the characteristics of

the prototype. Ideally, we might expect the simulating system to reproduce

the behavior of the prototype system exactly, but to do this the simulating

system would have to be as complex as the prototype. It is necessary to fix

the accuracy required and to choose the features of the prototype system

operation which we hope to imitate. Any attempt at simulation is intimately

tied up with standards of accuracy and with a definition of objectives. Unless

we are explicit on these matters, our simulation will not be scientifically

respectable.

In many parts of hydrology, as in many parts of mechanics, we simulate

the action of the system in which we are interested by a set of mathematical

equations. Thus, we can simulate the physical problem of open channel flow

by the equation of continuity and the dynamic equation. Already, two suc

cessive simulations are involved. The finite difference algorithm may then be

.simulated on a digital computer so that there is a further degree of removal

from the original physical problem. At each level of simulation there is a

danger that the simulating system will not correspond in some important re

spect to the system it is attempting to simulate. At each level, we must ensure;

that our imitation is sufficiently accurate for our purpose.

In open channel flow, we must be satisfied with the validity of the equations

of continuity and momentum; we must be satisfied that our finite difference

scheme is stable, convergent and accurate; we must be satisfied that our com

puter program does not involve an undue buildup of round-off error; and so on.

In devising a simulating system, it is necessary to compromise between

simplicity in the model and accuracy of prediction of the prototype behavior.

A simple system may simulate a prototype system to a high degree of accuracy

without resembling that system. In network theory, it is quite easy to show

that certain systems are equivalent to one another though quite different in

structure. It must be remembered that synthetic systems used in simulation

are at best only operationally equivalent to the prototype system.

148
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Simulation has long been used in hydrology to transfer results from one

watershed to another. This can readily be done if we can find a relationship

between the operational behavior of a watershed for which measurements are

available and the characteristics of that watershed. Thus all the methods for

obtaining a synthetic unit hydrograph used in applied hvdrologj' are methods

of simulating the behavior of an ungaged watershed. Sophisticated methods

of simulation have been introduced into hydrology in recent years. Simulation

is used in stochastic hydrology, where long records of flow are synthesized

from a relatively short historical record and used to study the behavior of a

reservoir or a reservoir system. Complex water resource systems have been

simulated and the decisionmaking process included in the simulation (28,

38,43).

In these lectures, however, we are only concerned with the use of simulation

in parametric hydrology. Lecture 8 deals with the question of synthetic unit

hydrographs and lectures 9 and 10 with the mathematical simulation of hy-

drologic systems by means of mathematical functions and conceptual models.

Accordingly, these two topics will not be dealt with in the remainder of this

lecture. Instead, attention will be concentrated on the basic principles of

simulation and on the remaining types of simulation which can be useful in

hydrology. These may be grouped under the headings of regression models,

digital simulation, analog simulation, and physical models. Since the discussion

ranges over so wide a field, the concern will be with general principles and

basic ideas rather than the details of any particular method of simulation.

The emphasis will be on the essential similarities between the basic steps in

volved in the different methods.

Xo matter what the field of application, the type of problem involved, or

the type of simulation, the approach is essentially similar. It is necessary first

of all to decide what type of model is to be used to simulate the action of the

prototype. Having decided on this, it is necessary to choose the components

of the model and their interconnection. Once a trial model has been deter

mined in this way, the ability of the model to simulate the prototype must be

verified on the basis of a record of inputs and outputs measured on the proto

type system. For a physical model, this is done by verifying that the model

can predict the output of the prototype system to an acceptable degree of

accuracy for a past event for which records are available. If it is unable to do

so, the model must be modified until adequate simulation is obtained. For a

mathematical model, the verification may consist of applying the model to a

case for which there is a known solution, as a prelude to applying it to a case

in which no solution is known. For a mathematical model, it may be necessary

during the verification phase to modify the structure of the model or to change

the values of some of the parameters of the model to achieve a satisfactory

precision of prediction. In modern hydrology extensive use is made of para

metric synthesis in which a form of mathematical or conceptual model is
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assumed and the optimal value of the parameter is determined. Parameter

values in a model are said to be optimal when these particular values result

in a prediction of the output which is a closer fit (in some defined sense) to

the output from the prototype than can be obtained with any other parameter

values for the same model.

There is a wide choice among types of models suitable for simulating deter

ministic hydrologic systems. We may decide to use a physical model or an

analog model; we may decide to use a conceptual model consisting of an ar

rangement of linear channels, linear or nonlinear reservoirs, thresholds or

feedbacks, and so forth; or we may decide to use a mathematical model to

represent the hydrologic system by a set of mathematical equations. Even

after deciding the general type of model to be used, there are still a number of

matters to be determined. For example, if we have decided to use an analog

technique, we must decide whether we are going to use (a) a direct analog

model in which various sections of the prototype will be modeled directly and

be more or less recognizable in the analog, or (b) a general-purpose analog

computer in which the mathematical behavior of the protype is simulated by

analog components representing specific mathematical operations. If, on the

other hand, we have decided to use a mathematical simulation, there is a

choice between regression models, representation of the system by a set of

differential equations, or representation of the system operation by a mathe

matical curve belonging to some particular family. In the case of a conceptual

model, it is necessary to decide whether the model is to be linear or nonlinear,

whether thresholds arc to be included, what particular types of component

are to be used, and how they are to be connected together.

In some types of hydrologic simulation, it is usual to determine parameter

values on the basis of field measurements or of personal judgment. However,

the operation of this initial version of the model should be thoroughly verified

and the model parameters adjusted until satisfactory operation is obtained.

Only then can the model be safely used as the basis of prediction. For most

mathematical and conceptual models, the values of the parameters are not pre

determined but are optimized on the basis of known input and output. There is

some excuse for a lack of objectivity in the optimization process when faced

with ad hoc problems in applied hydrology. Even in this case, however, opti

mization on an objective basis has the advantage that the results from this

individual study can be comined with others in a meaningful fashion. In

hydrologic research, there is no excuse for avoidable subjectivity. Neverthe

less, the hydrologic literature is full of models justified by a single illustration

which shows that the predicted output closely resembles the actual output.

Such "optimization by eye" is incapable of being integrated into a general

body of scientific knowledge and is unworthy of the name of scientific

hydrology.

We can borrow from statistics and numerical analysis a number of criteria

of optimization. These; include the methods of moments, least squares, mini-
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max error, and maximum likelihood. One such technique may be preferable in

one situation, and another in another situation. What is important is that the

method be objective, repcatable, and that it be clearly described in any re

porting of the work.

Regression Models

Regression techniques (27, 57, 65, 69) are essentially a method of simula

tion. Their main value is in prediction rather than in the investigation of

causal linkages. Once the decision has been made to use a rgeression method,

it is necessary to decide what type of regression model will be used.

An example (//) of multiple linear regression, a method which has been

widely used in hydrology, is shown on figure 7-1. In this example, the follow

ing basic relationship is assumed:

QT = a(A)>(S)<(St)<(I)<(ty(O)> (la)

In this formulation, the peak annual flood (Qt), which is taken as the de

pendent variable, is assumed to be related to unknown powers of the various

watershed parameters (A, S, St, I, I, and 0), which are taken as independent

variables. Qt is the annual peak discharge in cubic feet per second for a re

currence interval of T years; A is the drainage area in square miles; S is the

main channel slope in feet per mile; S, is a measure of the surface storage

area; / is the 24-hour rainfall in inches for a recurrence period of T years;

/ is a measure of freezing conditions in midwinter; and 0 is an orographical

factor. If the relationship given by equation la is expressed in logarithmic

form as follows:

logQr=loga+Mlog;l)+c(logS)+d(log.S()

+e(log/)+/(logO+ff(logO) (lb)

then the relationship is linear both in the new logarithmic variables and in

the unknown parameters. Consequently, the unknown parameters (a, b, c,

d, e, f, and g) can be determined by the standard techniques of multiple

linear regression.

The assumption of the particular relationship given by equation la or

equation lb makes this approach just as much a model as if the variables

were fed into an analog computer. Indeed, to the hydrologist devoted to the

analog approach, the method of multiple linear regression models would ap

pear somewhat as shown in figure 7-1. In this diagram, each of the dependent

variables is fed into a function generator which raises it to the designated

power. The resulting outputs are then multiplied together to give the de

pendent variable. For the parameters to be optimized either in the regression

equation or in the analog, the value of the exponents of the independent vari-
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ables that give the best fit between the predicted peak flows and the observed

peak flows must be determined. The logarithmic transformation of the vari

ables would be paralleled in the analog case by replacing the analog shown in

figure 7-1 by one in which the function generators would transform the inde

pendent variables logarithmically and the multiplier would be replaced by an

adder.

T = a(A)b(S)c(St)d(De(t)f(O)9 [la]
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d
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log QT = log a+b(log A)+c(logS)

+ d(logSt)+e(logl)+f(logt)

+ g(log 0) [Ib]

Figure 7-1.—Regression analysis.
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The standard regression technique takes as a criterion the minimization of

the sums of the squares of deviations of the predicted values of Qt from the

measured values of Qt. The model can be evaluated by examining the value

of the square of the multiple correlation coefficient (Rs). For a perfect model,

H1 would be equal to 1 and the closer R? approaches 1, the better the simula

tion of the prototype system. As in all cases of simulation, we must try to

reconcile the advantages of increased accuracy and the convenience of keeping

the model as simple as possible. If one of the listed watershed parameters is

dropped from equation 1—which is equivalent to fixing the appropriate ex

ponent as zero—we can view this as either simplification of the model or a

constraint on the parameter. If one or more parameters are held at zero, the

optimum values of the remaining parameters can be determined and the cor

responding value of R2 calculated. If, subsequently, one of the previously

constrained parameters is allowed to enter into the optimization procedure, a

new set of parameter values will be obtained for all the variables, and the

value of /?! will be increased provided the variable which now enters the re

lationship has an influence on the dependent variable not accounted for by

the other variables in the relationship.

In the example of multiple linear regression quoted above, which is taken

from Benson's (11) study of 164 station records in New England, the correla

tion of the 10-year peak flow Qi0 with the area A alone gave a value of R2=

0.78. This figure may be crudely interpreted as indicating an efficiency of

simulation of 78 percent. If, instead of using a single input, the channel slope

(S) is also taken into account, the value of R2 increases to 0.889 which is a

distinct improvement. The inclusion of the orographic factor (0) with the

area and slope increases 7?2 to 0.932; the further addition of the storage pa

rameter (S,) results in a small increase giving 0.945; inclusion of the tempera

ture factor (0 brings the value up to 0.959. Inclusion of the precipitation

factor (/) does not give any further improvement. The exact values of the

exponents were simplified, thus giving a more convenient formula without

appreciable loss of accuracy. The final regression equation with simplified

exponents was:

This is an interesting and somewhat surprising illustration of what may hap

pen when using a regression model; though rainfall is an important physical

cause of the runoff, the inclusion of the rainfall factor docs not improve the

accuracy of prediction based on the other factors and rainfall is not included

in the final equation. The fact that the rainfall parameter does not improve

the accuracy of prediction would suggest that it is highly correlated with the

watershed parameters already included in the model and hence, has no addi

tional independent information to contribute.
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If a linear regression does not give a good working model, the use of curvi

linear regression may improve the situation. The commonest model used in

curvilinear regression is polynomial regression, which for the case of simple

regression (only one independent variable) takes the form:

y = a+bx+cx*+dx3+ (3a)

This is clearly equivalent to the multiple linear regression equation

(3b)

if each of the powers of x is considered as a separate variable. Though equation

3a expresses a nonlinear relationship between y and x, the equation is linear

in the unknown parameters (a, b, c, d, and so forth) and the standard methods

for estimating these parameters can be used. The above approach can be ex

tended to cover multiple polynomial regression, which is represented by the

equation:

xs) (3c)

where p(x) denotes a polynomial of x.

If the factors are thought to combine as products rather than as sums,

then an equation of the following form is appropriate:

y=Mxi)-Mxi)-Mx3) /n(xn) (4)

Equation la on page 000 is a special case of equation 4, which is adopted be

cause it can be readily transformed to the multiple linear regression form

shown in equation lb. If this particular model does not result in satisfactory

simulation, then another model must be tried. A model which is another

special case of equation 4 is described below for the case where there are three

independent variables.

As a first approximation, it may be assumed that the individual variation of

y with Xi can be represented by the linear relationship:

(5a)

and a similar linear relationship is assumed for the other two independent

variables:

(5b)

(5c)

The general relationship for these assumptions can be written:

(5d)

sb3X2X3+610263X3X1
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The relationship between the dependent variable, y, the three original inde

pendent variables (xi, xs, x3) and the four products formed from them can

now be analyzed (57).

If the factors do not act independently of one another, then a model of

joint regression:

y=f(xhx2, x3 xn) (6a)

must be used. The very general form of equation 6a may be modified by

assuming that the variables act in groups so that we can write some such

equation as:

V =/i (*i, xx) +/»(x3txi) + (6b)

Unless there is some apriori reason to suggest a particular relationship, joint

regression analysis is more conveniently handled by graphic than by algebraic

methods. For joint regression, it is frequently helpful to assume the model of

multiple linear regression, then plot the residual values of y against the inde

pendent variables and fit "contours" if there is any indication of a joint rela

tion. In this case, the joint regression term is added to the linear terms.

Multiple regression analysis makes the assumption that all the errors are

concentrated in the dependent variable and also that the so-called independent

variables are not correlated with one another. Violation of the latter assump

tion does not prevent the derivation of a regression relationship which can be

used as a prediction tool, but it renders meaningless the tests of significance

used in a regression analysis. In hydrology, due to the operation of geomorpho-

logical factors, the watershed parameters used as independent variables are

often very highly correlated among themselves. Multivariate analysis (33)

seeks to avoid these two problems by treating all the variables alike and by

performing component analysis to determine any truly independent grouping

of variables which may be present. Wong (66) applied component analysis to

the data for New England floods referred to on pages 000 to 000. Wong de

scribed how to isolate orthogonal components and showed that for the average

annual flood it was possible to produce a relationship based on two parameters

which was as accurate as the multiple linear regression equation based on five

parameters. Some other papers dealing with the application of multivariate

analysis to hydrology are included among the references at the end of this

lecture (U,58,59).

The method of coaxial correlation described by Linsley, Kohler, and

Paulhus (42) has been widely used in applied hydrology. Coaxial correlation

is essentially a graphic method of nonlinear regression and is suitable for the

solution of ad hoc problems. In some cases, the shape of curves used reflected

certain assumptions about the soil moisture accounting involved. In its origi

nal form, coaxial correlation was subject to the disadvantage that the process

was a subjective one and different workers would produce different diagrams

from the same set of data. Those experienced in the use of the method tended
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to follow a fixed procedure and to produce coaxial correlation diagrams which

were similar in their general form.

If coaxial correlation is to be used as a tool in parametric hydrology, it

should explicitly involve the assumption of a given model of watershed be

havior. This approach to coaxial correlation is reflected in the work of Becker

(7, 8, JO). Figure 7-2 is based on his papers and can be used to illustrate the

approach to coaxial correlation based on physical reasoning and the use of a

particular model. The diagram is intended to be used to estimate the basin

recharge following rainfall. As indicated by arrows in figure 7-2, progression

is from A to B to C quadrants. Quadrant A is intended to give the relation

ship between potential basin recharge and initial moisture content, the latter

being represented by an antecedent precipitation index. The separate; lines in

quadrant A represent week numbers and, therefore, different seasons of the

year. Quadrant B allows for the effect of rainfall duration (and hence of the

rate of infiltration and replenishment of soil moisture) on the basin recharge.

Tl60

A: SOIL MOISTURE

QUADRANT

200 ISO 160 140 120 100 60 60 40

MO 160

Figure 7-2.—Coaxial correlation.
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Quadrant C reflects the effect of the amount of rainfall on the actual basin

recharge.

Becker argues that because of the physical processes involved, there are

certain constraints on the shapes of the curves in the different quadrants. He

invokes a simplified model of the watershed behavior to determine the general

nature of these restraints. The higher the value of the antecedent precipita

tion, the less storage will be available in the watershed for recharge. If the

antecedent precipitation index approaches an infinite value, then all the rain

fall must run off, and there can be no recharge to the basin no matter what

the value of the volume of rainfall or duration of rainfall. Becker argues from

this that all the lines in quadrants B and C must pass through the origin,

whereas in the most of the published literature (see for example 51), the lines

in quadrant B are drawn as parallel lines, and those in quadrant C are drawn

as meeting at a point on the axis between quadrants A and D.

The next step in Becker's procedure is to take account of the fact that most

present-day models of total catchment response assume the existence of a

threshold between soil moisture and direct runoff (39,54) ■ A simple threshold

operates as follows. If the storm rainfall is less than the initial field moisture

deficit, there will be no direct runoff, and all of the rainfall will be accounted

for as basin recharge. If, however, the storm rainfall is greater than the initial

field moisture deficit, then the soil moisture storage will reach its threshold

value and direct storm runoff will occur. For a simple threshold, the amount

of direct runoff will be equal to the volume of rainfall minus the volume of

the initial field moisture deficit.

If the duration of the rainfall is sufficiently long, the intensity of rainfall

will be less than any predetermined limiting infiltration rate. Becker argues

that for a finite amount of rain and a very long duration, the line in quadrant

C must consist of a limiting line which makes the ordinate between quadrants

B and C equal to the ordinate between quadrants C and D, together with a

vertical line, corresponding to the amount of rainfall. When the deficit given

on the ordinate between quadrants B and C is greater than the amount of

rainfall, there is no direct runoff; then the recharge is equal to the amount of

rainfall and is independent of the value of the initial deficit. In this case, the

value of recharge to be read on the ordinate between quadrant C and quad

rant D is governed by the vertical line corresponding to the rainfall amount.

The inclined equal value line—which acts as an upper limit to the scries of

vertical lines—governs the determination of the basin recharge for the case

where the rainfall is greater than the initial field moisture deficit; in this case,

the basin recharge given on the ordinate between quadrants B and D.

Becker recognizes that a quadrant C pattern of this type (a series of vertical

lines for different rainfall amounts and one line at 45°) is essentially a simpli

fied model based on a lumping of the characteristics of the catchment, which

assumes that the rainfall distribution and the distribution of field moisture

deficit are uniform throughout the catchment. If allowance is made for the
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variation of field moisture deficit (or of rainfall) throughout the watershed,

then the curve in quadrant C for any given rainfall amount will show a smooth

transition rather than a sharp break from the sloping 45° line to the appropri

ate vertical line. If the rainfall is very high relative to the initial field moisture

deficit then the threshold will probably be exceeded in nearly all parts of the

catchment, and the basin recharge will closely approximate the initial deficit.

If, on the other hand, the rainfall were very small relative to the initial deficit,

then the threshold capacity would probably not be reached in any part of the

catchment, and thus the basin recharge would be equal to the amount of

rainfall. For intermediate ratio of rainfall to moisture deficit, a smooth transi

tional curve would be obtained as shown in quadrant C, figure 7-2. The

curves shown on the figure reflect the assumption of varying thresholds

through the watershed, that is, of a multicapacity accounting system (39,

50,53).

For very long durations, the low intensity of rainfall will ensure that all of

the rainfall will infiltrate into the soil. For such cases, the duration mil not

affect the recharge to the basin, and hence the line in quadrant B will be an

inclined straight line giving equal values on the ordinate between quadrant A

and quadrant B and the ordinate between quadrants B and C. For the same

amount of rain and a shorter duration, the rate of rainfall may exceed the

infiltration capacity of the soil at some time during the storm, and the full

amount of potential basin recharge may not be realized; consequently, water

failing to infiltrate the soil will contribute to direct storm runoff. During a

storm event, infiltration is limited to the duration of rainfall (T«) plus the

time for which overland flow persists after the rainfall ends (To). Becker as

sumes a limiting rate of infiltration into the moist soil (/m), and hence for a

given duration of rainfall the recharge cannot exceed tho product of this in

filtration rate plus the total duration of overland flow (that is, the sum of the

rainfall duration plus the time of overland flow after the cessation of rain),

which is assumed to be constant. This limitation on infiltration is reflected in

the horizontal lines in quadrant B for low durations of rainfall; these lines

represent the limiting recharge fm(TR+To).

Where the rainfall intensity is less than the limiting infiltration rate for a

wet surface, the actual basin recharge depends on the rate at which moisture

in the soil profile is replenished. If the water infiltrating through the surface

is in excess of that required for soil moisture recharge, then interflow will

occur and contribute to direct storm runoff. Becker assumes that the rate of

soil moisture recharge is proportional to the soil moisture deficit, varying from

zero when the deficit is zero (that is, the soil is at field capacity) to the rate

of maximum infiltration into a dry soil when the deficit is equal to the field

moisture capacity. This assumption gives an exponential decline with time in

the rate of soil moisture recharge. Becker shows that for a constant rate of

infiltration into a dry soil (/max) and a constant value of field moisture ca-
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pacity (NW) that the volume of recharge for a given duration (Tr) is pro

portional to the volume of soil moisture recharge for the same amount of

rainfall and an infinite duration. Consequently, for all cases where the re

charge is not limited by the rate of infiltration through a wet surface, the lines

in quadrant B (which reflect the effect of duration on recharge) will form a

ray of lines through the center of the coaxial system as shown in figure 7-2.

The general shape of the curves in quadrant A can be shown to be plausible

by means of arguments based on relatively simple assumptions. If the catch

ment were homogeneous, one would expect the lines in quadrant A to be

straight lines joining the value of the soil moisture deficit under wilting condi

tions on the two axes. If, however, the catchment is considered as being made

up of a number of areas with differing maximum field moisture deficits, then

the curve connecting the initial soil moisture (represented by the antecedent

precipitation index) on the axis between quadrants A and D with the maxi

mum possible recharge on the axis between quadrants A and B would take a

general hyperbolic form. The existence of different curves for different seasons

of the year would be expected due to the effect on moisture accounting of

evaporation, transpiration, and consumptive use. Becker showed that by

drawing the coaxial correlation diagram as described above, results could be

obtained as good as (if not better than) with the more conventional form

usually recommended. His approach has the advantage that the pattern of

lines in his diagram and the position of some of the lines can be related to a

definite model and to physically reasonable catchment parameters. It would

be interesting to link up Becker's approach with some of the models which

have been suggested for simulating the entire watershed response discussed

later in this lecture. Becker (9) also includes a quadrant reflecting the effect

of ground water level on the relation among antecendent conditions, rainfall,

and basin recharge. This quadrant is not shown in figure 7-2.

In all types of regression analysis—linear or nonlinear, numerical or graphi

cal, multiple regression, or multivariate—it must be remembered that the

choice of a particular model and that the computational procedure merely

represent a way of optimizing the parameters of this model. By optimizing

the parameters on the basis of an actual record, we enable the particular model

chosen to simulate the operation of the prototype as nearly as possible in

accordance with some chosen criterion. There is no guarantee, however, that

we have chosen well in choosing the particular method or model used. Far

too little has been done in the systematic exploration of the problem of choos

ing between models.

Regression models of all types share with models in general the feature that

they may predict the behavior of the prototype without resembling or reveal

ing the nature of the prototype system. However, it is correct to say that the

more closely a model is based on the physical nature of the prototype system

the more likely is it to prove its worth as a general-purpose model (that is, to
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predict the behavior of the prototype under a wide variety of conditions) and

facilitate the meaningful comparison of parameter values derived from using

the same general model to simulate different prototypes.

Digital Simulation

Except in the simplest cases, the regression models previously described

and the mathematical methods of simulation described in lecture 9 require

the use of digital computers. In such cases, the use of the computer is not

compulsory in the simulation of the hydrologic system, but rather it is the

most convenient method of computation. In the present section, we are not

concerned with the use of the computer for these purposes of calculation

only but rather with simulations of hydrologic systems involving techniques

which are only feasible on a digital computer, for example, systematic search

ing for optimum values of relatively large numbers of parameters.

In the present section, a description will be given of some typical simula

tions on the digital computer of the hydrologic processes involved in elements

of the hydrologie cycle and the simulation of the total response of the catch

ment. The highly important subject of the optimization techniques required

to obtain objective estimates of the best values of the parameters to be used

is left until the next section.

Digital simulation can be used to reproduce the behavior of any clement in

the hydrologic cycle. In lecture 2, we discussed the empirical formulas used

in applied hydrology for estimating snowmelt. The simplest of these formulas

was:

M=0.06(rmean-24) (6a)

which relates the daily snowmelt in open areas in inches M to the mean daily

temperature (Tm) in degrees Fahrcnehit. A complex formula which has been

widely quoted is:

A] C6b)
which relates the snowmelt D to a number of micrometeorological factors.1

In contrast to the above formulas, figure 7-3 shows a digital simulation

model for snowmelt developed by Amorocho and Espildora (1). It can be

seen that this simulation for the snowmelt process is much more complex

even than equation 6b. In the simulation process, the inputs to the system

are the meteorological conditions and the initial condition of the snow. The

simulation model is shown in the form of the flow chart which can be readily

programed for a digital computer. Indeed it would be difficult to apply the

model shown in figure 7-3 without the use of a digital computer due to the

1 Lecture 2, pp. 44 and 45.
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~. \ METEOROLOGICAL INPUTS/
(*) ^INIT. CONO. OF SNOW /

Figure 7-3.—Simulation of snowmelt.
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large number of logical decisions as well as computations which are required.

These logical decisions are represented by lozenge-shaped boxes on figure 7-3.

The first question is asked in decision box 0: Is there precipitation? If there is

not precipitation, we travel by a route through box 1 and then consider the

heat budget in box 15 which takes into account such vectors as incoming

radiation. If there has been precipitation in the form of rain, the amount of

interception is allowed for, and a distribution of the precipitation is made

between bare soil and snow-covered soil in box 5. The rain going directly to

the soil is an output of the model and an input to the watershed. The rain

falling on the snowpack is taken into account in a heat budget.

In this simulation, the snow cover is divided into layers which are treated

separately. The effect of heat, rainfall, or new snow on the existing snow

layers are all taken into account. Each box in the flow chart represents a

physical process; some of these processes are of a high complexity, and this is

reflected in the computational equations used in the step. Thus, box 16 in

figure 7-3 has to be expanded into a flow chart as complex as figure 7-3 itself.

Equations 6a and 6b and the flow chart shown in the figure are simulations

of certain physical processes. We can recognize the empirical equations of

classical physical hydrology as very simple models of these physical processes.

Due to the advent of the digital computer, we can now replace these simple

physical equations by simulation models involving both complex mathemati

cal relationships and multiple decision processes. The simulation shown in

outline on figure 7-3 and described briefly above is only one possible model of

the snowmelt process, and other digital models have been developed and re

ported in the literature. One such simulation model by Anderson and Craw

ford forms part of the later versions of the Stanford watershed model (S, 23).

The other individual processes in the hydrologic cycle may also be simu

lated in this way. The contrast between the classical empirical equations and

more complex simulations based on the digital computer can also be illustrated

for transpiration. Thus we could estimate transpiration according to a com

bination-type formula such as that of Penman (Jfi):

Ea+A/y.HT

I+A/7 K }

where the potential transpiration ET is estimated as a weighted average of the

aerodynamic factor Ea and of the heat budget factor HT, the weighting factor

A/y being a function of temperature. This equation may be contrasted with

the simulation of transpiration shown in figure 7-4, taken from a recent paper

in "Water Resources Research" (67). This represents the simulation of

the action of a plant in removing moisture from the soil and transpiring it to

the atmosphere. While it is not likely that such a detailed simulation would
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be required in hydrology, it does indicate the complexity underlying the

processes with which the hydrologist is concerned.

The full simulation of the process is more complex even than shown on

figure 7-4. On the lower right-hand side of figure 7-4, stomatal aperture con

trol appears as an input factor. Figure 7-5 shows that this factor, which is an

input to the transpiration simulation, itself depends in a complex fashion on a

number of inputs. When we look at simulations such as these, we realize that

the complexity of a formula such as Penman's is negligible compared with the

complexity of the physical processes which it is intended to represent. It is

interesting, in the case of the two simulations for transpiration and stomatal

control, that the authors first show the diagram from a botanical viewpoint,

then from a more abstract system viewpoint, and finally in terms of system

functions of the different operations involved.
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Other elements of the hydrologic cycle can be similarly treated. The proc

esses involved in flow—whether overland, in open channels, through soils, or

from ground water reservoirs—can be simulated by models of varying com

plexity. These phenomena lend themselves to relatively simple simulation by

overall mathematical equations or by conceptual models. These methods will

be discussed in lecture 9. If, however, we were not satisfied with the use of

bulk friction formulas and insisted on taking into account the fine details of

turbulence structure and viscous dissipation of energy, the simulation of

these processes would become extremely complex. For flood routing in natural

channels, one may choose among the simple methods of flood routing used in

applied hydrology, the relatively simple conceptual methods which have been

developed recently, and the solution of the problem in its full complexity on

a digital computer.

In all these cases, we are faced with the dilemma of using either a simple

model which is easy to manipulate and comprehend but which may be too

crude a simplification of the physical process or, on the other hand, a highly

complex model which may be difficult to develop and expensive to operate to

obtain further accuracy. No matter how complex our simulation model may

be, the odds are that it still will not mirror the true complexity of the physical

processes involved and hence not reflect the physical reality of the situation.

While this failure might worry the pure scientist seeking to determine the

nature of things, it is of little consequence to the engineering hydrologist

who seeks only for a technique which will be sufficiently accurate for his im

mediate purpose. The research hydrologist comes somewhere between these

two extremes. He seeks results and methods that are grounded on a general

body of knowledge and hence of wide application.

Digital simulation can also be used to model the total response of a water

shed. Here again there is a choice between a simple model, which will of

necessity be crude, and a more complex model in which it may be difficult to

optimize the parameters owing to their number and their interaction. The

simplest model of total watershed operation which gives any semblance of

reproducing the behavior of a watershed was discussed earlier in lecture 1

(see fig. 1-8). In its simplest form, such a model might attempt to simulate

a watershed by assuming that (1) direct storm runoff could be obtained by

routing precipitation excess through a single element of linear storage (K();

(2) base flow, by routing recharge to ground water through another element

of linear storage of longer storage delay time (K2); (3) the division between

precipitation excess and infiltration, by use of a constant infiltration rate

(/c); and (4) the recharge to ground water, by assuming a threshold of field

moisture capacity (Af). Even in this highly simplified form, four parameters

would be required to describe the operation of the model, one for each of the

four elements.

If we now seek to make the model more accurate or more realistic by a
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detailed simulation of any of the elements, a number of additional parameters

will be introduced. The number of parameters quickly increases, and the

problem of objectively determining their optimum values can be handled

only on a digital computer. The determination of the values of these param

eters for optimal representation of the prototype is the key problem in digital

simulation of total catchment response. We may insert values of the param

eters based on field measurements made either in the watershed under study

or in a similar watershed; but it. would be foolish to take such measured

values or any textbook values as other than indicators of the order of magni

tude of the parameters required for simulation.

Once an attempt is made to simulate the operation of a watershed by a

specific model, a model parameter which is designed to correspond to some

single physical parameter in the field may, in fact, take on other functions in

the simulation process. If our desire is to understand in detail the physical

processes which arc involved, we have no option but to seek the parameters

corresponding to these additional functions and synthesize a more compli

cated model. If, on the other hand, our only purpose is to reconstruct the

operation of the prototype and predict the outputs, then we should seek the

value of the parameters of our model which optimize its performance.

The best known work on the digital simulation of the total watershed is

that done at Stanford University (21, 22, 23, 40, 45). The Stanford model

Mark IV is shown on figure 7-6. The various versions of the Stanford model

are essentially compromises between the oversimplification of the four-

parameter model shown on figure 1-8 and the uncontrollable complexity of a

model which would attempt to include everything we know about physical

hydrology. The inputs to the model are precipitation in the form of mean

hourly rainfall and evapotranspiration in the form of daily means. The out

puts arc streamflow in the form of: (1) summary tables of mean daily flow;

(2) hydrographs of all storms greater than a given base; and (3) some monthly

data, such as volume of interflow and actual cvapotranspiration and initial
and final soil moisture conditions. Other outputs can be obtained on an op

tional basis. A feature of the model is the division of soil moisture storage into

upper zone storage from which evapotranspiration takes place at the potential

rate and lower zone storage from which evapotranspiration takes place at a

rate less than the potential rate when the upper zone storage is exhausted.

The routing of the various flows—overland flow, interflow, ground water flow,

and channel flow—is based largely on reservoir routing. The Mark IV model,

which is more complicated than earlier versions, allows for such features as

overland flow and snowmelt. There are 19 parameters in the model (excluding

snowmelt parameters) and four initial parameters for setting the values of the

various storage components. All but four of these parameters are estimated
from the records or from maps.
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An alternative model of the total watershed response is that Dawdy and

O'Donnell (&£), which is shown on figure 7-7. This model is somewhat simpler

than the Stanford model and was deliberately designed to be so. While the

Stanford model on figure 7-6 is drawn in block diagram form, the Dawdy-

O'Donnell model is drawn in terms of tanks and overflows after the manner of

Sugawara (60) and other Japanese workers in the field. It would be a useful

exercise to attempt to redraw each of the models in the other form. Dawdy

and O'Donnell were primarily interested in investigating the problem of de

veloping the most efficient techniques for optimizing the parameters of a

model, rather than in simulating any particular watershed. For this reason,

they first fixed "correct" values of the parameters of the model shown on

figure 7-7, generated the output due to a synthetic input and then, starting

from erroneous initial parameter values, tried to discover from the record of

input and output the predetermined "correct" values of the nine parameters.

The inputs to the Dawdy-O'Donnell model are precipitation and evapo-

transpiration. The output is the eventual total runoff including surface run

off and base flow. There are nine parameters in the model whose values are to

be optimized. R* is the depression storage which must be satisfied before

overland flow occurs. The operation of the linear channel storage is character

ized by a single storage delay time, K,. The Horton equation is used to model

the infiltration, thus accumulating three more parameters /„, ft, and k. Field

-M .

G*

Figure 7-7.—Dawdy-O'Donnell model.
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moisture capacity is taken as M* and acts as a threshold on recharge to

ground water. Further parameters introduced are a ground water capacity,

G*, which enables the model to simulate water logging under very wet condi

tions and a maximum rate of capillary rise, Cmax, to simulate the loss of water

from the ground water by capillary rise during very dry periods. The ground

water reservoir is assumed to act as a linear reservoir, thus giving the ninth

parameter, Kg. This model will be used to illustrate the problem of parameter

optimization later in the lecture.

A number of other models of the total catchment response have been de

veloped for various purposes and from various points of view. Among those

which are described in the literature are the Tennessee Valley Authority

model (61, 62) and models developed in Australia (12) and Japan (46).

Because all models of this type will be compromises, they will be different

from one another. The only way in which they can be judged is the efficiency

with which they carry out their specific purpose. If models are constructed

for different purposes, then it is impossible to compare them. We should be

very careful of saying that one model is better than another unless we are

sure that the objectives of both models are the same or can be expressed in

common terms.

Optimization

Frequent reference has been made above to the optimization of the param

eters of a simulation model. The present section deals with this problem of

parameter optimization. The output predicted by the simulation model will

vary with the value of each of the parameters in the model. If the efficiency

of the model in predicting the output of the prototype is defined in terms of

an objective criterion, then the optimal values of the model parameters are

those values which give the optimum value of this denned criterion of effi

ciency. The choice between models and the choice of synthesis must neces

sarily be subjective, but the optimal values of the parameters should be ob

jectively determined. If this is done, we will know (in regard to the applica

tion of any particular model to any particular set of data) that the model is

operating at its highest efficiency and thus may be fairly compared with any

other model operating at its own peak efficiency for the same set of data.

Optimization is essentially a mathematical idea and is, in a sense, somewhat

at variance with human nature. In our ordinary decisions of life, we "satisfize"

rather than optimize. As soon as a certain level of satisfaction or performance

is obtained, human judgment is usually satisfied and does not wish to go to

complete optimization. In this context, the decision is a correct one because

the effort expended in going from a satisfactory solution to an optimal one

may be very great, and the resulting gain may be very small. Indeed, we make

the same decision in simulation when we decide to compromise on a model

of a certain degree of complexity. However, if we are using mathematical
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methods and a digital computer to find values of parameters for our model,

then the effort to optimize may not be appreciably greater than that of

achieving a certain level of performance and the truly optimal solution has

the added advantage of being unique or virtually so. There arc many cases

in applied hydrology and in hydrologic design in which the correct decision

is to halt the process once a certain level of accuracy has been obtained. In

scientific research, on the other hand, optimization is necessary to eliminate

as much subjectivity as possible from the result.

If we are going to optimize, we can only optimize with respect to some

criterion. Unless a specific criterion is invoked, it is not even possible to say

whether the optimum has been obtained. Some hydrologists are convinced

that they are sufficiently experienced to optimize by personal judgment or to

otpimize by eye; if they are explicit in this respect, nobody will be deceived,

but very often the subjectivity is implicit. Objective criteria are, however, to

be preferred.

If we have chosen a specific model, then the predicted estimated output is

a function of the input and of the parameters of that model. Thus, in the case

of a simple model with three parameters, we could write:

0(O=*[*(O,«,&,e] (8)

where x(l) is the input, a, b, and c are the parameters of the model, and y(t)

is the output predicted by the model. The problem of optimization is to find

values of a, b, and c so that the predicted values of y(t) are as close as possible

to the measured values of y(t) in some sense to be defined. The most common

criterion is that the sum of the squares of the differences between the pre

dicted outputs and the actual outputs will be a minimum:

E(a, b, c)= X (yt—J/i)1! = minimum (9)

As an alternative to using a least squares criterion, we could adopt the Cheby-

shev criterion of minimizing the maximum error:

E(a, b, c) = max (y,—y{) = minimum (10)

In this case, we avoid the occurrence of one or two large deviations between

predicted output and measured output whose presence might be accepted in

the least squares criterion, since their effect could be smoothed out by a

faithful reproduction in the remainder of the record.

Another criterion which can be used is moment matching. We can say

that if a model has the same first n statistical moments as the prototype,

then the two systems are equivalent in some sense. Actually it can be proved

that if the moments of the two impulse responses are identical up to the «"'

moment, then the systems will give identical output for any input which is
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a polynomial of the degree n or less. Consequently, a model system with a

given number of parameters will reproduce the behavior of the prototype for

polynomial inputs if the values of these parameters arc determined by match

ing the appropriate number of moments of the model with those of the proto

type:

(11)

Where a large number of parameters are involved, the method of moment

matching is not suitable because higher order moments become unreliable due

to the distorting effect of errors in the tail of the function on the values of the

moments. However, the method of moments has the great value that in cases

where the moments of the model system can be expressed as a simple function

of the parameters of the model, then the parameters can be relatively easily

derived.

For criteria such as least squares or minimax error, direct derivation of the

parameters may be far from easy. In certain cases, it is possible to express the

criterion to be minimized as a function of the parameters. To differentiate

this function with respect to each parameter in turn, set all the results equal

to zero and solve the resulting simultaneous equations to find the optimal

value of the parameters. For any but the simplest model, it will probably be

simpler to optimize the parameters by using a systematic search technique to

find those parameter values which giver the minimum value of the error func

tion. Such a search technique gives rise to its own difficulties, which will be

discussed later in this section.

It is often necessary to decide whether we wish to put bounds on the values

of the parameters. Any model with which we attempt to simulate the proto

type will be based to a greater or lesser degree on our assumptions about the

nature of the physical processes in the hydrologic system under investigation.

We are then faced with a dilemma if the optimized values of the parameter

of this model turn out to be physically unrealistic. For example, we might

seek to simulate direct storm runoff by a cascade of equal linear storage ele

ments. Such a model has two parameters, the storage delay time {K) of the

individual elements and the number of equal elements (n).

An analysis of the data by moment matching might indicate that both n

and K are negative. Similarly, we might insert into a model of a watershed

the Horton infiltration equation and then find on optimizing the parameters

that the value of fc turns out to be 1,000 feet per second. Even though we are

interested in predicting the output and the unrealistic parameter values give

a good prediction, we are inclined to reject such values and put bounds on the

variation of the parameter. This is to bring a subjective element into our

simulation and to import knowledge from physical hydrology into parametric

hydrology. It may or may not be the right thing to do.

If the restriction of the parameter to realistic values does not increase the

error function much above its minimum value, then it is certainly permissible
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to use the model with the restricted range of parameters. If, however, the error

function is greatly increased by refusing to allow the parameters to take on

unrealistic values, then this may be an indication that the model itself is at

fault and should be modified or replaced. One consequence of optimizing sub

ject to restraint is that the mathematics (and the computation) become more

difficult. In an analytical solution, partial derivatives must be replaced by the

use of Lagrangc multipliers. If the error function and restraints arc not linear,

we may be involved in nonlinear programing which means serious computa

tional problems. In a systematic search technique, the extra difficulty created

by the introduction of bounds on the parameters is not nearly as serious. It is

important, however, to remember that the imposition of a restraint always

results in some loss of optimality. Where the error function does not vary

sharply, then the effect may not be serious.

As in all computations, our final task is to interpret our results. In the

simulation of hydrologic systems, it is difficult to know how much meaning

should be attached to the optimal values of the parameters found. It is prob

ably correct to say that the answer to this problem depends on the model

used. If the model is an extremely good representation of the prototype, then

there is a good chance that the parameters are of physical significance, and

there is likely to be a close connection between the values of these physical

parameters and the corresponding field parameters of the prototype. If, how

ever, the model is much more simple than the prototype, then there is no

guarantee that the parameters will correspond to the real physical parameters

of the prototype. It may well be that a particular parameter in the model is

an amalgam of several parameters in the prototype, but there is no guarantee

of this. It may be dangerous to try and give a close physical meaning to some

of the parameters found by optimization. It is safer to consider these param

eters as the parameters of best fit and be satisfied with a model which does

what we require it to do, namely, predict the output within a given margin

of error.

The optimization of model parameters by a systematic search technique is

a powerful approach made possible by the use of digital computers. It is,

however, not quite as easy as it might at first appear. If you consider the

almost trivial case of a two-parameter model, then the problem of optimizing

these parameters subject to a least squares error criterion can be easily illus

trated. We can imagine the two parameters a and 6 as measured along co

ordinate axes and the squares of the deviations between the predicted and

actual outputs as indicated by contours in the plane defined by these axes.

The problem of optimizing our parameters is then equivalent to searching

this relief map for the highest peak or the lowest valley, depending on the

way in which we pose the problem. We have to search until we get, not merely

a local optimum (maximum or minimum), but an absolute optimum. To

examine every point of the plane would be prohibitive even to this simple
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example. In using a search technique, we have no guarantee that we will

find the true optimum.

The simplest method of searching is to start at some point on the boundary

and travel parallel to the other axis until the optimum on that line is ob

tained. The direction of search can then be changed to a direction at right

angles to that just traversed and the search continued until the optimum

along that line is obtained. Again the direction can be changed and the process

repeated until a point has been obtained, which is the optimum in its im

mediate neighborhood. There would be no guarantee, however, that it would

be an absolute optimum. This simple method of searching turns out on ex

amination to be quite inefficient even for a small number of parameters, and

more sophisticated techniques have been developed (63, 64). Some of these

are based on the steepest descent methods, which arc considerably more

efficient than the univariate technique described above. However, once more

than a few parameters are involved, even the sophisticated gradient methods

become inefficient compared with a direct search technique.

We saw that the simplest model for a total watershed would involve at least

four parameters and that models now being developed and used have more

than 20 parameters. Even engineers trained in descriptive geometry would

find it hard to visualize the complexity of the searching technique in such a

multidimensional problem.

A direct search technique based on Rosenbroek's method (52) was used by

Dawdy and O'Donnell for the systematic optimization of the parameters of

the model shown in figure 7-7 (24). The search through the multidimensional

parameter space was made in a sequence of stages. In the first stage, an initial

set of parameter values was assumed, and searches were made along the

parameter axes. At the start of each subsequent stage, a new set of orthogonal

axes was chosen for the search, the best direction for the new search being

determined from the progress made in the previous stage. During each stage,

movements were made along the new axes subject to their producing an im

provement in the objective function and following a specific set of rules about

the size and direction of movement along the axes. These rules also specified

when a stage should end and a new set of orthogonal axes begin. Progress

was usually rapid in the first five or six stages but tailed off thereafter. The

whole process was revitalized by starting a new round of stages with the latest

parameter values from the end of the previous round of stages but starting

again with the parameter axes as the orthogonal search directions.

It was easier to obtain reasonable approximations to the values of some of

the parameters than others. If the parameters were initially set with a large

error, some of them would be within a few percentage points of the true value

after a single round of stages, whereas others might show little improvement

after 20 rounds, and some might end up further from their true value. A

parameter can only be readily optimized if it strongly affects the output and
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the effect can be isolated in some fashion. Consequently, if the particular

input for which the model is tested does not call a particular parameter into

play, the effect of this parameter cannot be isolated or its value determined

from that particular record. The parameter in question can take any value

over a wide range without affecting the objective function. Thus, the opera

tion or even the existence of the parameter for maximum capillary rise in the

Dawdy-O'Donnell model could only become apparent if a record was available

containing a long dry spell. Since the parameters difficult to optimize arc those

which do not affect the output for the particular input used, failure to find

their values will not affect the model as a predictor provided it is used only

for inputs which are, by and large, of a similar type to the input used for the

optimization of the parameters.

There is a great deal more work to be done before the comparison of simu

lation models for hydrologic systems can be put on a proper objective basis.

A model structure or a set of parameter values that predict efficiently for

one type of input and one type of criterion of fit may prove quite inefficient

for another set of input data or another criterion of prediction. We must be

clear at all times what criterion we are using and what type of output we are

trying to predict. Table 7-1 is taken from a paper by Dawdy and Thompson

(25) and illustrates the effect of the use of different criteria on the optimiza

tion process. An attempt was made to fit the model developed by Dawdy and

O'Donnell to data for the Arroyo Seco, near Pasadena. The first objective

taken was to minimize the sums of the squares of the logarithms of the ratio

of computed to observed monthly discharges. As shown in the upper half of

table 7-1, 482 trials resulted in the values of the objective function. The

criterion was then changed to one based on daily discharges rather than

Table 7-1.—Results of three optimizing runs during 1943-44 in Arroyo Seco

Sum of squared deviations of logarithms

Optimizing

criterion

Months

Days

Peaks

Source: Dawdy and Thompson (25).

Try

0

89

344

482

0

9

300

0

0

35

156

Months

0.

1.

G8

35

18

17

17

18

26

73

72

67

61

Days

48.3

28.2

24.1

24.7

24.7

24.5

15.1

40.8

40.7

58.0

96.2

Peaks

0.63

.49

.50

.49

.49

.48

1.02

1.11

1.09

.35

.01
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monthly discharges. The next 360 trials were made on this basis with the

results shown in the middle of table 7-1. The last 156 trials shown on the

bottom half of the table 7-1 were based on a criterion of peak discharges.

For each trial, the value of the objective function according to each criterion

was evaluated though only the objective criterion indicated was used to search

for the optimal values of the parameters.

We can see from table 7-1 whether an optimization based on months goes

anywhere near getting the degree of optimization which would be obtained

if we concentrated on daily discharges or on peaks. It can be seen that optimi

zation based on monthly discharges gives values of the parameters which arc

not too far from the optimal for daily discharges and that optimization based

on daily discharges gives values of the parameters that are not too far from

the optimal for monthly discharges. The differences, though serious enough,

or not enormous. However, when we compare the value of the objective func

tion when the parameters are optimized on the basis of peaks with the value

when the parameters arc optimized on the basis of their daily or monthly

discharges, we find a tremendous difference'. The criterion for peak matching

can be reduced to 0.01 when optimization is based on the peaks themselves

but only reaches a value of 0.49 for optimization based on months and 1.02

for optimization based on daily discharges.

These results are extremely interesting when we consider that what is in

volved here is not a change of model but merely a change in choice of the

period of flow, which is the basis of the optimization. The model is a relatively

complex one, and the parameters used all have definite physical implications.

Nevertheless, it is not capable of acting as a general-purpose model for peaks,

daily discharges, and monthly discharges. If we are only interested in one of

these at a time we can adjust our model parameters accordingly. It would

also be possible to define a weighted objective function which would take into

account each of these separate objectives in some fashion. The weighting of

the different objectives, however, would itself tend to be subjective.

There is a scope for a great deal of work in the field of digital simulation.

A part of this should be devoted to a systematic exploration of the subject

using both noise-free synthetic data and synthetic data with controlled error.

It should, for example, be possible to determine from the input and output

records of a system whether or not one or more thresholds occur in the sys

tem. At the same time, another part of the work should be concerned with

the simulation of field data and the further problems involved.

Analogs and Physical Models

The use of analogs and physical models comes within the scope of parametric

hydrology since these analogs and models are used to simulate the action of

the prototype systems. Analogs may be divided into two types—indirect
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analogs which solve the mathematical equations thought to govern the phe

nomena, and direct analogs which attempt to simulate the physical behavior

of the prototypes by an analogous physical system. Though physical models

have been used for a long time in hydraulics, their use in simulating hydrologic

systems gives rise to a number of difficulties which have not as yet been

overcome.

As mentioned above, an indirect analog seeks to solve the mathematical

equations which themselves simulate the action of the prototype system. The

most widely used type of indirect analog is the indirect electronic analog,

also known as an analog computer or a differential analyzer. The actual solu

tion of the problem involves the standard techniques common to the large

variety of problems for which the analog computer is suitable. In the use of

an indirect analog for hydrologic systems, the key element is the formulation

of the mathematical equations to be solved, or the synthesis of conceptual

models whose mathematical equations can easily be written down. This may

be illustrated for the case of a very simple conceptual model consisting of two

linear reservoirs in series. Actually, as will be seen later, this particular model

can be readily represented by a simple direct analog.

For the first linear reservoir, the inflow (/) and the outflow (Qi) are con

nected by the relationship:

*-*-xf (12)

where K is the storage delay time of the reservoir. If two such elements are

cascaded, that is, are placed in series so that the output from the first (Qi)

is the inflow to the second, we have for the operation of the second element the

relationship:

Qx-Q2 = Kd-Q (13)

where Q2 is the outflow from the second reservoir. Substitution of the value

of Qi from equation 13 into equation 12 gives:

I—y2—A—— = A* ——f-A"#—— (14a)
at at at-

or

(PQ2 dQi
A2 \-2K \-Qi = I (14b)

or
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In setting up an indirect analog for any system, it is wise to follow a basic

step-by-step procedure (4). The first step in the basic procedure is to draw a

block diagram of the type shown in figure 7-8 for two linear reservoirs in

series represented by equation 14. The highest derivative in the differential

equation is assumed to be known, and blocks are inserted to integrate it to

obtain the lower order derivatives and the unknown function itself, as shown

in figure 7-8. The appropriate terms are then combined by elementary arith-

ematical operations, also shown in the diagram by blocks, to construct the

highest derivative in accordance with the equation which is being simulated.

Thus, in our case, the first derivative is multiplied by 2K and both the derivate

and the unknown function Q are reversed in sign before being added to the

original inflow; the sum of these three components is then divided by K? to

produce the second derivative.

Since the sealers, adders, and integrators in an analog circuit reverse the

sign of the voltage, the block diagram must next be modified to allow for the

change in sign; at the same time, the individual symbols for the various opera-

J
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-
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Fiaunt: 7-8.—Block diagram for indirect analog.



178 TECHNICAL BULLETIN NO. 1468, U.S. DEPT. OF AGRICULTURE

tions may be inserted as shown on figure 7-9. It may be possible at the same

time to take advantage of the possibility of combining several operations into

one block.

After the block diagram has been modified, an equation is written for each

block in the diagram, and the scale factor is determined for each variable in

the circuit. This scaling is necessary to avoid overloading any element in the

computing circuit. To do this, it is necessary to have some estimate of the

maximum value of each of the variables. The analog of the system can now

be redrawn as shown in figure 7-10 and is seen to require two integrators and

one operational amplifier together with the necessary potentiometers. The

indirect analog has the advantage of allowing an extremely rapid adjustment

of parameters and visual presentation of the comparison of the simulated

output and the actual output. It has great advantages for exploratory work

and could be used with advantage in hydrologic investigations. A team at

Utah State University has pioneered the simulation of the total watershed

response on an electronic computer. The Mark I model contained 46 opera

tional amplifiers, three multipliers, two function generators, and 192 po

tentiometers. The Mark II model contains additions to the above compo

nents together with some nonlinear elements and arrangement for greater

flexibility of operation (51).

There are a variety of types of direct electrical analog. They may be classi

fied as continuous direct analogs, discrete direct analogs, or combined direct

Figure 7-9.—Modified block diagram.
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I

I

2/k

-k8 at

1

k2

-Q

at at

Figure 7-10.—Indirect analog for two linear reservoirs in series.

analogs. They have been used widely in the field of ground water flow (5,
20, 56), but there have also been a number of applications to flow in the un-

saturated zone (18, 14, 31) and to flow in open channels (32, 38, 55). Two
well-known forms of continuous direct electrical analog are the electrolytic

tank and Teledeltos resistance paper. These analogs are used in studying the
flow through porous media by utilizing the similarity between the differential

equations governing flow through porous media and those governing the flow
of electrical currents through conductive materials. For exploratory studies,

a simple electrolytic tank or Teledeltos resistance paper (or sheets of some

other conductive material) may be used. In the case of the electrolytic tank,

more sophisticated and accurate work is possible in both two and three di
mensions. The method can be applied to anisotropic media by means of scale
distortion. In the case of continuous analogs, every point in the analog simu

lates the corresponding point in the prototype.

Discrete direct analogs have been more widely used in hydrology than the
continuous type. Such discrete analogs are usually discretized only in respect

of the space dimension, and time is left as a continuous variable when un

steady flow cases are studied. Such a discretization is subject to the same types

of error as are involved in the representation of a differential equation by its

finite difference form.

For problems involving the steady flow of ground water, a complex proto

type system can be simulated by a direct analog made up from resistances

only. These resistances may be set out in either a symmetrical or an asym

metrical network and may be applied to two-dimensional plane flow, axi-
symmetrical flow, or three-dimensional flow. For other types of electrical

analog, it is necessary to determine the scaling of the analog carefully.

Unsteady flow problems in porous media can be successfully studied by an
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analog network containing both resistances and capacitors (R-C network).

In such analogs, the electrical resistances simulate the resistance to flow, and

the capacitors simulate the storage properties of the aquifer. A discrete direct

analog for the one-dimensional linear diffusion equation used to solve land

drainage problems is shown in figure 7-11. Two types of R-C network analogs

are used. Slow analogs (time constants of the order of 10 minutes) record the

solution of the problem on paper charts, while rapid or repetitive analogs

(time constants of the order of a tenth of a second) show the solution on an

oscilloscope.

Direct electrical analogs based on R-C networks have been applied to

other phases of the hydrologic cycle besides the ground water phase. Because

the flow through unsaturated porous media can be represented by a diffusion

type equation, it is possible to represent this phase of the hydrologic cycle by

a similar analog to that used for ground water flow. It can also be shown that

a diffusion model gives a very close approximation to the complete solution

of the linearized equations for unsteady flow in open channels. Consequently,

the same type of R-C analog network could be used in this case also. This

suggests the possibility of simulating the various subsystems of the hydrologic

cycle by the same type of network analog.

Many other types of direct discrete electrical analogs have been applied to

surface water hydrology. Some of these were attempts to simulate specific

models of the hydrologic process as in the case of the electrical analog of the

Muskingum (41) and Kalinin-Milyukov (37) methods of flood routing. Some

parts of the hydrologic cycle can be simulated by conceptual models consisting

of standard elements, such as distortionless linear channels and linear storage

elements. These elements can, in turn, be simulated by a direct electrical

analog and the operation of the prototype system studied in this way.

Figures 7-11 and 7-13 show three simple elements which could be used as

R R

AAAAA
Q

AAAA/^ ♦

Figure 7-11.—Analog for unsteady ground water flow.
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building blocks in a direct electrical analog of a hydrologic system or of a

conceptual model of that hydrologic system. The element in figure 7-11 repre

sents the typical element used to simulate a diffusion-type equation already

referred to. These elements can be linked as shown and as mentioned above,

more than one phase of the hydrologic cycle might be simulated by the use of

such elements. Figure 7-12 shows the direct electrical analog of a linear stor

age element and the connection of two such elements in series. The latter

arrangement corresponds to the indirect analog for the same system shown on

figure 7-10. Comparison of the two analogs shows little similarity between

them. Figure 7-13 shows the direct analog circuit suggested by Shen (55)

for a distortionless linear channel. Such an element could be used as part of a

lag and route model or similar conceptual model.

Because any function can be expanded in terms of Laguerre functions, it

can be shown theoretically that any linear system can be represented by an

analog system consisting entirely of linear storage elements, though the analog

system might need to include a large number of such elements connected in

series and in parallel. If a particular system can be represented by a small

number of such elements, then a direct analog with elements as shown on

figure 7-12 can be constructed.

The basic types of direct electrical analogs described above can be adapted

to deal with special problems. It is possible to combine continuous and discrete

elements in the one analog. While the discussion given above is concentrated

on the simulation of linearized hydrologic systems, the techniques indicated

can be adpated to include nonlinear elements, though this naturally introduces

certain complexities and difficulties.

There are a number of other direct analogs besides electrical analogs, and

some of these have potential applications in simulating hydrologic systems.

The best known nonelectrical direct analog is the Hele-Shaw apparatus or

viscous flow analog, which is widely used in two-dimensional ground water

investigations. In this type of analog, a viscous liquid is allowed to flow be

tween parallel plates whose distance apart is about 1 mm. Properly used, the

Hele-Shaw model can be a powerful scientific instrument and not just a piece

of demonstration apparatus. Vertical versions of the Hele-Shaw apparatus

can be used to study such problems as flow to a parallel drainage system,

Q, L. Q2

Fhjore 7-12.—Direct analog two linear reservoirs.
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FiGuitB 7-13.—Direct analog for distortionless linear channel.

while horizontal Hele-Shaw models can be used to study conditions in a large-

scale aquifer. Another analog with possible applications in the study of

ground water systems is the membrane analogy, which has been applied to

some problems of flow towards wells.

The fact that still other analogs are available for hydrologic systems is

illustrated by the recent development by Diskin {26) of a salt-concentration

analogy for flow from a watershed. It would be a grave pity if absorption with

the digital computer was to lead hydrologists to neglect the many useful tools

available in the form of analogs.

If the space between a pair of parallel plates is filled with sand, or glass

beads, we have not a Hele-Shaw apparatus but a sandbox or granular model.

Such a device is more correctly described as a physical model than an analog.

Many problems involving the flow in unsaturated and saturated porous media

can be studied on such a model (6). The effect of the capillary fringe is rela

tively larger on such a model than in the prototype, and this may give rise

to considerable difficulty.

In the case of unsaturated flow, there are difficulties in the problem of model

scaling, but recent work indicates that these problems are being overcome.

In one particular version of the granular model, the filling material is glass

beads or crushed glass, the walls are transparent, and the liquid used has the

same refractive index as that of the glass. This enables themovement of a dye

tracer to be followed with ease. Columns of glass beads arc used by soil

physicists in the study of the problems of infiltration and percolation of water

in the unsaturated zone. These represent idealization of the actual movement
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in the soil and as such are attempts to simulate the prototype soil system on

simplified physical models.

Problems on the boundary between hydrology and open channel hydraulics

can be studied by the use of the hydraulic models, for which some highly

developed and widely tested techniques are available. The model of the

Mississippi, operated by the Corps of Engineers, handles what is essentially

a hydrologic problem—the routing of floods on the Mississippi and its tribu

taries. The reduction in the time scale of the model compared with the proto

type enables this model to be used for making predictions. Many proponents

of numerical computation object to the technique of introducing artificial

roughness to ensure verification of a hydraulic model. Such people seem to

forget that the digital simulation of the same problem uses a so-called rough

ness coefficient which is more a repository of unknown effects than a roughness

factor. In many digital simulations, the values of Manning's n are adjusted

both with stage and along the channel until the required downstream dis

charge is obtained. Whether we simulate on the hydraulic model or on a

digital computer, verification is necessary if our work is to be worthwhile.

In either case, the devices used to ensure verification are not always logically

defensible.

An unusual model of the hydrologic system of Lake Hefner was tested in

a wind tunnel at Colorado State University (15). The model laws were in

vestigated and the evaporation from the lake was successfully studied on a

small scale.

The final type of model to be considered is a physical model of an entire

watershed. If such models attempt to do more than solve purely hydraulic

problems on a laboratory scale, they run into a great number of difficulties2

(17,29,30). Research is now going on in a number of countries on the behavior

both of laboratory-size catchments and of highly instrumented outdoor

"model" catchments. \\ hat has been reported so far tends to underline the

difficulties involved in this line of research. It may not be possible to use such

small-scale physical models as prediction tools until such time as we under

stand the inherent "self-similarities" imposed on hydrologic systems by geo-

morphological processes. Nevertheless, the results from such experiments on

laboratory catchments carried out under controlled and repeat able conditions

will yield extremely useful data which should lead to a better understanding

of hydrologic processes and of the manner in which response parameters vary

with system parameters. Data from such small-scale laboratory catchments,

which would be intermediate between synthetic mathematical data and field

observations, should prove extremely useful for testing other methods of

simulation.

• MAMISAO, J. P. DEVELOPMENT OF AN AOKICI'LTUIIAL WATERSHED IIV SIM1LTCDE. M.S.

Thesis, Iowa State Col., Ames. 1952.
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Problems on Simulation

1. Discuss one particular typo of simulation in terms of the phases of the

simulation process discussed on page 150.

2. Contrast the different methods of simulation from the point of view of

convenience, accuracy, and stability for some part of the hydrologic cycle with

which you are familiar.

3. Appendix table a shows some digital computer data for the linear re

sponse of the uniform open channel. Hopefully, this data will be used to de

velop a method of predicting the time-to-peak for values of lengths of ">, 50,

and 100 miles and slopes of 1, 20, and 50 feet per mile. What sort of regression

analysis would be suitable in this particular case, and how would you go about

applying it to this particular problem?

4. Describe how the problem posed in question 3 might be solved by

analog simulation.

"). Describe what would be necessary if the same problem were to be solved

by a series of flume experiments.

6. What criteria of fit are most commonly used in deriving empirical ex

pressions to fit hydrologic data? What other criteria could also be used? Dis

cuss the merits of the different criteria.

7. Compute the evaporation and potential transpiration by a number of

formulas for the data given in Appendix table S. Under what conditions would

you expect each empirical formula to work best? Can you draw a diagram

illustrating the different assumptions made about the relationship between

actual and potential transpiration?

8. Discuss the relationship between a complex simulation of the snowmelt

process and a formula relating the rate of snowmelt to degree days.

9. Compare a number of the total catchment models which have been

proposed in the literature. What are their common elements and how do thev

differ?

10. Discuss the method described in the literature to obtain the optimum

parameters for various models of (a) the unit hydrograph, (b) ground water

response, and (c) total catchment response. Discuss how these methods might

be improved, and estimate the optimum parameters for some example? in

literature which, in your opinion, have not been optimized.

11. Derive a direct and an indirect analog representation for both the

Horton and the Philip equations for infiltration.

12. Draw up a classification of the various types of analog and physical

models used in hydrology.
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LECTURE 8:

SYNTHETIC UNIT HYDROGRAPHS

Lecture 8 is largely devoted to a discussion of synthetic unit hydrographs

as developed in classical hydrology, and then as modified with the emergence

of the systems approach. The lecture is intended to serve the same purpose

for simulation as lecture 4 on "Classical .Methods of Runoff Prediction" was

intended to serve for analysis.

In both classical hydrology and parametric hydrology, simulation techniques

were first developed for surface water hydrology. Thus, in this lecture we will

be primarily concerned with the direct storm runoff and its relationship to

precipitation excess. The problem of synthesis is to devise a system which will

operate on an input, x(t), to reproduce the required output, y(t), to a given

degree of accuracy. The dream of the applied hydrologist is to be able to

forecast direct storm runoff from a catchment map; this means being able to

predict the unit hydrograph from a contoured map (preferably with in

formation on soil types) where no records are available for the derivation of

a unit hydrograph.

Types of Synthetic Unit Hydrographs

The standard synthetic procedure has been to derive a series of unit hy

drographs in some systematic fashion for watersheds with adequate records

and then to correlate; these unit hydrographs in some way with the watershed

characteristics. These correlations are then used to predict the scale and shape

of the unit hydrograph for some, watershed whose characteristics are known

but for which no records of outflow are available.

In classical hydrology, synthetic unit hydrographs developed along two

main lines, both of which converged at the time of the emergence of parametric

hydrology. These two lines of development arc; shown in figure 8-1. The

methods at the left-hand side made the general assumption that each catch

ment had a unique unit hydrograph, and those at the right-hand side made the

general assumption that all unit hydrographs might be represented by a single

curve, or a family of curves, or a single equation.

The first line of development (16, 44, 45) derived from the rational method.

(See lecture 4, pp. 75-101). About the year 1920 (54), the rational method

was modified to include the effect of nonuniform rainfall distribution by the

use and time-area curve or the time-area-concentration curve. This modifica

tion was, in effect, an attempt to synthesize the response of the watershed on

the basis of the characteristics which could be read from a map. By using a

contoured map and the Manning formula, it was possible to construct the

time-area-concentration curve or the time-area-curve. This was assumed to be
190
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Figure 8-1.—Type of synthetic unit hydrograph.

the instantaneous unit hydrograph (IUH) (or the S-hydrograph) for the

watershed involved, though the unit hydrograph method was not to be

developed for another 10 years. Since, in each case, the time-area-concentra

tion curve was built up from the information available for the particular

catchment, each unit hydrograph was unique. In the 1930's, Zoch (71)—and

afterwards Turner and Bourdoin (65) and Clark (9)—assumed that the

response of the watershed would be given by routing the time-area-concen

tration curve through an element of linear storage. In this case also, each unit

hydrograph would be unique, but the variation between them would be

reduced and differences in watershed characteristics smoothed out to a greater

or lesser extent depending on the degree of damping introduced by the storage

routing.

On the other hand, the second line of development tended to ignore varia

tions in watershed characteristics and in the unit hydrographs. Thus, we find

in the hydrologic literature a number of curves which are presented as giving

the unique shape of the unit hydrograph. One, by Commons (12) was pub

lished in 1942. Unique representations of unit hydrograph shape were also put

forward by Williams (69), the SCS (68), and others. These assumed, in effect,
that there is one shape for the unit hydrograph, though in most cases the scale

is still left free and the specified shape is given in terms of dimensionless dis

charges (for example, q/qmax) and dimensionless time (for example, </<poak)-

Since the volume of the unit hydrograph is conventionally taken as unity,

there is only one parameter to be fixed to determine the unit hydrograph. All
that is required in this empirical curve approach is to know the time-to-peak,

or the peak rate of discharge, and then to use the standard shape of unit

hydrograph to determine the unit hydrograph for the watershed. This is in
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distinct contrast to the time-area curve method where all the watershed

information must be used.

As further studies were made of synthetic unit hydrographs, it was realized

that a one-parameter method was not sufficiently flexible and that two-

parameter methods were required for adequate representation. These would

require the use of a family of curves from which the unit hydrograph could be

taken. Since it is easier to represent a two-parameter model by an equation

rather than a family of curves, the natural development of this approach was

towards the suggestion of empirical equations which would represent all unit

hydrographs. It is remarkable that people working in many different countries

all turned towards the same empirical equation for the representation of the

unit hydrograph. The independence of this development is proved by the fact

that they expressed this single equation in different forms. The equation in

question was the two-parameter gamma distribution or Pearson type III
empirical distribution.

About 15 years ago, these apparently quite separate lines of development

started to approach one another. O'Kelly, Xash, and Farrell working in the

Irish Office of Public Works found that there was no essential loss in accuracy

if the routed time-area-conccntration curve was replaced by a routed isosceles

triangle (49). In their early work, this group had followed the approach of

Clark (9) and laboriously developed a time-area-concentration curve for each

catchment and then routed through a linear storage in order to obtain the

IUH. If the individual time-area-concentration curves for natural watersheds

could be replaced by isosceles triangles without serious distortion of the

resulting unit hydrograph, this was an indication that the smoothing of the

linear reservoir was such that the individual variations in catchment char

acteristics were removed by routing. Thus, the line development which started

out by treating every unit hydrograph as unique had been modified so as to

represent each unit hydrograph by a two-parameter system, one-parameter

being needed to fix the base of the triangle (T) and the other the storage delay

time (K) of the linear reservoir. A somewhat similar approach was adopted by

the SCS though, in this case, the triangle was nonisosceles. In our modern

terminology, find the unit hydrograph by routing a triangular inflow through

a linear reservoir represents using a conceptual model for the IUH.

While this development was taking place among exponents of the routed

time-area curve approach, there was a similar development among those who

followed the tradition based on empirical curves and empirical equations.

About 10 or 15 years ago, Japanese hydrologists (56, 61, 62) attempted to

simulate the response of rivers by models consisting of one or two linear storage

elements. Following this line, Nash (46) suggested the two-parameter gamma

distribution as having the general shape required for the IUH and pointed out

that the gamma distribution could be considered as the impulse response for a

cascade of equal linear reservoirs. He suggested that the number of reservoirs
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could bo taken as nonintcgral if necessary. In this way, the second tradition

also arrived at a conceptual model but in this case, a different one. The routed

triangle had two parameters and generated a family of curves with a particular

shape due to the nature of the model. Similarly, the cascade model had two

parameters—the number of reservoirs n and the storage delay time of each

K—and generated a family of shapes specific to this model.

In 1959, Dooge attempted to develop a general representation of the unit

hydrograph based on the Muskingum method of routing. When this did not

prove satisfactory, the assumption was made that the translation and storage

elements in the watersheds could be separated and the action of the watershed

represented by linear distortionless channels and linear storage elements or

reservoirs (17). This represented a more general type of conceptual model

than the routed triangle or the cascade of reservoirs and, in fact, included the

two of them as special cases.

Once this stage had been reached, the way was open for attempts to repre

sent the unit hydrograph by all types of conceptual models. It may be dan

gerous to think of these conceptual models as anything more than an attempt

to simulate the watershed. Dooge (17) was quite convinced that the linear

storage elements which were part of the proposed general model had a real

physical meaning. Now he is by no means so sure. It may be that a break

through in understanding the morphology of watersheds would in the future,

allow a close link to be established between the nature of the prototype and

the structure of the optimum simulating system. Meanwhile, it is safer to

think of these models merely as attempts to simulate and to judge them by

their performance in doing so.

Time-Area Methods

It is instructive to review the subject of synthetic unit hydrographs from

its origins in the time-area versions of the rational method which were in use

even before the unit hydrograph method was discovered. In this way, we can

compare the approaches of the modified rational method, classical empirical

unit hydrograph methods, and modern methods of parametric hydrology to the

same problem and to the various elements of that problem. With the hindsight

afforded to us by our knowledge of unit hydrograph methods and of the newer

methods of parametric hydrology, we can recognize the earlier methods used

as special cases of the later approach.

As mentioned in lecture 4, pages 79-84, the original rational method was

intended for predicting the maximum discharge from a catchment and was

not concerned with the prediction of the whole hydrograph (7, 34, 40, 43) ■

Later developments of the method allowed for variations in rainfall intensity

during the design storm and, in doing so, enabled a full hydrograph of runoff

to be developed if required (11,24,26, 28, 30, 50, 54, 55). Other developments

allowed determination of the question of whether a storm centered over part



194 TECHNICAL BULLETIN NO. 1468, U.S. DEPT. OF AGRICULTURE

of the area might not give a greater peak runoff than one spread over the

whole of the catchment area (21, 44, 52, S3). These variations of the rational

method are summarized as follows:

T>jr>e

Rainfall Assumption

Area

Classical rational method full

Time-area full

Iuleimty

uniform

hypothetical

critical

typical

'TuiiRent' methods partial uniform

— A ulhorx

Mulvany (1850)

Kuichling(1889)

Chamier (1897)

Lloyd-Davies (1000)

Ross (1921)

Rousculp(1927)

Ormsby(1932)

Hart (1932)

Hawken(1921)

Judson(1932)

Coleman & Johnson (1931)

Laurenson (1932)

Jens (1948)

Reid (1020)

Riley (1931)

Escritt (1950)

Munro(1950)

In 1921, Ross (54) suggested that a hypothetical storm be derived from the

curve of rainfall intensity versus duration and then used in conjunction with

the time-area-concentration diagram to predict the maximum rate of runoff

and, if need be, the whole hydrograph. In an appendix to Ross' paper, Hawken

(24) suggested introducing a factor of safety by shuffling the unit periods of

rainfall into a critical pattern of storm, that is, one in which the most intense

rainfall would be centered over the maximum ordinate of the time-area-

concentration curve, the second most intense rainfall over the second highest

ordinate of the curve, and so on. While the methods proposed by Ross and

Hawken can give safe; values for design, they would, of their nature, tend to

overestimate the peak rate of runoff. In 1931, Coleman and Johnson (11)

suggested that the pattern of the storm rainfall be based on typical storms for

the area under investigation.

Under certain conditions (which arise mostly in urban catchments) the

runoff estimated by the rational method for part of the area may exceed the

runoff estimated by the same method for the whole area. Special techniques

were developed where the rainfall intensity-duration relationship was assumed

to be of the form:

b+cl
(1)
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where i is the average rainfall intensity; I the duration of rainfall; and a, b,

and c arc empirical coefficients. In such cases, the partial area giving the

greatest estimated runoff can be determined by drawing a tangent to the

time-area curve, thus giving rise to the name "tangent method" for such

techniques. Where the rainfall formula is of exponential form:

'-I <2>

the critical partial area may be found by the use of a series of overlay curves

{21, 44). The critical area may also be found by locating the intersection of

the two curves given by the time-area-curve (scaled up by a factor of b) and

the product of the time-area-concentration curve and the time elapsed. These

time-area methods were widely applied in urban hydrology and, to a lesser

extent, in the hydrology of agricultural watersheds.

The time-area variations of the rational method (known in the Russian

literature as genetic or isochrone methods) were actually crude methods for

developing synthetic unit hydrographs. The hypothetical or typical storm was

plotted to the same scale as the time-area-concentration curve, but in one

case the time scale was plotted in a reverse direction. The two curves were

then superimposed, and the products of corresponding ordinates taken and

summed together to obtain the runoff at any given time. The runoff for any

particular time was obtained by superimposing the zero point of the reversed

rainfall-intensity curve on the point of the abscissa of the time-area-concen

tration curve corresponding to the required time. By shifting the two curves

relative to one another, enough points could be determined to give a repre

sentation of the whole hydrograph of runoff for the pattern of rainfall intensity

used. This, in effect, was a graphical method of carrying out the mathematical

process of convolution. The time-area-concentration curve in such methods

has the same function as the IUH in unit hydrograph procedures. Thus, the

timc-area-concentration curve, however found, was in fact a synthetic unit

hydrograph.

If the time-area-concentration curve was based merely on an estimate of

the time of translation over the ground and in channels, then the results

obtained tended to overestimate the peak rate of discharge from the watershed.

This was only to be expected since the effects of surface storage, soil storage,

and channel storage are all ignored, and the time-area-concentration curve

was based purely on translation. In practice, design engineers soon developed

wass of avoiding the tedium of constructing a time-area-concentration curve

for each separate watershed. Where they were interested only in the peak rate

of runoff, they developed empirical formulas for the time of concentration

(/,.) and for the coefficient of runoff (C) in the equation:

Q = C'i(te)-A (3)
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where Q is the peak discharge, A is the area of the catchment, and i is the

rainfall intensity for a duration equal to the time of concentration, tc, and for

the particular frequency of recurrence chosen for the design. Others derived

the time-area-concentration curve but, realizing that their values of runoff

were too high, used empirical values for the time of concentration to correct

the time scale of the time-arca-concentration curve. This was possible because

the time of concentration is equal to the base length of the time-area-concen

tration curve, that is, the IUH.

In urban design, rules of thumb for estimating the time of concentration

were used. The time of concentration was usually taken by calculating the

time of travel in the sewer and adding to it an inlet time, which usually is

within the range from 5 to 30 minutes. In such urban catchments, the coeffi

cient C in equation 3 depended largely on the amount of impervious area in

the catchment and was also affected by any storage in the system. A typical

empirical formula for the value of C was one which related the coefficient of

runoff (C) to the number of houses per acre (JV) in the following way (21):

C=VN/10 (4)

The range of coefficients normally used for different types of urban areas

can be found in standard reference books such as the American Society of Civil

Engineers "Manual on the Design and Construction of Sanitary and Storm

Sewers" (1). More sophisticated methods have been developed in recent

years for the design of storm water sewers, but the discussion of them is outside

the scope of this lecture.

For agricultural catchments, a commonly used formula for the time of

concentration is that of Kirpich (31):

SLY-71
/,=0.0078 {-) (5)

where lc is the time of concentration in minutes, L the length of flow in feet,

and <S is the ground slope. The coefficient of runoff C may be related to a

number of factors by:

C=1.Q0-(Ct+Cs+Cc) (6)

where CT varies inversely with the slope and has values between 0.1 and 0.3;

Cs varies between 0.1 for a tight clay and 0.4 for sandy loam; and Cc varies

with the vegetal cover between 0.1 for cultivated land and 0.2 for woodlands.

These remarks on the rational formula are made not as an encouragement to

its use but as a background against which to judge the further development

of synthetic unit hydrograph methods.

As indicated on figure 8-1, the time-area methods were, for unit hydrograph

purposes, replaced by a method in which the time-aroa-concentration curve

was routed through a linear reservoir. Zoch (7/) put forward a general physi-
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cal theory of streamflow based on the assumption that, at any time, the rate of

discharge was proportional to the amount of rainfall remaining within the soil

at that time. He analyzed runoff due to a uniform rainfall of finite duration

and obtained the equations for four separate segments of the hydrograph.

Zoch solved these equations for two simple cases—a rectangular time-area-

concentration curve and a triangular time-area-concentration curve. He

pointed out that the extension to the general case would involve the integra

tion of a function of the type:

4>(x)=w(x)-exp(Kx) (7)

where w(x) represents the timc-area-concentration curve and K is a constant.

He suggested the use of series approximation or numerical integration.

Horton (27) introduced the idea of the virtual channel inflow graph. This

was an attempt to derive from the outflow hydrograph a simple form of inflow

hydrograph which when routed through a linear reservoir would give the

outflow graph. The start of the channel inflow was taken at the same time as the

start of channel outflow and the end of channel inflow at the time correspond

ing to the point of contraflexure on the recession limb of the outflow hydrograph.

This, in fact, represented the estimation of the time of concentration from

the outflow hydrograph. Because of the further assumption of routing through

a single storage element, the recession limb of the virtual channel inflow

graph had to pass through the peak of the outflow graph. The only remaining

condition was that the volume under the inflow and outflow hydrographs

should be the same.

Clark (9) suggested that the unit hydrograph for instantaneous rainfall

could be derived by routing the time-area-concentration curve through a single

element of linear storage. Physically, this is equivalent to Zoch's formulation,

but the equations are simplified by reducing the rainfall duration to zero and

replacing the numerical integration of the term in equation (9) with the reser

voir routing procedure. The Zoch-Clark method clearly represented an

advance over the time-area or isochrone methods, which ignored storage

effects and only took account of variations in the time of translation to the

outlet. The allowance for storage throughout the catchment by a single reser

voir at the outlet seems a highly simplifying assumption but, nevertheless, a

step in the right direction.

As mentioned earlier in this lecture, O'Kclly and his coworkers U9) replaced

the time-area-concentration curve by an isosceles triangle and thus produced

the IUH by routing an isosceles triangle through a linear reservoir. This was,

in effect, a combination of the Zoch-Clark approach with Horton's virtual

channel inflow graph.

The methods of Zoch, Clark, and O'Kelly only became synthetic unit

hydrograph methods in the real sense of the term when empirical relationships

between some of the parameters of the process and the catchment characteris-
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tics were derived. An empirical relationship is required which correlates the

base of the time-area-concentration diagram (that is, the time of concen

tration) to catchment characteristics. Except in the case of O'Kelly's method,

some method is required for estimating the shape of the time-arca-concen-

tration diagram itself once the base length has been determined. Finally, a

method of estimating the storage factor (A-) must be prescribed. In the case

of a gaged catchment, the value of the storage constant K can be estimated

from the recession of the hydrograph. In the absence of records of storm runoff

the latter method cannot be used.

Johnstone (29) using the Clark method derived relationships based on 19

catchments with areas between 25 and 1,624 sq. mi. in the Scotie and Sandusky

Kiver basins. Johnstone proposed the following relationship for the base of the

timc-area-concentration curve:

0.6

(8a)

where tc is the base of the time-area-concentration curve (that is, the time of

concentration) in hours, L is the length of the principal stream in the catch

ment in miles, S is the average slope of the main stream in feet per mile, and

r is a brandling factor based on the stream pattern. Johnstone found that

there was little loss of accuracy in neglecting the branching factor and writing,

>o.s

) (8b)

where the terms have the same meaning as in equation 8a. Johnstone also

derived an empirical expression for the storage delay time (K) which is the

ratio of storage to outflow for the linear reservoir through which the time-area-

eoncentration curve is routed. On the basis of the catchments studied by him,

he proposed the following empirical relationship for the storage delay time K:

K = 1-5+90— (8c)

where ^1 is the area of the catchment in square miles, L is the length of the

main stream in miles, and It is an overland slope factor in feet per mile esti

mated by placing a square grid over the contour map and counting the number

of intersections of contour lines and grid lines.

Eaton (19) did a similar correlation study for seven Tasmanian rivers with

catchment areas varying from 48 to 322 sq. mi. He estimated the base lengths

of the time-area-concentration diagram to be given by:

0.S7

(9a)

where lc is the base of the time-area-concentration curve in hours, A is the
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catchment area in square miles, L is the length of the main channel in miles,

and r is a branching factor varying between 1.0 and 2.0. Eaton's use of a

branching factor rather than a slope factor can be explained by the lack of

contour maps for the region studied. He found that for five of the seven basins

the storage constant K was adequately defined by:

;)'" <•»
where K is the storage delay time in hours and the catchment factors are

defined for equation 9a.

O'Kelly (49) presented results for 10 catchments in Ireland ranging in area

from 56 to 366 sq. mi. In his paper, the results are reduced to a standard

catchment area of 100 sq. mi. by assuming a hydrologic time-scale factor

based on one-fourth root of the area and then expressed graphically as a

function of the overland slope.

In a discussion of O'Kelly's paper, Dooge (15) indicated that a logical

extension of the idea of a model catchment (based on Froude similarity)

would be to express the base of the isosceles triangle (T) as:

A1'*
T=a— (10a)

where T is the base length of the inflow triangle in hours, A is the catchment

area in square miles, <S is the slope in parts per 10,000, and a is an empirical

constant. For the values of T derived by O'Kelly (49), the parameter (a)

varied from 10 at a slope of 10 in 10,000 to 14 at a slope of 500 in 10,000.

On a similar basis the values of K could be expressed as:

AUi
K=b— (10b)

where K is the storage delay time of the linear reservoir in hours, b is an

empirical constant, and the other factors are as for equation 10a. For the

values of K derived by O'Kelly, b could be taken in equation 10b as varying

from 13 for a slope of 10 in 10,000 to 10 for a slope of 500 in 10,000. Dooge1

also derived the relationship:

based on a least squares analysis of O'Kelly's data and his estimated values

1 Dooge, J. C. I. synthetic unit hydhoghapiis based on triangular inflow.

M.S. Thesis, Iowa State Univ., Ames. 1D50.
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of T. In equation lla, A is the catchment in square miles and S is the overland

slope in parts per 10,000. A least squares analysis of the values of K derived
by O'Kelly gives:

where K is the storage delay time in hours, A is the area in square miles, and

S is the slope in parts per 10,000.

Empirical Expressions for Unit Hydrograph Parameters

We now turn to a review of the empirical line of development of synthetic

unit hydrographs based on the representation of all unit hydrographs by a

single curve or a family of curves. The procedures based on this approach

follow a standard pattern in nearly all cases. A number of unit hydrograph
parameters are chosen as the basis for denning the unit hydrograph.

At the same time, a number of catchment characteristics are chosen which

are thought to have the strongest influence on the shape of the unit hy

drograph. For a number of catchments with adequate records of rainfall and
runoff, unit hydrographs are derived and the values of the unit hydrograph

parameters determined. These are then correlated with the chosen catchment

characteristics. This correlation can then be applied to the catchment char

acteristics of a catchment without adequate runoff records in order to estimate
the parameters of the unit hydrograph for such a catchment. The latter
parameters are then used to derive the full unit hydrograph by using a

standard shape of unit hydrograph or by using additional relationships be
tween the basic unit hydrograph parameters and other features of the unit
hydrograph.

In the time-area methods reviewed in the last section, we discussed first

the shape of the unit hydrograph (that is, the time-area-concentration curve
routed through a single linear reservoir) and after this the empirical relation

ships by means of which the catchment characteristics could be used to
estimate the two parameters required, that is, the base of the time-area-
concentration curve (te) and the storage constant characterizing the linear

reservoir (K). In dealing with the second line of development, the order of

discussion will be reversed. In the present section, we will discuss the empirical
relationships between the unit hydrograph parameters and the catchment

characteristics, leaving until the next section the question of the shape of the

empirical synthetic unit hydrograph. In this review of empirical methods,

attention will be concentrated on the main lines of approach, which will be

illustrated by examples. No attempt will be made to list all methods or all
features of the methods mentioned. Those interested in the latter can read
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details of procedures in the original papers that are referenced at the end of

this lecture.

As mentioned above, the first two steps are the choice of unit hydrograph

parameters and catchment characteristics. Three types of unit hydrograph

parameters are used—time parameters, peak discharge parameters, and

recession parameters. There are a large number of time parameters used in

unit hydrograph studies, the most important of which are shown on figure 8-2.

In this illustration, D is used to denote the duration of precipitation excess,

which is assumed to occur at a uniform intensity over this unit period. Common

time parameters used to characterize the outflow hydrograph are: the time of

rise (<,), that is, the time from the beginning of runoff to the time of peak

discharge; the time of virtual inflow (T), that is, from the beginning of runoff

to the point of contraflexure on the recession limb of the outflow hydrograph;

and the total runoff time or base length of the unit hydrograph (B). The

common time parameters used to connect the precipitation excess and the

hydrograph of direct runoff are: the lag time (h), that is, the time from the

center of mass of precipitation excess to the center of mass of direct runoff;

the lag to peak time (tp), that is, the time from the center of mass of effective

rainfall to the peak of the hydrograph; and the time to peak (tp'), that is, the

interval between the start of rain and the peak of the outflow hydrograph.

S= Kq

■ qoe
-t/K

Figure 8-2.—Unit hydrograph parameters.
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One of the most important factors in surface water hydrology is the delay

imposed on the precipitation excess by the action of the catchment. If the

parameter representing this delay is to be useful for correlation studies, it

should, if possible, be independent of the intensity and duration of rainfall. In

the case of a linear system—and unit hydrograph theory assumes that the

system under study is linear—the time parameters are independent of the

intensity of precipitation excess, but only the lag time (lL) has the property

of being independent of both the intensity and the duration. Accordingly,

with the hindsight given by the systems approach, we can say that only the

lag time should be used as a duration parameter in unit hydrograph studies.

In regard to discharge parameters, the peak discharge (qmax) is almost

invariably used when such a parameter is required. Another parameter, which

can be estimated for a derived unit hydrograph, is the time parameter A',

which characterizes the recession of the unit hydrograph when this recession

is of declining exponential form. In such cases, the unit hydrograph may be

considered as having been routed through a linear reservoir whose storage

delay time is K. If the recession can be represented in this form, a logarithm

of the discharge plotted against time will give a straight line, and the value of

K can be estimated from the slope of this line. Alternatively, the value of A'

may be determined at any point on the recession curve by dividing the;

remaining outflow after that point by the ordinate of outflow at the point.

Other parameters used to characterize unit hydrographs are the values of

W-50 and W-75, which an; the width of the unit hydrograph for ordinates at

50 percent and 75 percent of the peak, respectively.

Nash (46, 47, 48) suggested the use of the statistical moments of the IUH

as the determining parameters of the unit hydrograph. The first moment U\ is

equal to the lag of the IUH tL. For higher moments, Xash suggested the use

of the dimensionless moment factors obtained by dividing the moment of

any order about the center of area by the first moment raised to a power

corresponding to the order of the moments. Xash showed that the moments

of the unit hydrograph could be derived from the moments of the precipitation

excess and the moments of the direct runoff without the necessity of deriving

the unit hydrograph itself.

The second stage in the standard procedure is the choice of catchment

characteristics. As might be expected, all procedures involve a scale factor,

but a variety of scale factors is used. The simplest scale factor is to use the

area of the catchment itself (A). Others commonly used are the length of the

main channel or length of highest order stream (L); the length to the center

of area of the catchment (Lca); or for small catchments, the length of overland

flow (Lo). Where only one catchment characteristic is used (in a one-parameter

model), the catchment characteristic used is always a length or area parameter.

A review of synthetic unit hydrograph procedures reveals slope as the

second most frequently used catchment characteristic and, therefore, if the
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applied hydrologists have chosen wisely, the second most important catch

ment characteristic. Since slope varies throughout a watershed, a standard

definition of some representative slope is required. The slope parameters

most often used are the average slope of the main channel or some average

slope of the ground surface. The measurement of average slope parameters

usuallj' involves tedious computations (10, 60).

Although area or stream length and channel slope or ground slope have been

used almost universally, there is no agreement about the remaining param

eters. The shape of the catchment must have some effect, but there is such a

variety of shape factors to choose from—form factors, circularity ratios,

elongation ratios, leminiscate ratios, and others—that the lack of uniformity

is not surprising. Another factor which must affect the hydrograph is the

stream pattern. This may be represented by drainage density or stream fre

quency or some such parameter.

Although parameters representing mean characteristics must have a primary

influence, the variations in certain characteristics from part to part of the

watershed will give rise to secondary parameters, which may not be negligible.

Thus, having taken area and slope into account, the third most important

parameter may well be variation of length or of slope rather than shape or

drainage density. The choice of catchment characteristics for correlation with

unit hydrograph parameters will remain a subjective matter until we have a

deeper knowledge of the morphology of natural catchments. The latter is a

vital subject for modern hydrology. If we neglect the study of geomorphologi-

cal processes to concentrate on mathematical manipulations which have no

physical foundations, then the whole progress of hydrology may be impeded.

Having decided on the unit hydrograph parameters and the catchment

characteristics, it is necessary to correlate the two. In most methods used in

classical hydrology, the correlation has been one of linear regression. It may

be that the use of factor analysis would reveal significant groupings of catch

ment characteristics. If the same; or similar groupings appeared in a number

of different regional studies, the catchment parameter thus indicated could be

tentatively assumed to have general validity and could be used consistently

in a variety of studies. The use of such general parameters might disimprove

slightly the degree of correlation between unit hydrograph parameters and

catchments characteristics for each individual study, but it would make the

various studies comparable with one another and point the way towards

general laws of catchment behavior. It is uncertain, of course, whether the

extra insight gained would be worth the extra work involved in following this

particular line.

In the same year in which he published his classical paper on the unit

hydrograph (57), Sherman published another paper (58) in which he proposed

that for a catchment without records a unit hydrograph be transposed from a

catchment of similar characteristics but with all the time factors adjusted in
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proportion to the square root of the ratio of the two areas. In the following

years, a large variety of synthetic models were suggested which involved

correlations between catchment characteristics on the one hand and the unit

hydrograph parameters (or in some cases selected ordinates of the unit

hydrograph) on the other.

The most important of these were those proposed by Bernard (4),

McCarthy,2 Snyder {59), Morgan and Hullinghorst,1 Mitchell (41), Taylor

and Schwartz (63), the Bureau of Reclamation (66), and the Corps of

Engineers (67). Probably the most widely used method for synthetic unit

hydrographs is that proposed by Snyder, which has since been adapted by

many workers for their own needs. This method will be discussed briefly

below and comparative details of the other methods can be read in the refer

ences indicated above, details of which are given at the end of this lecture.

Snyder's work (59) was based on data from 20 catchments in the

Appalachians. He took as the basic unit hydrograph parameter the lag time

to peak (lp) defined as the interval in hours between the center of rainfall

excess and the peak of the unit hydrograph and took as the basic catchment

characteristic the product of the length of the main channel in miles (L) and

the length from the outlet to the center of area of the catchment in miles

(Lca). He suggested that the unit hydrograph parameter and the catchment

parameter could be connected by:

<P=C,(LZ,M)0' (12a)

Having determined the time to peak of the unit hydrograph, Snyder assumed

that the recession from peak to zero flow took 3 days. He derived the base

length of the unit hydrograph from the formula:

(12b)

where B is the base length in days and tp the time lag to peak in hours. Snyder

related the peak of his unit hydrograph to the lag to peak already determined

by the relation:

i (12c)

where qmax is the unit hydrograph peak in cubic feet per second per square

1 McCarthy, G. T. the unit hydkoqraph and pu>od routing. U.S. Corps of

Engineers Office, Providence, R.I. 1939.

1 Morgan, R., and Hullinghorst, D. W. unit iiydkographs for gauged and un-

gauged watersheds. U.S. Corps of Engineers Office, Binghampton, N.Y. 1939. (Un

published manuscript.)
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mile, lp is the time to peak in hours, and Cp is a coefficient that takes account

of the flood wave storage effected in the catchment.

For the catchments which ho studied in the Appalachians, Snyder found C(

to vary between 1.8 and 2.2, and Cp to vary between 0.56 and 0.69. Snyder

used a standard duration of rainfall (D) such that:

lP=5.5D (12d)

and the peak of the unit hydrograph had to be adjusted for other rainfall

durations. In his original paper, Snyder (59) published a diagram for deriving

the 24-hour distribution graph, but this was not adopted by later workers who

used his basic method.

A number of subsequent workers used Snyder's form of relationship be

tween the lag time to peak and the catchment length parameters. Linsley

(39) found the value C< varied from 0.7 to 1.0 for catchments in the Sierra

Xevada. The Corps of Engineers (67) found values of the same parameter

varying from 0.4 in southern California to 8.0 for States bordering the Gulf of

Mexico and recommended that the value C, be determined in a given case from

neighboring or similar catchments. The Corps of Engineers investigations

indicated that the value of Cp could vary from 0.31 in the Gulf of Mexico

States to 0.94 in southern California.

In general, the empirical methods for synthetic unit hydrographs tended to

adopt a correlation equation of the general type:

Wor,,«,,.,.e^:.e<s=>: (u)

The values of the exponents and the coefficients varied as might be expected.

For example, Mitchell (41) in his study of 58 Illinois streams found the lag

rime in hours (II) could be related to the area in square miles (A) by:

tL = l.05(A)°-t (14)

and that the slope did not improve the correlation substantially. This result

becomes understandable when we realize that, for the catchments studied by

Mitchell, the coefficient of correlation between area and slope was of the order

of 0.9.

Some of the synthetic unit hydrograph methods resemble Snyder's in that

there is only one correlation with catchment characteristics. If a fixed shape

of unit hydrograph is used, then the synthetic unit hydrograph method is a

one-parameter method. If, however, a further degree of freedom is introduced

by using a relationship between unit hydrograph parameters involving an

adjustable coefficient, as in the case of equation 12c, then the method will

become a two-parameter one. In other cases, such as the method proposed by

Taylor and Schwartz (64), there are two independent correlations of unit
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hydrograph parameters with catchment parameters and again in this case, we

have a two-parameter method for deriving a synthetic unit hydrograph.

Empirical Shapes for the Unit Hydrograph

When unit hydrograph parameters have been determined, it is still necessary

to derive the complete unit hydrograph. If the time-to-peak, the peak dis

charge, and the base length of the unit hydrograph are known, then we know

three points on the unit hydrograph, and a curve can be sketched in by trial

and error to pass through these three points and to have the requisite area. A

number of authors have suggested particular shapes of dimensionless unit

hydrographs or of S-curves which can be; used to determine a complete unit

hydrograph or S-curve, once a single parameter has been determined. Exam

ples of such standard shapes are those described by Langbein (So), Commons

(12), the Bureau of Reclamation (66), the SCS (68), Williams (69), and

Bender and Roberson (3). Since a single curve is used to represent all unit

hydrographs (or all unit hydrographs within a given region, or all unit hy

drographs within a given range of watershed size), it is only necessary to

determine one parameter from the catchment characteristics to fix the scale of

the actual unit hydrograph.

If it is desired to introduce more floxibility into the empirical approach, it

would be necessary to develop a family of curves to represent the shape of the

unit hydrograph. In this case, it would be necessary to derive two unit hy

drograph parameters from the catchment characteristics. However, if we wish

to synthesize unit hydrographs with two parameters, that is, with two degrees

of freedom, then it is more convenient to use an empirical equation rather than

empirical curves to represent the synthetic unit hydrographs.

The first suggestion of an empirical equation to fit the unit hydrograph

appears to have been made by Edson (20). He argued that the time area curve

for a catchment would have the general parabolic form:

A(t)<xf (15)

and that the valley storage acts as a reservoir so that the discharge with time

decreases exponentially:

(16)

Edson argued that both effects operate throughout the hydrograph and

therefore that the combined effects could be written as:

(17)

which can be normalized and written as:
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where Q is the discharge per unit area, / is the time, C is a constant depending

on both the volume of inflow and the units used, and a and b are the param

eters determining the shape of the unit hydrograph. The reasoning used by

Edson (20) to arrive at equation 18 is faulty, because he uses ordinary multi

plication instead of convolution to represent the effect of storage on the time-

area curve. Nevertheless, he arrived at a form of the IUH.

Some years later, Japanese workers in hydrology (56, 61, 62) based the

form of the IUH on a conceptual model consisting of linear reservoirs and used

as its equation:

Ao(O = (ao+aj+atr-) exp(-M) (19)

Following this Nash (46) suggested the model of a cascade of equal linear

reservoirs which gave the equation of the unit hydrograph as:

where ho(l) is the ordinate of the IUH, n is the number of reservoirs, and

A' is the storage delay time of each of the reservoirs. Xash suggested that in

fitting equation 20 to unit hydrographs, the value of n need not necessarily be

taken as an integer. Gray (23), Wu (70), and Reich4 all used the same mathe

matical function to fit derived unit hydrographs and to synthesize further

hydrographs.

The function represented by equations 18 and 20 (which are obviously

equivalent) is variously known in the hydrological literature as the "gamma

distribution" or "Xash's model." It is the same as the Pearson Type III

empirical distribution used in statistics, which is commonly written in the

form:

(^(^ (21a)

or

f(x) = ——-zx-'e-* 0<x<» (21b)
r(\)

equation 21 is clearly equivalent to equations 18 and 20.

The shape or distribution represented by equation 20, or the equivalent

equation 18, is a two-parameter distribution, A' (or b) being a scale factor and

n (or a) being a shape factor. Thus, for complete synthesis, it would be neces

sary to have two independent relationships between the two parameters of

the gamma distribution and two independent catchment characteristics.

4 Reich, B. M. design hydroorapiis for very small watersheds from rainfall.

Civil Engin. Sec, Colo. State Univ., 57 pp., illus. 1962.
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Edson suggested the direct use of the parameters for correlation purposes,

and this has been done by some later workers. Nash preferred to use the first

moment about the origin (the lag) and the second moment about the center

for correlation. Since these moments can be expressed as very simple expres

sions involving the parameters n and A', the values determined by one type of

correlation can, in practice, easily be converted to the other. Examples are

given in the next section of the correlation of gamma distribution parameters

with catchment characteristics as derived by Nash (48) and Wu (70). As

mentioned above, the gamma distribution has been widely used in hydrologic

studies.

The model developed by TVA (64) uses an empirical equation which

essentially involves a time transformation of the gamma distribution. It is

given by:

blm) (22a)

where

(22b)

where a, b, and m are parameters. When m has the value of 1, equation 22

reduces to the form of equation 18. The transformed gamma distribution

given by equation 22 has been used in stochastic hydrology by Kritskii and
Menkcl (32).

Other mathematical equations have been proposed for the representation

of the form of the unit hydrograph, but none of them have been tested as

widely as the gamma distribution. DeCoursey (14) has proposed the use of

the gamma distribution as far as the point of contraflexuro on the falling leg of

the unit hydrograph and then the use of an exponential recession from that

point on. Brakensiek (6') has recently proposed the use of a unit hydrograph

of the form:

(23a)

which can also be expressed as:

(23b)

and can be shown to be equivalent to a Pearson Type V empirical distribution

with a square root transformation of the time scale. It has two parameters;

hence, the problems of fitting and correlation would be essentially the same as
for the gamma distribution.
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Conceptual Models of the Unit Hydrograph

In the preceding sections, we have traced the development of synthetic

unit hydrographs along two different lines. We have seen, as outlined on figure

8-1, that the line of development based on the time-area diagram led to the

conceptual model of routing an isosceles triangle through a linear reservoir and

that the line of development based on purely empirical relationships led to the

use of the gamma distribution, which Nash (48) showed to be equivalent to

the conceptual model of a cascade of equal linear reservoirs. Within recent

years, attention has been concentrated on the simulation of the direct response

of catchments by conceptual models.

For a conceptual model to be an adequate tool for synthesizing unit hy

drographs, it must provide a convenient method for predicting the shape of

the unit hydrograph, and a relationship must also be established between the

basic parameter of the conceptual model and the catchment characteristics.

For any conceptual model, we can relate such unit hydrograph parameters as

the lag (II), the time to peak (tp), or the peak discharge (<?ro»x) with the basic

parameters of the model. Hence, it should be possible to combine a conceptual

model with any of the empirical relationships between unit hydrograph

parameters and catchment characteristics (some of which were reviewed in an

earlier section), which have been derived independently of any conceptual

model. Because we are dealing with synthetic unit hydrographs in this lecture,

we will concentrate on conceptual models of linearized systems but will

indicate, where appropriate, the way in which the approach can bo extended

to cover the simulation of nonlinear systems.

The use of conceptual models is quite explicit in a paper by Sugawara and

Maruyama (63) published in 1956. Starting with the case of a river where the

unit hydrograph could be approximately represented by a negative exponential

function, the authors developed a conceptual realization of the system opera

tion in the form of an open vessel filled with water. The water discharges

through a capillary tube at the bottom, thus giving a linear relationship

between outflow and storage in the vessel. They then attempted to model the

behavior of certain rivers by means of the sum of several exponential com

ponents, that is, by using several different vessels with different storage con

stants arranged in parallel and taking different proportions of. the inflow.

By placing the capillary at a level higher than the bottom of the vessel, the

threshold effect of initial storage satisfaction could be simulated. (Further)

conceptual elements used were vessels tapped by capillaries at a number of

points, which produced a segmented linear storage-discharge relation that

could approximate a nonlinear relationship and, hence, simulate a nonlinear

system.

Shortly afterwards, Nash (46) published his work suggesting the gamma

distribution as the appropriate equation for the IUH. He derived this equation

by considering the effect of routing a delta function through a cascade of
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equal linear reservoirs. For n such reservoirs in series, the impulse response of

the cascade (that is, the discharge from the last reservoir for a 5-function input

to the first) takes the form of equation 20, where K is the storage delay time in

each reservoir and n is the number of reservoirs. Xash suggested that this

equation could be generalized and n allowed to take nonintegral values.

Nash also gave heuristic arguments for believing that for a cascade of un

equal linear reservoirs, the shape would not differ greatly from that given by

equation 20. His arguments suggested that for a given value of the dimension-

less second moment (nit), the dimensionless third moment (»i3) for a cascade

of unequal linear reservoirs would lie between the value for a cascade of equal

linear reservoirs, that is, 2(wi2)2, and the value for the combination of a linear

channel and a linear reservoir in series, that is, 2(mi)sn. For »i2=0 or 1, the

values of m3 are seen to coincide, and it can be readily verified that for values

of »i2 between 0 and 1 the lines corresponding to the two limiting cases enclose

a comparatively narrow region of the m3—>m plane.

In 1959, Dooge (17) attempted to produce a general conceptual model of

the unit hydrograph. The argument was made that since the unit hydrograph

only existed for a linear system or a linearized system, a general model of the

unit hydrograph could contain only linear elements. As mentioned previously,

when we wish to simulate we must first make up our minds about the type of

simulation and then about the components of our model. In this case, it was

decided to use as components of the model only linear distortionless channels

and linear storage elements. In an actual watershed, the inflow at any point

travels through the system to the outlet and in doing so is subject to both

translation effects and storage or attenuation effects.

The assumption made in Dooge's conceptual model (17) was that these two

effects could be completely separated from one another. The effects of transla

tion in different parts of the catchment were considered to be lumped together

and represented by linear channels, whereas the storage effects in the various

parts of the catchment were lumped together and represented by linear

reservoirs. Since the model is a linear one, we have the full advantage of super

position and the operations may be carried out in any order. Since linear

channels merely delay an inflow without distorting it, any number of linear

channels can be connected together to form one linear channel. Similarly, the

order of the linear reservoirs in a cascade can be altered without affecting the

response of the system. Channels and reservoirs can also bo interchanged

without affecting the response of the system.

The most general model developed was one in which the storage in different

parts of the watershed was concentrated so that the flow from any part of the

watershed could be simulated by a linear channel whose length corresponded

to the time of translation (or time of concentration for that point) and a

number of linear reservoirs whose storage time need not be equal. If the

assumption is now made that for every point along an isochrone (that is, for
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equal translation time to the outlet) the cascade of reservoirs to be passed

through in reaching the outlet are the same, the equation of the unit hjr-

drograph can be written as:

where ho(t) is the ordinate of the IUH, V" is the volume of inflow, T is the time

of concentration of the whole watershed, w(t/T) is the time-area-concen

tration curve, 5(0 is an impulse function, Ki is a typical reservoir storage

delay time, D is the differential operator, and II represents successive
multiplication.

If the assumption is now made that the cascade of unequal linear reservoirs

appropriate to a given isochrone can be replaced by a cascade of equal linear

reservoirs, then the unit hydrograph can be written as the convolution of the

time-area-concentration curve and a gamma distribution, as follows:

k<*p[-
V \TJ K(n-l)\ v '

where n is not a fixed value but varies with the value of /. The general model

represented by equation 25 is still extremely flexible. If n = 1 for all points on

the catchment, then the model reduces to the Zoch-Clark model of routing

the time-area diagram through a linear reservoir. If n is greater than 1 but the

same for all points in the catchment, then the model represents routing the

time-area diagram through a number of reservoirs all situated at the outlet.

If the time-area-concentration curve is itself a gamma distribution with the

time scale K, then the model given by equation 25 reduces to the Xash model

of a cascade of equal linear reservoirs with inflow at the upstream end.

A number of conceptual models have been developed by graduate students

working under Professor Ven Te Chow (8) at the University of Illinois. The

model parameters in these cases were correlated not only with the catchment

characteristics but also with the intensity of rainfall. The analysis was con

sequently one of a linearized system rather than a linear system. Such an

approach takes account of the nonlinear effects due to varying levels of input.

The model used by Singh6 consisted of translation to the outlet and then

successive routing through two linear reservoirs of different storage coeffi

cients. The response function for this model would be:

tt}-k^kT (26)

4 Singh, K. P. a nonlinear approach to the instantaneous unit hydrograph.

Ph.D. thesis, 111. Univ. 1962.
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Diskin6 used two cascades of linear reservoirs in parallel, the number of

reservoirs and the storage coefficients being different in the two cases. The

response function for this model is:

'-1

(27)

cascade, nt and w« are the number of equal reservoirs in each cascade and K\

and Ki are the respective storage delay times.

Kulandaiswamy7 used a model which can be described as a generalized

Muskingum model. As shown in lecture 2, pages 43-57, the essential assump

tion of the Muskingum method of flood routing is that the storage is a linear

function of the inflow and the outflow. When the expression for the storage is

inserted in the continuity equation, an equation for the system is obtained

linking inflow and outflow and their first derivatives. If the Muskingum

assumption is extended to make the storage a function not only of the inflow

and the outflow but also of their derivatives, then we have what might be

called a generalized Muskingum model. If the coefficients of the terms in the?

general relationship depend on either the inflow, or the outflow, or both, then

we have a generalized nonlinear Muskingum model.

Kulandaiswamy restricted his detailed analysis to the case of a linearized

system in which the derivatives of the outflow higher than the third and the

derivatives of the inflow higher than the second were ignored, thus giving as

a general equation:

„ , <*(> rf0 rf'Q dl cPI ,_

Q+ai Tt+ai IF*0* -d?=I~bl a "** dl (28)

where / is the inflow to the system and Q the outflow, and a\, ait a3, 6i and fa

are constants, which are parameters of the system. For a heavily damped

system, all the roots of the polynomial on the left-hand side of equation 13 will

be real and negative. If the system can be represented by a number of cascades

in parallel (without reverse flow), then the values of &i and 6s, in the form given

by Kulandaiswamy in equation 28, will be negative. If 6i and 62 are both equal

to zero, then the system reduces to a cascade of three linear reservoirs whose

delay times arc given by roots of the polynomial on the left-hand side of the

equation. If the coefficient 61 in equation 28 is negative and the coefficient fa is

zero, then the model will in general consist of two cascades in parallel, each

' Diskin, M. H. a basic study of the linearity of rainfall-runoff process in

watersheds. Ph.D. thesis, III. Univ. 1964.

7 Kulandaiswamy, V. C. a basic study of the rainfall excess-surface runoff

relationship in a HASIN systbm. Ph.D. thesis, 111. Univ. Urbann. 1964.
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made up from linear reservoirs whose delay times are given by the polynomial

on the left-hand side of equation 28. If both 61 and b- are negative, then the

equation will represent a system of three cascades in parallel.

In classical hydrology, use is made of routing through a nonlinear reservoir

in which the storage is proportional to some power of the outflow. If the

outflow is controlled by a weir, the exponent in the storage equation would

be three-halves; whereas for an outflow controlled by a deep sluice, the power

would be one-half. Prasad (51) introduced a conceptual model in which the

storage was expressed as the sum of two terms, the first of which is related to

some power of the outflow (as for the nonlinear reservoir) and the second of

which involves the rate of change of outflow.

As with all types of models, it is necessary to find the optimal values of the

parameters of a conceptual model. This can be done by the method of least

squares, by minimax error, by matching of moments, or by a direct search

technique on a digital computer. To use the method of least squares, it would

be necessary to differentiate the equations for the IUH with respect to each

of the parameters in turn and solve the resulting simultaneous equations. This

may involve us in some complex mathematics. It is easy enough to differ

entiate the gamma distribution with respect to time to find its peak, but to

differentiate it with respect to n or K soon leads us into an undergrowth of

unfamiliar mathematical functions. Where conceptual models have been

used, the criterion of fit has been that the model should match the two co

ordinates of the peak of the empirically derived hydrograph. In effect, such a

criterion means matching the model to the prototype at two points only

(the origin and the peak) and ignoring the information available in the

remainder of the hydrograph.

In practice, it has been found relatively easy to compute the moments of

most conceptual models. This suggests that matching by moments be used as

the criterion for determining the optimal values of the parameters. The

general formula for the Rth moment of the impulse response of a linear reservoir

about the origin is given by:

U'R=(R)\K» (29)

and the general expression for its cumulant is:

kR=(R-l)\K* (30)

If linear storage elements are combined in series, then the cumulants of the

resulting cascade are obtained by adding together the corresponding cumu

lants of the individual reservoirs. If linear reservoirs are combined in parallel,

the moments of the resulting system about the origin can be obtained by

adding the individual moments about the origin. The moments and the

cumulants have the advantage that they take into account the complete unit

hydrograph, but for the higher moments there is the disadvantage that the
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recession limb of the hydrograph makes a dominant contribution to the value

of the moment and errors in the recession may distort this value.

Where a time-area-concentration curve is represented by a geometrical

figure and routed through a linear reservoir, then the cumulants of the re

sulting conceptual model are obtained by adding the cumulants of the geo

metrical figure representing the time-area-concentration curve and the

cumulants of the linear reservoir. Thus, for the case of the routed isosceles

triangle, if the base of the triangle is given by T and the storage delay time of

the linear reservoir by K, the cumulants of the resulting model are as follows:

^ (31a)

+K (31b)

(3k-)

Old)

If the respective moments (or cumulants) of the conceptual model arc

equated to the derived moments (or cumulants) of an empirical hydrograph,

then the values of the parameters that are optimal in the sense of moment

matching can be evaluated.

As mentioned at the beginning of the section, a conceptual model can only

be used to synthesize an actual unit hydrograph if some rule is available for

predicting the values of the parameters of the conceptual model on the basis of

readily available catchment characteristics. Usually such rules are based on

the correlation of the model parameters with catchment characteristics for

unit hydrographs derived from catchments where records are available. If the;

parameters of the conceptual models chosen for conceptual models are not

very stable, or if the optimal values of the parameters cannot be sharply

identified from the past records of input and output, then the correlations on

which is based the synthesis of the unit hydrograph for a ungaged catchment

will be unreliable.

There is a great deal to recommend the proposal by Nash {47) that the

moments be used as the basis of this correlation because the lower order

moments are more stable than such parameters as time-to-peak and peak

discharge. On the basis of 90 storms on 30 British catchments (whose area

varied from 4.8 to 859 square miles), Nash (48) derived the relationship:

(J\0.3

s/ (32)
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where IV is the first moment or lag, A is the area in square miles, and S is the

overland slope in parts per ten thousand. Before adopting this relationship,

Nash had tried the regression of the first moment on various combinations of

nine catchments characteristics. The coefficient of multiple correlation (R)

for the relationship given in equation 32 was 0.90. When the dimensionless

second moment was correlated against the catchment characteristics, the

best result obtained was:

Us 0.41

"h={U7y=^T (33)
where »i2 is the dimensionless second moment and L is the length of the longest

stream to the catchment boundary in miles. In this second regression, the

coefficient of multiple correlation (R) was 0.45.

Once the moments of the unit hydrograph have been determined and

estimated, the equations relating the moments of the conceptual model chosen

for synthesis to the basic model parameters can be solved for the values of

these parameters. In gamma distributions, the parameters can be determined

directly from the moments since we have:

KJ^ (34)
m

n =— (35)
?«2

The parameter values derived in this way can then be used to generate the

particular gamma distribution which is used as a representation of the IUH

for the catchment being studied.

Wu (70) has reported on a synthetic method derived from the records for

21 watersheds in Indiana varying from 7 to 100 square miles. He correlated

the time-to-peak with catchment characteristics and found:

31.42U)1-085

where tP is the time to peak in hours, A is the area in square miles, L is the

length of the main stream in miles, and S is the slope of the main stream in

parts per ten thousand. The other parameter which was correlated by Wu was

the recession constant K, for which he proposed:

780(A)

(L)>-«<(S)>-™ (37)

where K is the storage constant in hours, and the catchment characteristics
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are as defined for equation 36. Because the timc-to-pcak for the gamma dis

tribution is related to the parameters n and K by:

lp=(n-l)K (38)

there is no difficulty in deriving the value of n from equations 36 and 37 and

so generating the synthetic unit hydrograph.

Comparison of Methods

In this lecture, we have outlined a number of methods which can be used in

attempting to solve the problem of synthetic unit hydrographs, that is, the

problem of predicting the unit hydrograph for a watershed in which no records

of inflow and outflow arc available. A large number of methods have been

proposed, some belonging to the category of time-area methods, some to the

category of empirical methods, some to the category of conceptual models.

The hydrologist faced with an immediate problem, but anxious to use as

objective a method as possible might well ask, "How shall I choose between

these methods?" To answer this question, it is necessary to compare the

methods belonging to each category and also to compare the different cate

gories.

In time-area methods, we must decide whether to use the actual time-area-

concentration curve or a geometrical figure and whether to route through one

or more linear reservoirs. It would appear that the extreme tedium of deriving

a time-area-concentration curve is not justified by any appreciable increase

in accuracy in representing actual unit hydrographs and that the judicious

replacement of the time-area-concentration curve by a geometrical figure is

unobjectionable. Care must be taken, however, that a catchment of untypical

shape is not forced into the straight jacket of being represented by a geo

metrical figure whose shape is based on the general shape of other catchments

in the region. Once it has been decided to route a geometrical figure rather

than a derived area-concentration curve, the problem really reduces to one of

a conceptual model. The question of what figure to use and how many reser

voirs to route through can be determined by the methods given below for

conceptual models.

The empirical curves used to represent the unit hydrograph (nearly all of

which are one-parameter models) can be compared by dimensionless plotting.

It is important to remember that for one-parameter curves only one parameter

is available to act as a scale factor. Thus, a comparison by plotting the ratio

of discharge to peak discharge against time over time-to-peak may not be

valid as the volume under the hydrograph may not be normalized to unit

volume.

Both theoretical considerations and practical results in the field indicate

that the lag (the time interval between the center of precipitation excess and

the center of direct storm runoff) is the most stable time parameter and the
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one most highly correlated with the catchment characteristics usually used.

It is suggested, therefore, that any comparison of dimensionless unit hy

drographs should bo made by plotting:

t D\
(32)

where q is the ordinate of the unit hydrograph, /*. is the lag as defined above,

V* is the volume of rainfall excess, and D is the duration of rainfall excess.

Similarly any dimensionless S-curve should be plotted as:

(33)

In each case, <f> is an undefined function representing the standard shape

adopted.

A complete comparison of different methods of synthetic unit hydrograph

generation based on empirical curves must take into account the empirical

relationships with catchment characteristics used to determine the basic

unit hydrograph parameter or parameters. A number of comparisons have

been made but none of them were comprehensive. Dooge* compared, in a

crude fashion, the shape obtained by routing an isosceles triangle through a

linear reservoir with the shape of the dimensionless unit hydrographs proposed

by Commons (12), Williams (69), and the Soil Conservation Service (68).

The comparison was made by plotting the ratio of the discharge ordinate to

maximum discharge (q/qmnx) against the ratio of the time to the time-of-peak,

(t/tp). Because all the curves were constrained to go through common points

at the origin and the peak, no great differences were revealed.

Coulter (13) in a study of rural catchments in Xew South Wales, compared

the synthetic unit hydrographs generated for nine catchments by the methods

of Taylor and Schwartz (G3), Clark and Johnstone (9, 29), Eaton (19),

O'Kelly (49), and .Morgan and Hullinghorst.9 For a few of the catchments,

the peak flows predicted by the various methods were quite close to one

another, but other catchments showed a three- or fourfold variation.

Dooge (footnote 1) put forward the idea of comparing methods of synthetic

unit hydrograph generation on the basis of their predictions of the unit

hydrograph for one or more standard catchments. A standard catchment is

taken as being one in geomorphological equilibrium. Though all catchments

are not in equilibrium, it may be assumed that catchments out of equilibrium

are tending to equilibrium and tend so more rapidly the more they are out of

equilibrium. Once the size of the standard catchment was fixed at 100 square

miles, the remaining topographical characteristics were fixed on the basis of

8 See footnote 1, p. 199.

»See footnote 3, p. 204.
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geomorphological principles and published relationships. In this case, the

channel slope was taken as 100 feet per mile and the ground slope as 400 feet

per mile. Other characteristics were a drainage density of 1.25 and a length

of overland flow of 2,200 feet.

Morgan and Johnson (42) compared the relative accuracy and reliability

of the synthetic unit hydrograph methods proposed by Snyder (49), the Soil

Conservation Service (08), Commons (12), and Mitchell (40- They applied

the methods to 12 drainage areas in Illinois ranging in size from 10 to 101

square miles. Again wide variations between the synthetic unit graphs and

between them and the actual unit graph were found. Xo method consistently

over- or underestimated the actual peak discharge. The highest methods of

peak discharge ranked in the following order: SCS, Commons, Mitchell, and

Snyder. There was little difference between the estimates by the SCS method

and the Commons method. When an observed lag was used instead of a lag

estimated on the basis of catchment characteristics, the synthetic methods

gave much better results. Studies by Coulter (13) and by Morgan and

Johnson (42) are of interest because they test the general applicability of the

empirical relationships between unit hydrograph parameters and catchment

characteristics originally derived from regions which arc widely separated

from one another.

The fallowing tabulation shows the ability of a number of methods to

predict the lag of a standard catchment. When McCarthy's method (see

Author Location Lag in hours

McCarthy (1938) Connecticut 10.2

Snyder (1938) Appalachians 16.5

Mitchell (1018) Illinois 15.4

O'Kelly (1955) Ireland 14.0

Nash (1960) Britain 15.9

footnote 2), which was based on a very few streams in Connecticut, was

applied to the standard catcliment of 100 square miles, a lag of 1G.2 hours was

obtained; Snyder's method based on work in the Appalachians gave a lag of

16.5 hours; Mitchell's method based on watersheds in Illinois gave a lag of

15.4 hours; O'Kelly's method based on a number of catchments in Ireland,

gave 14.0 hours; and Xash's method based on catchments in Britain a lag of

15.9 hours. With the exception of the result by O'Kelly's method, these arc all

remarkably close varying only from 15.4 to 1G.5 hours, a difference of only

7 percent. In addition to this remarkable concordance, there is a reason why

the catchments studied by O'Kelly would be expected to have shorter lag

times for standard dimensions. O'Kelly was concerned with the problem of

designing arterial drainage schemes (main river improvement schemes) in

Ireland. Accordingly, his method was based on the characteristics of rivers for

which such schemes had been carried out. Under post-drainage conditions,
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catchments are expected to show shorter lag times than the average. It would

appear that, while the dimensionless unit hydrographs, which were used in the

past is a purely empirical fashion, will be replaced by mathematical equations

or by conceptual models, the correlations of hydrograph parameters (particu

larly lag) with catchment characteristics developed in the classical synthetic

methods may still be useful.

There remains the problem of deciding how complex the mathematical

equation or conceptual model must be and how to choose between different

models (or equations) of equal complexity. Xash (47, 48) proposed a general

synthetic scheme along the lines shown in figure 8-3. As has been repeatedly

emphasized, the relationships on which the synthesis are based must be

derived from the analysis of a number of watersheds for which measurements

arc available and which serve as a sample for the region. Nash suggested that

the moments of the IUH be derived from a set of sample catchments and these

moments correlated with one another and with the catchment characteristics

to determine the number of degrees of freedom inherent in the response of a

catchment when operating on precipitation excess to produce flood runoff.

This would enable us to determine the number of parameters needed in the

simulation system. He suggested that the dimensionless moments of the actual

IUH

PARAMETERS

/

MOMENTS

OF IUH

i

BEST

MODEL

CATCHMENT

PARAMETERS

DEGREES OF

FREEDOM

t

IUH

Figure 8-3.—Xash's synthetic scheme.
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responses (and the dimensionless moments of a number of conceptual model

systems with the required number of parameters) be plotted against one

another. On such a plot of ms against mt or mt against »ij, a one-parameter

model would plot as a single point; a two-parameter model, as a single curve;

and a three-parameter model, as a family of curves. By comparing the curves

for the model system with the plot of points for actual catchments, the best

model could be chosen.

Once the correlations of IUH moments with catchment characteristics

have been determined and the model chosen, it is possible to synthesize the

unit hydrograph for a watershed for which no records are available. Firstly,

the moments of the IUH are determined by the regression equations using the

values of the catchment characteristics of the particular catchment. These

predicted moments can be equated to the expressions for the corresponding

moments of the model chosen, and the optimal values of the model parameters

for the particular catchment thus determined. Once the model and the optimal

values of the parameters are known, the complete IUH for the particular

watershed can be generated.

Nash (48) applied his method to the data for 90 storms on 30 catchments in

Great Britain. Regression analysis gave a relationship between the first

moment (mi) and the catchment characteristics of area and overland slope

with a coefficient of multiple correlation of 0.90. A further regression of the

second moment (»i») with m, and the overland slope gave a coefficient with a

multiple correlation of 0.51. Though the latter result is statistically significant,

it does not give a good determination of the second moment and, hence, the

ability of the scheme to predict an unknown unit hydrograph is impaired.

When Nash plotted the moments of his actual responses against one another,

as shown on figure 8-4, they covered a region rather than fell along a single

line. In discussing Nash's paper, Dooge pointed out that the data and the

curve arc not strictly comparable. The data were derived on the assumption

that the base of the unit hydrograph was three times its lag; whereas, the

base of the gamma distribution is infinite. A crude correction can be made

and the two made more comparable by truncating the gamma distribution

according to the method of base flow separation given by Nash so that the

base of the truncated gamma distribution is three times its lag. When this is

done, the truncated gamma distribution plots as a line lying below the data

points shown on figure 8-4 and, thus, appears to approximate a limiting

form rather than an average form for the IUH's derived by Nash. Figure

8-4 also shows the comparison of the data with three models: (1) a channel

and reservoir in series (curve A); (2) a cascade of equal linear reservoirs with

an upstream inflow, that is, the gamma distribution (curve B); (3) and the

cascade of equal linear reservoirs with lateral inflow (curve C).

The general synthetic scheme proposed by Nash could, with advantage, be

modified to the scheme outlined on figure 8-5. It is suggested that, instead of
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correlating the moments w-ith the catchments characteristics, the moments be

correlated among themselves to determine the number of degrees of freedom.

Thus, in a two-parameter system, the third moment will be completely deter

mined once the first and second moments are known; whereas in a three-

parameter system, the fourth moment will be known once the first, second, and

third moments are known. If the moments are made dimensionless by using

the first moment as a scaling factor, then the criterion for a two-parameter

model is that the third dimensionless moment is completely determined by the

second dimensionless moment (or cumulant); the criterion for a three-param

eter system is that the fourth dimensionless moment (or cumulant) is com

pletely determined by the second and the third dimensionless moments.

In his discussion of Nash's paper, Dooge (18) calculated the coefficient of

multiple correlation of ms with ma for Nash's data as 0.717. This indicated

that the variation in the third dimensionless moment (ma) was only 50 percent

accounted for by variations in the dimensionless second moment (mj) and,

hence, that the two-parameter model would not be highly efficient as a basis

for simulation. However, the coefficient of multiple correlation between the

0.5

0.4

A Channel and reservoir

B Cascade with upstream inflow

■C Cascode with lateral inflow

O.I 0.2 03 0.4 0.5 0.6

Figure 8-4.—Shape factor diagram for Nash's data.
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Figure 8-5.—Modified synthetic scheme.

dimensionless fourth moment (mt) and the two lower dimensionless moments

(wjj and jhj) was found to be 0.93, indicating that the variance in »i< was

accounted for by the variance in the lower moments to the extent of almost

90 percent. Considering the basic nature of Nash's date (which were normal

river observations rather than research readings), this was a very high correla

tion and indicated that a three-parameter model would probably give as

satisfactory a simulation as the data warranted. The remainder of the modified

general synthetic scheme shown on figure &-5 is the same as for Nash's original

proposal shown on figure 8-3, except that the parameters of the IUH are

correlated directly with catchment parameters.

It must be stressed that what is required in the correlation for unit hy-

drograph synthesis is not necessarily a correlation with individual catchment

characteristics. To determine the three independent IUH parameters that

would be required for a three-parameter model, it is necessary to have three

independent catchment parameters which between them would account for

90 percent or more of the variation in the shape of the IUH. Each of these

parameters might be made up from a number of catchment characteristics

(such as area, slope, drainage density, and shape) in the same way as the

Froude number and the Reynolds' number arc made up from a number of

hydraulic characteristics.

The determination of the significant grouping of catchment characteristics
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into catchment parameters remains one of the great unsolved problems of

surface water hydrology. Factor analysis may help in the preliminary trial

grouping of catchment characteristics, but it is likely that the final significant

forms of the groupings will only emerge through a better understanding of

geomorphological processes.

The shape factor diagram in which dimensionless moments or cumulants

are plotted against one another is a most useful device for comparing alterna

tive conceptual models of the same number of parameters and of comparing

conceptual models with actual data. Thus, figure 8-6 shows a comparison

2.or

i.o

0.5

s2

A Routed rectangle

8 Routed triangle

C Cascade of reservoirs

Fioube 8-6.—Shape factor for models.

1.0
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between three two-parameter conceptual models: (1) a routed rectangle, (2) a

routed triangle, and (3) a cascade of equal linear reservoirs. It can be seen

that each of these two-parameter conceptual models defines a line in the

S3—82 plane, where s3 is the dimcnsionless third cumulant (or moment) and

s2 is the dimensionless second cumulant (or moment). These lines plot rela

tively closely together on the diagram, thus explaining why all of these models

have been suggested as a basis for simulating the same type of prototype

system.

Figure 8-7 shows a comparison of a Pearson Type III distribution (gamma

distribution) with a Pearson Type V distribution and a Pearson Type I dis

tribution. This diagram could be used to decide which Pearson distribution to

choose for fitting unit hydrographs or other response curves by taking the

distribution which lay closest on the shape factor diagram to the plotted

points corresponding to the unit hydrographs for a number of sample catch

ments.

Figure 8-8 shows a comparison between the time-transformed gamma

distribution and the ordinary gamma distribution. The case plotted is for a

value of m =^ and corresponds to the type of model used by TVA. If curves

were drawn for other values of »j, it would be possible to see if the plotted

points from sample catchments all fell along one line. This would enable us to

use a two-parameter model based on the value of m corresponding to that line

or else to indicate whether the family of curves swept out the region of plotted

points, thus allowing us to use equation 22 as a three-parameter simulation

of the prototype system.

Problems on Synthetic Unit Hydrographs

1. Compare the values of the lag, time-to-peak, and peak discharge given

by four different synthetic unit hydrograph methods for the 100 square mile

catchment whose characteristics are listed on Appendix table 6.

2. Compare the values of the lag, time-to-peak, and peak discharge given

by four different synthetic unit hydrograph methods (two empirical and

two time area) for the catchment whose characteristics are given on Appendix

table 7.

3. Compare a number of standard unit hydrograph shapes by plotting

dimensionless ordinates against dimensionless time.

4. Compare a number of standard S-curvcs by plotting dimensionless

ordinates against dimensionless time.

5. Compare a number of standard unit hydrograph shapes on a plot of

dimensionless third moment versus dimensionless second moment.

G. Describe the various steps of one particular method for synthetic unit

hydrographs, and comment on the strong and weak points in the method.
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Figure 8-7.—Shape factor for Pearson's empirical distributions.
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Figure 8-8.—Shape factors for time-transformed gamma distribution.
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7. Describe the relationship between the generalized Muskingum formula

tion of linear catchment response with the general linear equation with

constant coefficients. Illustrate by simple example.

8. Describe the relationship between the general linear equation with

constant coefficients and the representation of the linear catchment response

in terms of equal linear storage elements. Illustrate with a simple example.

9. Describe the relationship between the general linear equation with

constant coefficients and the representation of the catchment by a small

number of unequal storage elements. Illustrate your answer by a simple

example.

10. Choose a special linear model with an infinite time base. Calculate the

effect of truncating this response curve to make the base finite and work out

the corrections to be made to the moments of the response curve.

11. Compare a number of two-parameter models by plotting dimensionlcss

peak discharge against dimensionlcss time-to-pcak.

12. Compare a number of two-parameter models by plotting in terms of

dimensionless shape factors.

13. Devise a general synthetic scheme for linear catchment response'. Work

out a flow diagram for the computations involved. Apply this flow diagram

to a set of reliable data.
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LECTURE 9:

MATHEMATICAL SIMULATION OF SURFACE FLOW

As a result of the development of conceptual models in unit hydrograph

theory, there has been a tendency since the mid-1960\s to propose the use of

conceptual models to represent specific elements of the hydrologic cycle other

than the overall direct response of a catchment. The principles of mathematical

physics can be applied to the investigation of various parts of the hj'drologic

cycle, and the individual processes can be represented by a set of equations

and boundary conditions. To solve these equations, it is necessary to make

further simplifying assumptions, which accentuate the simulation nature of

the mathematical solutions obtained. The replacement of these simplified

mathematical expressions by conceptual models is in accordance with the

general systems approach, which considers each system in terms of a certain

number of interconnected elements and judges a system by its overall opera

tion rather than the precise nature of the elements themselves. Conceptual

models are formulated on the basis of a simple arrangement of a relatively

small number of elements, each of which is itself simple in operation. The most

widely used conceptual elements are linear reservoirs and linear channels.

Though conceptual models were originally introduced as highly simplified

versions of the actual physical operations involved, they can also be looked

upon as mathematical abstractions whose only function is to simulate the

behavior of the physical systems being studied.

In the two final lectures, we discuss four segments of the hydrologic cycle

that to some extent lend themselves to mathematical simulation and to the

synthesis of conceptual models. The four segments involved are overland flow,

open channel flow, unsaturated flow in soils, and ground water flow.

Overland Flow

Overland flow is an interesting example of the application of mathematical

simulation and the possibility of applying conceptual models to the solution

of a hydrologic problem. Overland flow has been studied analytically, in the

laboratory, and in the field. It occurs early in the runoff cycle, and the in

herent nonlinearity of the process is not dampened in any way. Hence, the

methods of linear analysis and synthesis are inadequate in this case, and the

general approach used in developing linear methods must be extended.

A physical picture of overland flow is shown in figure 9-1. The essential

problem to be solved is to determine the flow off the plane; at the downstream

end for given physical conditions and a given pattern of lateral inflow along

the plane. The equation of continuity for the two-dimensional lateral inflow

232
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LATERAL INFLOW, r(x,t)

I I * I I I 1 I II I I l| I I II

_Upstream boundary

and dividing point Downstream boundary

Lo *

Figube 9-1.—Overland flow (two-dimensional).

problem can be written as:

(i)

where

and

q=q(x,t) =rate of overland flow per unit width

y=y(x,t) = depth of overland flow

r=r(x,t) =rate of lateral inflow per unit area.

The dynamic equation for two-dimensional overland flow can be written as:

where

gdt ax gdx gy*

u=u(x,t) = velocity of overland flow

So=slope of plane

S/=friction slope.

Though the continuity equation is linear in 9 and y, the dynamic equation is

highly nonlinear. It is possible by means of a high-speed digital computer to

obtain a numerical solution of equations 1 and 2 for any given set of boundary

conditions. This approach will be considered briefly later in this section. For

the present, however, we are concerned with the simpler approaches to the

particular problem, that is, with the attempt to find a simple mathematical

simulation or a simple conceptual model.
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The classical problem of overland flow is to solve; the particular case where

the lateral inflow is uniform along the plane and takes the form of a unit step

function:

r(x,t) = U(t) (3)

There arc several parts to the complete solution of this problem. Firstly, there

is the steady-state problem of determining the equilibrium profile when the

outflow at the downstream end of the plane is equal to the inflow over the

surface of the plane. Secondly, (here is the problem of determining the rising

hydrograph of outflow before equilibrium for the; special inflow case represented

by equation 3 above. If the problem were a linear one, the solution of this

second problem (that is, the determination of the stop-function response)

would be sufficient to characterize the response of the system, and the outflow

hydrograph for any other inflow pattern could be derived from it. However,

since the problem is inherently nonlinear, the principle of superposition cannot

be applied, and each case of inflow must be treated on its merits. The third

basic problem is that of determining the recession from the equilibrium condi

tion after the cessation of long continued inflow. The; nature of the recession

when the inflow ceases before equilibrium is reached (that is, before the out

flow builds up to a value equal to the inflow) must be investigated, and this

constitutes a fourth basic problem. The next step is to investigate the effect

of an inflow formed by the superposition of two or more step functions. Thus,

the fifth basic problem involves consideration of the case where there* is a

sudden increase from one uniform rate of inflow to a second higher rate of

uniform inflow. The sixth case considered is that when a uniform rate of

inflow is suddenly changed to a second uniform rate of inflow which is smaller

than the first.

A few of the classical experimental results by Izzard (28) are shown on

figure 9—2. The top figure shows a rising hydrograph, a recession, a second

rising hydrograph, and a final recession. The second figure shows the effect

of changing the inflow rate from 1.83 to 3.55 in. per hr. (4.65 and 9.02 cm. per

hr., respectively) and the lower diagram shows the effect of changing the

inflow rate from 3.65 to 1.84 in. per hr. (9.27 and 4.67 cm. per hr., respec

tively) . Also, shown in the figure is a logarithmic plot of the detention storage

on the surface of the plane against the discharge at the downstream end.

The first approach to the solution of the overland flow problem in classical

hydrology to be considered is that based on the replacement of the dynamic

equation 2 by an assumed relationship between outflow and storage. Because

this method was first proposed by Horton (22) for overland flow on natural

catchments and subsequently used by Izzard (28) for paved surfaces, it may

bo referred to as the Horton-Izzard approach. Hydrologists noted that when

the equilibrium runoff (that is, the equilibrium discharge at the downstream

end) of a number of experimental plots was plotted against the average surface

detention (or total surface detention) at equilibrium on log-log paper, the
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Figure 9-2.—Hydrograph of overland flow.



236 TECHNICAL BULLETIN NO. 1408, U.S. DEPT. OF AGRICULTURE

experimental points fell approximately along a straight line. An exact linear

relationship on logarithmic paper would indicate that the equilibrium outflow

at the downstream end and the equilibrium storage were connected as follows:

where qt was the discharge at the downstream end of the plane under equilib

rium conditions, St was the total surface storage at equilibrium conditions,

and a and c were parameters.

In the Horton-Izzard approach to the overland flow problem, the assump

tion is made that such a power relationship holds not only at equilibrium, but

also at any time during the rising hydrograph or during the recession. Using

this assumption we can write:

q(L,t)=qL = aSc (5)

where qi. is the discharge at the downstream end at any time and S is the

corresponding total storage on the surface of the plane of overland flow. The

equation of continuity, equation 2, can be written in the hydrological form as:

dS
r-L-qL =— (6)

which for our assumptions can be written as:

dS
qt-aS<=— (7a)

or

adt =— (7b)

The solution of equation 7 is:

t= 1 f d(S/S.)
[I 1 _ f 0/ C \c W*/

1 .-I-,,., (8b)

Equation 8 can be solved analytically for values of c=1 (linear), c = 2, c=3, or

c=4, and also for ratios of these values, that is, for c=% or %.

Horton (22) solved the equation of the rising hydrograph due to a step

function input for the case of c = 2, which he described as "mixed flow" since

the value c is intermediate between the value of % f°r turbulent flow and the
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value of 3 for laminar flow. Horton's solution may be written as:

—=tanh2( —) (9a)

where

*.=- (9b)

Since the system is nonlinear, the time parameter Ke will depend on the

intensity of inflow. Horton gave an empirical expression for the equilibrium

storage per unit width and his equation for the rising hydrograph has been

used in the design of airport drainage since that time. Izzard (27) presented

the solution for the case of c=3 (that is, for laminar flow) in the form of a

dimcnsionless rising hydrograph. Izzard used as his time parameter a time to

virtual equilibrium, which is exactly twice the time parameter used in equation

9b above. It is of interest that the integral in equation 8 is of the same form as

the Bakhmetcff varied flow function and, hence, tabulated values of the

varied flow function may be used to tabulate or draw the rising hydrograph

for any value of c for which it is tabulated. Typical rising hydrographs arc

shown on figure 9-3.

For recession from equilibrium, the recharge in equation 6 becomes zero,

and the insertion of the value for q from equation 5 leads to the solution:

(q'
V

i)— (10)

where q is the ordinatc of the recession curve and tis the time elapsed since the

cessation of inflow, that is, the time since the start of recession. Typical

recession curves as predicted by the Horton-Izzard model are shown in figure

9-3. The special case of equation 10 for the value of c=3 was given by Izzard.

If the duration of inflow (D) is less than the time required to reach virtual

equilibrium, we get a partial recession from the value of the outflow (qD)

which has been reached at the end of the inflow. It can be easily shown that

this curve is the same shape as for recession from equilibrium except that the

recession flow enters the curve defined by equation 10 at the appropriate

value of qe/qD-

If there is a change to a new rate of uniform inflow during the rising hy

drograph, two cases can occur. If the new rate of inflow is higher than the rate

of outflow when the change occurs, the same dimensionless rising hydrograph

can still be used, but since qe is equal to the inflow at equilibrium, the value of

q/q, will change as soon as the rate of inflow changes. If the new rate of inflow

is less than the outflow when the change occurs, the hydrograph will correspond

to the falling curve of the varied flow function. The latter function can be used

to determine the shape of such a falling hydrograph, which will be of the type

shown in the bottom of figure 9-2.
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t/ke

Figure 9-3.—Shapes of rising and recession hydrographs.

Looked at as a conceptual model, the Horton-Izzard solution clearly assumes

that the whole system can be lumped together and treated as a single nonlinear

reservoir whose outflow-storage relationship is given by equation 5. Even

though this conceptual model is extremely simple in form, the fact that it is

nonlinear makes it less easy to handle than some of the apparently complex

conceptual models used to simulate linear or linearized systems. Thus, the

impulse response for such a system no longer characterizes the system because

the output will also depend on the form and intensity of the input. The cumu

lants of the impulse can no longer be added to the cumulants of the input to

obtain the cumulants of the output. The solution for a step function input

cannot be used to obtain the output for a complex pattern of input.
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The second simple solution proposed for the overland flow problem is the

kinematic wave solution. It also involves a power relationship between dis

charge and depth but, in this case, not a lumped relationship covering the

whole system, but a relationship between the discharge and the depth at each

point and, therefore, a distributed relationship. The basic assumption for the

kinematic wave solution is that all the terms of dynamic equation 2 are

negligible compared with the slope term and the friction term, so that we

have:

So-S/=0 (11a)

which can also be written as:

q(x,t)=q = by< (lib)

If friction is taken according to the Chezy formula, the value c will be %;

whereas, if it is taken according to the Manning formula, the value of c will

be Y&- F°r zero initial conditions and an equilibrium discharge q, (equal to the

product of the constant supply rate r and the length of overland flow L), we

have the following solution for the rising hydrograph:

*-(fY (12a)
q. Wq

t>tk: - = 1 (12b)
7.

where

h--

In equation 12, /* is the kinematic time parameter and yc is the depth of flow

obtained when the equilibrium discharge qt is substituted in equation lib.

The kinematic time parameter /* should be distinguished from the time

parameter for the Horton-Izzard model Kc defined by equation 9b above and

from the time to equilibrium te used by Izzard. The rising hydrograph for the

kinematic wave solution is shown on the upper part of figure 9-4.

The recession from full equilibrium for the kinematic solution can be

shown to be:

which is also shown on the upper part of figure 9-4. Where the duration of

inflow (/)) is less than the time of kinematic rise (<*), the kinematic wave

solution gives a flat topped hydrograph, in which the flow is constant until it

meets the full recession curve as shown in the lower diagram on figure 9-4.

The kinematic wave solution has been applied to overland flow by Henderson
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Figure 9-4.—Kinematic wave solution.

and Wooding (21), and Wooding (60, 61, 62) and used to construct a model

of catchment response. They analyzed the problem and developed equations

for the rising hydrograph and falling hydrograph by arguments based on the

method of characteristics.

The numerical solution of the overland flow problem has been tackled by

Woolhiser and Liggett (63). They reduced the equations of continuity and

momentum to dimensionless forms by expressing the variables in terms of the
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normal depth and velocity at the downstream end of the plane for the maxi

mum discharge. When this is done (see reference 63 for details), equations

1 and 2 become:

du I dy udu_ / u\ u

++Kl (15a)

where

in which the superscripts denoting that the variables are dimcnsionless

variables have been omitted for convenience. There are only two parameters

in these equations, the Froude number for normal flow at maximum discharge

(F) and the parameter K defined by equation lob, which reflects the length

and slope of the plane (or channel) as well as the normal flow variables.

Equations 14 and 15 were expressed in characteristic form and solved by a

finite difference technique. For high values of K, the slope and friction

dominated the flow and, as might be expected in these conditions, the solution

approximated the kinematic wave solution. For values of the parameter K

smaller than 10, the kinematic wave solution was found to be a poor approxi

mation.

A typical rising hydrograph found by Woolhiser and Liggett (60) is shown

on figure 9-5. It would appear that in the early stages of the rising hydrograph,

the shape of the hydrograph approximates to the kinematic solution, whereas

in the later stages it approximates more to the Horton-Izzard solution. This

is not unexpected because in the early stages of the flow dq/dx would be

relatively small, thus approximating the kinematic solution for which dq/dx

is zero downstream of the characteristic which starts from the upstream end

of the plane at the start of inflow. In the later stages of the rising hydrograph,

the value of dq/dx would approach the rate of lateral inflow and the Horton-

Izzard solution, basod on an empirical relationship which is a good approxi

mation at equilibrium, might be expected to give better predictions than the

kinematic model.

In simulating overland flow, either as a hydrologic system or as a subsystem

of a watershed, consideration should be given to the type of flow involved.

The Stanford model incorporates a rising hydrograph for overland flow de

veloped by Morgali and Linsley (49). Their hydrograph is for a high value of

K and hence approximates very closely to the kinematic solution. For lower

values of K, this rising hydrograph would not necessarily be a good representa

tion of overland flow.
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Fioure 9-5.—Comparison of rising hydrograph.

Dooge (3, 10) recently proposed as a conceptual model for problems with

lateral inflow a cascade of equal reservoirs, either linear or nonlinear, with

intermediate inflow. For overland flow, these reservoirs would be nonlinear.

This conceptual model is what the author has referred to as uniform non-

linearity. In such cases it can be shown that the outflow hydrograph for

uniform inflow can be represented in dimensionless form by:

q. o

(16a)

where q is the outflow, qc the equilibrium outflow, t the time, l0 a characteristic

time which depends on the intensity of inflow, and D the duration of uniform

inflow. For a step function input, there is no duration to affect the issue and
the equation of the rising hydrograph can be written as:

(16b)

It can be shown that the outflow from a cascade of equal nonlinear reservoirs

is of the form indicated by equation 16b. Dooge (10) has shown that the

cumulative outflows measured by Amorocho and Orlob (2) for pulse inputs to

a laboratory catchment (which was nonlinear in behavior) can be plotted as a

single line when a characteristic time based on the intensity of inflow is used
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for dimensionlcss plotting. In the same paper, Dooge showed that the wide

variations in the unit hydrographs derived by Minshall (47) can be enor

mously reduced by the same type of plotting.

A comparison of equations 8 and 9 with equation 16b indicates that the

Horton-Izzard model belongs to the class of uniformly nonlinear models with

Kc as the characteristic time. Similarly, a comparison of equations 12 and 13

with equation 16 indicates that the kinematic model also belongs to this class

with the h as the characteristic time. As already pointed out, the Horton-

Izzard solution represents the special case of one nonlinear reservoir. The

kiiiematic wave solution for the linear case, can be approximated by a cascade

of linear reservoirs in which the product of the number of reservoirs and the

individual storage delay time remains finite as the number of reservoirs tends

to infinity. From these considerations, it is plausible to suggest that it might

be possible to simulate satisfactorily the hydrographs generated by Woolhiser

and Liggett—which are intermediate between the kinematic solution and the

Horton-Izzard solution—by a cascade consisting of a finite number of equal

nonlinear storage elements.

Unsteady Flow in Open Channels

The problem of predicting the discharge hydrograph at a downstream point

on the basis of the hydraulic properties of the channel and a known discharge

at an upstream point is a classical problem in hydrology. The various methods

proposed for its solution can be reviewed in the recent bibliography by

Yevjevich {64). The equation of continuity for unsteady flow in open channels

without lateral inflow is given by:

where Q is the discharge and A the area of flow. The above is the form in

which the continuity equation at a section is written in open channel hy

draulics. Hydrologists more frequently write the continuity equation in the

lumped form obtained by integrating equation 17a over a channel reach, thus

obtaining the hydrologic equation:

/-O=f (17b)
at

where I is the inflow to the reach; O, the outflow from the reach; and S, the

storage in the reach at a given time. In open channel hydraulics, the dynamic

equation is written as:

du u flu 1 flu _ ... .
TH--T+-rr = So-Sf (18a)
dx R dx g dt

The corresponding equation in hydrology is the equation for the looped
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rating curve:

JU*^1*) (18b)

where R is the hydraulic mean radius and C is the Chezy friction factor, which

may be evaluated from a friction formula such as the Manning equation.

Equations 17a and 18a reflect the hydraulic approach to the problem of un

steady flow in an open channel, while equations 17b and 18b reflect tho

hydrologic approach to the same problem. These two separate approaches

have developed independently of one another. A systematic approach to the

problem, however, enables us to reconcile the two.

Various methods have been used for the solution of the hydraulic formula

tion of the problem of routing a flood down an open channel. Mathematical

methods can be used to find solutions for simplified versions of equations

17a and 18a.

If we wish to go beyond these idealized mathematical formulations, it is

necessary to use numerical methods. The recasting of tho equations in terms

of characteristic variables facilitates such numerical solution. Even before the

advent of high-speed digital computers, numerical solutions were obtained in

this way. The advent of the computer, however, has greatly facilitated the

numerical solution of the problem. The method of characteristics is still used

in some numerical approaches to the problem; in others, either an explicit or

an implicit finite difference scheme using a rectangular network is used. In

explicit schemes, serious problems of stability may arise, whereas in implicit

schemes the storage capacity required to solve the resulting simultaneous

equations is a limiting factor.

In the hydrologic approach to the solution of the routing problem, the con

tinuity equation 17b is retained and the dynamic equation 18b replaced by

some simplifying relation. Tho methods most commonly used in applied

hydrology for flood routing are the Muskingum method of McCarthy,1 the

lag and route method of Meyer (46), the diffusion analogy of Hayami (18),

and the successive routing method of Kalinin and Milyukov (30). These are

all linear methods, and thus, in practice, the channel reach is assumed to be

linear with constant parameter values or else is linearized and a relationship

found between the parameter values and the level of either inflow or outflow.

Since we are interested in a solution at one particular downstream location,

we do not need to know conditions at all intermediate points. A systems

approach would therefore seem to be more appropriate than a complete

1 McCarthy, G. T. the unit hydrograph and flood routing. Unpublished paper

presented at the Conference of North Atlantic Div., U.S. Corps of Engineers, Providence,

R.I. 1939.
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numerical solution, which generates unwanted solutions at intermediate

points. However, our present systems techniques in hydrology are such that if

we wish to use a systems approach we must confine ourselves to the linearized

version of the problem. Recent studies have been made involving the complete

linearized solution to the equations of continuity and momentum for two-

dimensional flow in a uniform channel, (11, 16). This approach, in fact,

applies to the flood routing problem the same assumptions that are made in

unit hydrograph theory for the more complex problem of catchment response.

It is remarkable that in the past 25 years, during which the unit hydrograph

approach has been widely used, no corresponding attempt has been made to

treat a channel as a linear system.

If we confine ourselves to the case of a semi-infinite uniform wide rectangular

chnanel, without lateral inflow, for which the friction effect can be represented

by the Chezy formula, we can write equations 17a and 18a as:

dy udu Idu qi

++rs (20)

The boundary conditions to be satisfied are the initial conditions determined

by an initial uniform flow throughout the length of the channel and an up

stream boundary condition determined by the inflow hydrograph at the

upstream end. Though the equation of continuity (equation 19) is linear in

q and y, the dynamic equation (equation 20) is highly nonlinear.

If we consider a small perturbation about the steady discharge 90, then we

can write the following equation for the perturbation of discharge (q) from

this reference value q<>:

in which the coefficients have been frozen at the values corresponding to the

reference discharge (q0). The above linearization was proposed by Deymie

(7) who also derived the solution given in equation 29. The work of Deymie

and of Masse (45) published in 1938 was not followed up, and the linearization

given in equation 21 and the solution given in equation 29 were developed

independently by Dooge2 in 19G5.

Strictly speaking, equation 21 is only valid for perturbations small enough

that the variation coefficients in the nonlinear equation is not sufficient to

1 Dooge, J. C. I. linear analysis of flow in open channels. Unpublished memo

randum, Univ. Col., Cork, Ireland. 1905.
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affect the result. If we follow the unit hydrograph approach and ignore the

fact that large perturbations give rise to nonlinear behavior, we can apply

equation 21 to large perturbations and accept the solution of this linearized

equation as an approximation to the solution of the original nonlinear problem.

How good an approximation it will be can only be determined for a given case

by comparing this complete linear solution with the complete nonlinear

solution. The fact that linear routing methods have been used in applied

hydrology would indicate that the effect of linearization cannot be so catas

trophic as to make linear methods worthless. The complete solution of the

linearized hydraulic equation 21 has the advantage that it can be used as a

standard against which to measure the simple linear models used in applied

hydrology. Indeed, the latter can be considered as attempts to simulate the

complete linear solution.

Since equation 21 is linear, it is only necessary to determine the solution for

a delta function input. For any other inflow, it is only necessary to convolute

the impulse response with the actual inflow. For convenience, the impulse;

response of a channel obtained from equation 21 will be referred to as the

linear channel response (LCR).

If the original independent variables (x,t) are replaced by the characteristic

directions (»j and n) and the dependent variable (q) is replaced by a new

transformed dependent variable (z), the equation can be written in the more

compact form:

dh
—hh=Q (22a)

dmdn

where

<? = z«exp( — rl+sx) (22b)

m = t-- (22c)

7i = l-- (22d)

where ct and c» are the characteristic wave velocities and r and « are parameters

defined in terms of the channel parameters (11). Though equation 22a is more

compact in form than equation 21, it is no easier to solve since the simpler

form of the equation is counterbalanced by the fact that the boundary condi

tions are not as convenient when expressed in terms of m and n as they are

when expressed in terms of x and /.

Any of the standard mathematical techniques can be used for the solution

of either form of the equation, but it is probably more convenient in each case

to use Laplace transform methods. When this is done in terms of x and /,
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the Laplace transform of the impulse response or LCR is found to be3 as

follows:

H(s) =cxp[-xVas2+bs+c+exs+fxl (23)

where a, b, c, c, and/are parameters depending on the hydraulic characteristics

of the channel.

Since the Laplace transform of the LCR is of exponential form, the cumu-

lants can be determined by repeated differentiation of the quantity inside the

square brackets in equation 23 and evaluated at s = 0. This process is com

plicated by the continual occurrence of indeterminate forms which have to be

evaluated by L'Hopital's Rule. When this is done and the values of the

parameters a, b, c, e, and /are substituted, it is possible to write the cumulants

as follows:

ti=t/i' = 7^- (24a)

The result for the lag given by equation 24a indicates that for the linearized

solution, the average rate of propagation of the flood wave is 1.5 times the

velocity corresponding to the reference discharge. This corresponds to the

value indicated by the Kleitz-Seddon Law (32, 55) for the celerity of a flood

wave in a wide rectangular channel with Chezy friction:

c=J7=?=^'/2=1-5" (25)dA dy

The higher cumulants can be made dimensionless by dividing by the appro

priate power of the lag.

It can be readily seen from equation 24 that the resulting dimensionless

cumulants or shape factors are functions of the Froude Number and the

1 DOOCF., J. C. I. LINEAR THEORY OK OrEN CHANNKI, FLOW. I-COMPLETE LINKAR SOLUTION

of routing PHOIH.EM. Unpublished memorandum, Univ. Col., Cork, Ireland. 1967.
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dimensionless length parameter (Sox/y) of the following form:

'-« for R = 2, 3 (26a)

where

D=^ (26b)

Consequently, even if we were unable to invert the transformed function given

by equation 23, it would still be possible to determine the cumulants of the

solution and to plot the solution for any given value of F on a shape factor

diagram.

The inversion of equation 23 gives a solution in the original (x,t) coordinates

consisting of two terms:

q(x,t)=ql+q2 (27)

where qi represents the head of the wave and qi, the body of the wave. The

term representing the head of the wave is of the following form:

qi = i[t--)exp(-px) (28a)

where

It can be seen that the head of the wave moves downstream at the dynamic

wave speed ct in the form of a delta function of exponentially declining volume.

The body of the wave has the form:

() W^ U (t-X-) (29a)

where

7i[2Aa] = modified Bessel function (29b)

and

°=V(<-:-)H)
U[t]=unit step function (29d)

ci and d arc the dynamic wave velocities, and r, s, and h are parameters

depending on the hydraulic properties of the channel (11).

The shape of the body of the wave for F=0.5 and various values of the

dimensionless length factor D are shown on figure 9-6. For short lengths, the

impulse response declines monotonically; for intermediate lengths, the impulse

response is a unimodal curve with an appreciable initial ordinate. For long

channels, the unimodal shape of response rises from an initial ordinate which
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is practically zero and declines again to zero. For other values of the Froude

number (F), the same three shapes are obtained, though the values of the

dimensionless length parameters at which a change in shape occurs increases

with the Froude number.

Figure 9-6 is plotted in dimensionless terms—qto/V versus I/to—and hence,

gives the erroneous impression that the peak is increasing as the flood wave

moves downstream. This is due to the fact that the time of travel in a reach

(t0) increases with distance. The variation of the downstream discharge with

length of channel is shown in real terms on figure 9-7. This shows the result of

I 1

SHORT CHANNEL

D=I.O

INTERMEDIATE CHANNEL

Figure 9-6.—Shape of impulse response.
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computations for a channel with the steady state rating curve:

9o=50j/0i/s (30)

and for an inflow given by:

7(0 =125-75 cos Ojg\ 0<f<96 (31)

which corresponds to the inflow used by Thomas (57) in his classical paper

on unsteady flow in open channels. The figure shows the modification of the

flood wave for distances up to 500 miles (805 km.).

For any linearization of the routing problem, it is necessary to choose a

value of the reference discharge (qo) about which the discharge is perturbed.

Since this value of qt, is used to evaluate ya from equation 30 and hence «o and

the coefficients in equation 21, it will naturally affect the result. The effect of

the choice of reference discharge on the outflow at 50 miles (80.5 km.) for an

inflow given by equation 31 is shown on figure 9-8.

The inflow varies from 50 cubic feet per second per foot (4.65 m'/sec/m.)

width to 200 c.f.s. per foot (18.6 m'/sec/m.) width and the reference dis

charge is taken at values of 50 (4.65 m3), 100 (9.3 ms), 150 (13.9 m3) and

200 (18.6 m3) c.f.s. per foot width. It can be seen from figure 9-8 that for

the smaller values of the reference discharge, the flood wave is displaced in

time and occurs later as would be expected from equation 24a. It is interesting

1
BASEFLOW

.1 I . i

24 48 72 96 120 144 168 192 216 240 264

TIME (HOURS)

Figure 9-7.—Variation of outflow with distance.
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200

20

40-

BASEFLOW

A 1
24 48 72 96 120 144

TIME (HOURS)

FiaunE 9-8.—Effect of reference discharge.

to note, however, that the shape of the flood wave for the various reference

discharges is very similar.

For a channel whose rating curve is given by equation 30, that is, one with

Chezy friction, the Froude number is independent of the depth of flow and

hence, the value of the second cumulant given by equation 24b is independent

of the reference discharge. Since the second cumulant of the outflow is equal

to the second cumulant of the inflow plus the second cumulant of the LCR,

the second cumulant of the outflow will, for a case of Chezy friction, be

independent of the reference discharge chosen. The reference discharge will

affect the third and fourth cumulants, but these may be small compared to

the third and fourth cumulants of the inflow. In any case, the third and fourth
cumulants do not have as marked an effect on the shape as the first and second

cumulants.

Having obtained the complete linear solution of the hydraulic equations,

it is now possible to compare the various special linear hydrologic solutions

with it and determine the accuracy with which they can simulate the complete

solution and the range within which they apply. This was done by the method

of moment matching, which is most convenient in this connection. The



252 TECHNICAL BULLETIN* NO. 1468, U.S. DEPT. OF AGRICULTURE

results were checked by the method of least squares. Nine linear models were

studied and may be grouped as shown below:

One-parameter models:

dynamic wave equation

kinematic wave equation

Two-parameter models:

diffusion analogy

Muskingum method

lag and route method

Kalinin-Milyukov method

Three-parameter models:

diffusion phis lag

multiple Muskingum method

three-parameter gamma distribution.

Of most interest are the two-parameter models which have boon used as

practical channel routing methods in applied hydrology.

The complete linear solution is a three-parameter system. If expressed in

dimensionless form, the dimenskmless discharge can be formulated as a func

tion of a dimensionless time parameter, a dimensionless length parameter,

and the Froude number. It may appear pointless to attempt to simulate the

three-parameter complete linear solution by another three-parameter system

which, at best, will be an approximation to it. However, the complete linear

solution is complex in form and relatively difficult to compute; if it can be

approximated with a sufficient degree of accuracy by another three-parameter

system which is easier to comprehend and easier to compute, then the simula

tion may be more convenient than the use of the original mathematical

solution.

A one-parameter simulation will plot as single point on a shape factor dia

gram. Hence, it can hardly be expected to simulate a three-parameter system

which plots as a family of lines. Nevertheless, its ability to simulate flood

routing may be tested by comparing the first moment of the one-parameter

model with the first moment of the complete linear solution given by equation

24a. If the two terms on the right-hand side of equation 20 are neglected, that

is, the difference between bed slope and friction slope is assumed to be negligible

compared to the other terms, then we obtain the classical linear wave solution.

For a delta function input at the upstream end, this solution is a delta function

traveling down the channel at a velocity equal to the dynamic wave speed

(ci = uo+ Vfff/o) • The problem is only properly posed for Froude numbers less

than one. For such cases, the dynamic wave speed is greater than 1.5 «0, which

is the average speed of translation as given by equation 24a.

Alternatively, if all the terms on the left-hand side of equation 20—or,

what is the same thing, the terms on the left-hand side of equation 21—are

neglected, then we get the linear kinematic wave solution. This is equivalent

to assuming that the dynamic equation may be; used in the simplified form
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appropriate to stead}' uniform flow, that is, that the effects due to changing

depth and velocity are negligible compared to the effects of slope and friction.

In this case, the solution is also a translation without distortion, but this time

at the speed 1.01/0 so that the linear kinematic wave solution is a one-parameter

model whicli has exactly the same lag as the complete solution.

Most of the flood routing methods used in applied hydrology are two-

parameter models. If the second and third terms on the left-hand side of

equation 21 are expressed in terms of the second derivative with respect to

distance on the basis of the linear kinematic wave solution (which is a first

approximation to the solution), then the equation becomes:

(■ 4 / dx2 dx4/3*' " °dx' w« dt

which is a parabolic equation in contrast to the original equation 21 which

was a hyperbolic equation.

The parabolic solution (or diffusion analogy, or convective-diffusion

solution) obtained from equation 32 may be shown to be identical to the com

plete solution for the special case of the Froude number equal to zero and

may also be shown to have the same first and second moments as the complete

solution for any value of F. While it is preferable to think of this solution as a

parabolic approximation to the complete solution, equation 32 may be con

sidered as a convective-diffusion equation in which the "convectivc velocity"

is given by:

a = 1.5«0 (33a)

and the "hydraulic diffusivity" is given by:

Hydraulic diffusivity must not be taken to mean that the physical process

involved is one of diffusion. For the parabolic solution (or diffusion analogy),

the linear channel response is given by:

The cumulants for this response can be determined from the general equation

for the Rth cumulant which is:

—) (-) (35)

Substitution of the value a from equation 33a and the value of D from

equation 33b in equation 35 gives expressions for the cumulants in terms com

parable to those used in equation 24 on page 373. When this is done, it is seen
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that the cumulants given by equation 35 are the same as those indicated by

equation 24 for the special case of F = 0.

The other special models used in applied hydrology can also be compared

to the complete? linear solution. The .Muskingum method of flood routing is

based on the assumption that in a reach:

S=A[X/+ (1-A')O] (36a)

which can be combined with the continuity equation to give:

O+K(1-X)^=I-KX% (36b)
at at

The linear system represented by the above equation can be shown to have

the impulse response:

The delta function term in equation 37 indicates the possibility of the

occurrence of negative ordinates in the outflow unless the inflow is such as to

enable the contribution of the first term to the convoluted outflow to counter

act the effect of the second term. The cumulants of the Muskingum solution

can be shown to be:

A-1=CV = A' (38a)

A-2 = Ui= (1 - 2Ar) A'2 (38b)

(38c)

4A'3)A4 (38d)

The parameters of the Muskingum model can be optimized by equating the

first and second cumulants given above to the first and second cumulants of

the complete linear solution. This results in the values:

J£ = -4- (39a)
1.OMo

and

i i / pa\ / ». \

(39b)

In a uniform channel, we can determine the optimum values of the param

eters for the Muskingum method by using equation 39 provided we know the

optimum reference discharge and the properties of the channel. For non-

uniform channels, the first and second moments of the impulse response can
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be got by subtracting the moments of the inflow from the corresponding

moments of the outflow: the value of K is equal to the first moment and X

can be obtained from equation 38b once K is known. This would seem to be a

more objective procedure than the attempt to transform a looped storage

curve to a straight line by taking trial values of X. It will be noted from

equation 39b that for certain short distances the value of X will be negative.

From the point of view of classical hydrology which views X as a measure of

the amount of wedge storage present, this appears physically unreasonable.

From the point of view of mathematical matching, the negative value of X

is the correct value to use.

The lag and route method (46) assumes that the storage at any time may

be taken as proportional to the outflow which occurs after the elapse of a time

lag (t) so that we can write:

S{t)=K-O(t+T) (40a)

which can be combined with the continuity equation to give:

O(t)+K-jO(t+r)=I(t) (40b)
at

This model has the system response:

t<r: h(t)=O (41a)

t>r:

The cumulants of the lag and route model may be readily derived either

from its Laplace transform or by taking moments about the origin and using

them to find the cumulants. The values arc:

(42a)

(42b)

The values of K and r which are optimal in the moment matching sense can

be obtained by equating the first two moments of the response to the first

two moments for the complete linear solution. This results in the values:

As in the Muskingum model, one of the parameters may take on "unrealistic"

values. This may happen since the value t given by equation 43b may be

negative for short lengths of channel. Again it must be emphasized that this
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unrealistic parameter value gives the best fit according to the chosen criteria

and should be used if closeness of prediction is required. The element of

unreality lies in the choice of this particular model for short channel lengths

and the assumption that the crude hydrologic reasoning on which it is based

will result in the optimum parameters performing the same function as they

do in the crude model.

The use of successive routing through a characteristic reach was proposed

by Kalinin and Milyukov (30) in 1957. This is the same model as the cascade

model used to represent the unit hydrograph. It was proposed for channel

routing by Kalinin and Milyukov on the basis of a linearization of the un

steady flow equation. Tins impulse response function of the model is given by

the gamma distribution:

whose cumulants are given by:

Kn = n(R-l)\K>t (45)

As has been pointed out in dealing with conceptual models of the unit

hydrograph, though the conceptual model is based on the idea of a cascade in

which the value n would be integral, nonintegral values of n may be used to

fit the model to prototype data. The Kalinin-Milyukov model, like the other

models discussed in this section, can be used as a linearized model. The

parameters though taken as constant for a given flood event, or part of a

given flood event, can be varied with the intensity of inflow to allow for

nonlinear effects.

By matching the first and second moments given by equation 45 to the first

and second moments of the complete linear solution, the following optimal

values for the parameters A' and ?i are obtained.

The parameter K is the time-constant for a single linear reservoir of the

cascade. If the average rate of travel of the flood wave (which is 1.5m0) is

used to convert this characteristic time to a characteristic length we obtain:
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which is identical with the formula for the characteristic length proposed by

Kalinin and Milyukov {30) except for the factor (l-F/4).

The shape factor diagram sj/s2 for the complete linear solution and the

classical flood routing methods is shown on figure 9-9. The complete solution

plots as a family of parabolas, and the diffusion analogy coincides with the

curve for F=0. From equation 26, it can be seen that the higher the dimension-

less length (D), the lower will be the value of s2 and the other shape factors

and vice versa. Thus, we can deduce from figure 9-9 that for short lengths

(high s2), the various two-parametor models other than the diffusion analogy

would appear to be about equal in their ability to simulate the complete

linear solution. For long lengths (small s2), however, the Muskingum method

is seen to have a value of s3 approaching 0.5, whereas the complete linear

solution (for all Froude numbers) and the other models all have values of s3

approaching zero. We would deduce from this divergence that for long

lengths of channel, the Muskingum method would not simulate the outflow

hydrograph as well as the other methods. That this is so is shown by figure

9-10, which gives the predicted outflow for the complete solution (for qo= 150

c.f.s. or 4.25 m3. per sec.) and the different models for the Thomas input

defined by equation 31 and a channel length of 500 miles (805 km.).

The parabolic method and the Kalinin-Milyukov (30) method predict dis

charges which are graphically indistinguishable from the complete linear

solution. The lag and route method predicts the travel time to a fair degree of

accuracy, but underestimates the degree of attenuation. The Muskingum

method is seen to predict negative ordinates for the first 60 hours and a peak

discharge which is about 20 percent too high and whose time-to-peak is about

50 percent too small. It can be verified that for the short channel lengths the

Muskingum method performs as satisfactorily as the other methods. The

complete failure of the Muskingum method for the case shown on figure 9-10

is due to the fact that the time-to-peak of the resulting hydrograph is greater

than the time of inflow, whereas the Muskingum outflow must decline as soon

as inflow stops. As a rule of thumb, this suggests that the Muskingum method

will fail if the lag of the channel reach is greater than about half the duration

of inflow.

The ability of the three-parameter models to simulate the complete linear

solution can be similarly analyzed.4 As might be expected, the three-parameter

models are better able to simulate the three-parameter complete solution.

Figure 9-11 shows a plotting on a .s4—s2 shape factor diagram of the complete

linear solution for a Froude number of 0.5 and the lines for each of the three-

parameter models for the same Froude number. The closeness of the lines on

4 Hahley, B. M. linear theory ov flood routino. M. Engin. Sei. Thesis. Natl.

Univ. Ireland. 1907.
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the shape factor diagram suggests that the actual hydrographs would be very

similar. In fact, it is not possible to distinguish the solutions when plotted in

hydrograph form at an ordinary scale.

The manner of variation of the three parameters in each of the models—

which result from the matching of the first three moments to the first three

3.6 ' 1 1 1 ' 1 1 1 r
Complete Linear ■

■ Muskingum

(single reach)
" Lag and Route

Kalinin-Milyukov

■»—I r

2.8

2.6

2.4

2.0

5

1.6

0.2 0.4 0.6 0.8 1.0 1.2 1.4

1.2

Fiqure 9-9.—Shape factor diagram.
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Figure 9-10.—Simulation by two-parameter models.

moments of the complete linear solution—shows some interesting features. In

the case of the diffusion plus lag model, a change in the length of channel

considered does not result in any change in the value of the convective velocity

(a) or the "hydraulic diffusivity" (D), but the third parameter, the lag (t),

varies in order to maintain the optimum solution and is directly proportional

to the length of channel. In the case of the three-parameter gamma model, the

reservoir lag time K remains constant as in the two-parameter Kalinin-

Milyukov model, but both the number of reaches (n) and the lag of the linear

channel (t) vary directly with the length to maintain similarity with the

complete linear solution. In the case of the multiple Muskingum model, the

values of K and X are independent of the reach length and the complete linear

solution is matched by using a number of Muskingum reaches which is propor

tional to the length. The conclusions given above are developed on the basis of

long reaches of channel and might not hold for short reaches.

The general approach described above can also be applied to a channel with

lateral inflow.8 Treatment of this case is outside the scope of these lectures. It

may be said, however, that the derivation of the complete linear solution in

lateral inflow is more complex than the one given above. It should be noted

that the linear response obtained is in fact the IUH for a uniform channel.

'O'Meara, W. linear routing of lateral inflow in uniform open channels.

M. Engin. Sci. Thesis, Dept. Civ. Engin., Univ. Coll., Cork, Ireland. 1968.
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It is interesting to note that one of the models which is most successful in

simulating the complete solution, particularly for Froude numbers approaching

1, is the model consisting of a rectangle routed through a linear storage

element. In fact, this model is the Zoch-Clark model of routing the time-area-

concentration curve through a linear reservoir.

I • i ■

Complete (LCR)
Lagged Diffusion —*—

— 3-Parameter Gamma

Muskingum

(Multiple Reach)

0.2 0.4 0.6 0.8 1.0 1.2 1.4

Figure 9-11.—Shape factor diagram for three-parameter model (^=0.5).
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Problems on Surface Flow

1. Calculate the steady state profile for overland flow from a plane 80 feet

long at a slope of 1 in a 1,000 with Chczy coefficient of 100 ft.I/2/sec. and a

lateral inflow of 0.001 feet per second. Draw both the profile and the velocity

distribution along the length of the plane. How would the result be affected

by the neglect of the various terms in the basic dynamic equation?

2. Compare the Horton-Izzard solution and the kinematic wave solution.

What is the relationship between the time to equilibrium in the two methods?

3. Compare the various methods proposed for the numerical solution of

the equation for unsteady overland flow. Based on the different methods,

what difficulties in computation would you expect?

4. Determine the rising hydrograph and the falling hydrograph by the

Horton-Izzard method for the data given in Appendix table 12.

5. Determine the rising hydrograph and the recession hydrograph for the

kinematic wave solution for data in Appendix table 12.

6. Determine the rising hydrograph and the recession hydrograph by a

method of numerical computation for the data in Appendix table 12.

7. Fit a Horton-Izzard type solution to the data for the data in Appendix

table 13.

8. Fit a kinematic wave solution to the data in Appendix table 13.

9. A wide rectangular channel has a bottom slope, So, of 3 feet per mile

(0.57 m. per km), a length of 200 miles (322 km.), and Chczy friction with a

C of 50. Find the discharge hydrograph at the downstream end, using the

method of characteristics if the inflow per unit width is given by function 5 of

Appendix table 1.

10. Use a finite difference scheme, cither implicit or explicit, to solve

problem 1.

11. Discuss the question of the stability of the solutions obtained by finite

difference methods for unsteady flow in open channels.

12. Find the linear channel response of the given channel for this particular

flood event from the given inflow and from the outflow computed in either

problem 1 or problem 2.

13. Find the linear channel response for the data of inflow and outflow

given in Appendix table 10.

14. Derive the form of the linear channel response for the following classical

methods of flood routing: lag and route, Muskingum method, Kalinin-

Milyukov method.

15. What basic physical assumptions are made for the three classical

methods of flood routing mentioned in problem 6.

16. For the inflow and outflow hydrographs given in Appendix table 10,

find the best value of the lag and the routing coefficient to handle this flood

event by the lag and route method. Draw the linear channel response for

these parameter values.
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17. For the inflow and outflow hydrographs given by Appendix table 10,

find the values of K and X for handling this flood event by the Muskingum

method. Draw the linear channel response for these particular values.

18. For the inflow and outflow hydrograph given in Appendix table 10,

find the value of n and k to handle this flood event by the Kalinin-Milyukov

method. Draw the linear channel response for these parameter values.

19. Derive the expressions for the cumulants of the complete linear solution

given in equation 24, page 000.

20. It has been suggested that apart from the effect on lag, a change in the

reference discharge produces only a very small change in the shape of the

outflow hydrograph. Would you expect this change in shape to be greater

where the inflow is a gamma distribution or where the inflow is a cosine curve?

21. What other models, besides those mentioned in the lecture, might be

used to simulate the linear channel response? Indicate a one-parameter model,

a two-parameter model, and a three-parameter model which might have been

used. Calculate the cumulants of these models.

22. In this lecture, the moments and cumulants have been used as a

criterion of matching. Discuss the significance of this criterion, and indicate

what other criteria might have been used and what difference this would have

made to the computations.

23. Using function 5 on Appendix table 1 as the inflow, compute the outflow

hydrograph in a wide rectangular channel for different values of So, C, and L.

24. For the corresponding inflow and channel characteristics used in

problem 23, compute the parameters of a two-parameter simulation model and

generate the simulated hydrograph.

25. For the inflow pattern in the channel of problem 23, compute the

parameters of a three-parameter simulation model and compute the simulated

hydrograph.

26. From a series of results of problems 23, 24, and 25, draw up rough work

ing rules for the circumstances under which each of the models are valid.
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LECTURE 10:

CONCEPTUAL MODELS OF SUBSURFACE FLOW

Lecture 9 dealt with mathematical simulation and conceptual models for

flow processes that constitute part of the direct catchment response to inflow.

It was concerned, therefore, with the simulation of processes contributing

to the formation of the unit hydrograph, which is required either as the direct

storm response or as part of the simulation of the total catchment response.

The remaining two subsystems shown on figure 7-6 are the soil-water response

system and the ground water response system.

The treatment of these two phases of subsurface flow is similar to that for

overland flow and channel flow in the last lecture. In each case, the basic

equations derived from the physics of unsaturatcd and saturated flow in

porous media will be given, together with an account of the more important

solutions based on simplified versions of the fundamental equations. A brief

description will then be given of how conceptual models may be used to

simulate these portions of the hydrologic cycle. It has been mentioned pre

viously that the soil phase is the subsystem of the hydrologic cycle in which

the least systems work has been done. Only in recent years has any work of

this type been done in regard to ground water flow. Consequently, the present

lecture will be largely concerned with a review of the theoretical and empirical

relationships which have been proposed and which are necessary as a back

ground to the tackling of the problem from a systems viewpoint.

Movement of Soil Moisture

In considering the soil phase of the hydrologic cycle, we are concerned with

the rate and amount of infiltration into the soil through surface entry, the

rate and amount of downward percolation from the surface to the water

table, the amount of soil moisture held in storage, and the rate and amount of

depletion of soil moisture storage either by evaporation at the surface of the

soil or by transpiration through plants. Infiltration is probably the most

important of these processes since it controls the extent to which total pre

cipitation becomes effective as an input to the system representing the rapid

response of the catchment. Physical information on infiltration is available

from laboratory experiments, field results in infiltrometers, analysis of recorded

hydrographs, and the computation of watershed indicators of equivalent

rates of infiltration.

Any theory of infiltration must be grounded on the principles of soil physics

(1, 6). The water in unsaturated soil is held against gravity mainly by the

action of soil suction. The curve showing the relationship between soil suction

and soil water content is referred to as the moisture characteristic curve for

that particular soil. The soil moisture characteristic curve exhibits a hysteresis

267
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effect for any given history of alternative wetting and drying. The moisture

characteristic curves in such cases can span the area between two limiting

curves, one for drying and the other for wetting.

If wo ignore the effect of temperature and osmotic pressure, the movement

of water will take place under the action of a potential difference in accordance

with a generalization of Darcy's Law:

F=-tfgradtf (1)

where V is the rate of flow per unit area, K is the hydraulic conductivity of

the soil (which is dependent on moisture content), and </> is the hydraulic

head or potential. The potential is made up of pressure head and elevation:

«=-+z (2a)

= -S+z (2b)

where

S = — is the soil suction (2c)

and z is the elevation above a fixed datum.

In considering infiltration, percolation, and evaporation, we arc largely

concerned with flow in a vertical direction. For vertical flow, equation 1

becomes:

(3a)

or

V-K—K (3b)

If the soil suction (S) is assumed to be a single-valued function of the moisture

content (c), then we can define the hydraulic diffusivity of the soil as:

D=-K— (4a)

and write equation 3 as:

V=-D~K (4b)
az

which is the one-dimensional diffusion form of Darcy's Law. Over a given

range of moisture content, the variation in D will be less than the variation

inK.

For unsteady flow in an unsaturated soil in a vertical direction, we have the
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equation of continuity:

where V is the rate of flow per unit area and c is the moisture content expressed

as a proportion of total volume. Combination of equations 1 and 5 gives us:

d /T,a«A dc
— [K — ) = — (6a)
dz\ dz) dt

or using equation 2b we get:

•(*«)+*£ (6b)
dz\ dz/ dz dl

and with equation 4b we get:

!(*!V (60Bz\ dz) dz dt

For infiltration into a very dry soil (or upward movement from the ground

water to a dry soil surface), the gradient of the soil suction will be very much

larger than the difference in elevation. Consequently, the last term (K) on the

right-hand side of equations 3b and 4b can be neglected compared with the

other two terms; similarly, the second terms on the left-hand side of equations

6b and 6c can be neglected. Omission of these terms corresponds to the assump

tion that the effect of gravity on water movement is negligible compared to

the effect of the gradient of soil moisture suction.

Equation 6 is a nonlinear parabolic equation since hydraulic conductivity

(K) and the hydraulic diffusivity (D) are functions of the moisture content

(c). Equation 6c has the same mathematical form as the concentration-

dependent diffusion equation in mathematical physics and is the most con

venient form for theoretical analysis.

A number of authors have suggested empirical relationships between the

unsaturated permeability (K) or the hydraulic diffusivity (D) on the one

hand, and the moisture content (c) or the soil suction (<S) on the other. These

can be used in the place of purely empirical moisture characteristic curves to

predict water profiles and water movement; they could also be used as the

basis for conceptual models of the movement of moisture in the unsaturated

zone. Bear, Zaslavsky, and Irmay (/) suggested that unsaturated permea

bility can be related to saturated permeability by the equation:

(

where c is the moisture content, n is the total porosity, and no is the ineffective
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or irreducible porosity. Gardner (13) suggested expressing unsaturated

permeability as a function of soil moisture suction by an equation of the form:

(8a)

which can be written as:

where K is the unsaturated permeability, S is the soil moisture suction, m is a

parameter which has a value of approximately 2 for heavy soils and approxi

mately 4 for sands, and a and b are empirical parameters. Gardner also used

an exponential relationship between unsaturated permeability and soil
suction:

K • - (8c)

K-

K

a

b+S"

b

Some special cases of the relationship given in equation 8a had been sug

gested previously by Wind (45) and by Remson and Fox (36). Gardner and

Mayhugh (14) have suggested the following relationship for the hydraulic
diffusivity:

— = cxp[a(c-6)] (9)
Da

where Do is the value of the hydraulic diffusivity for the moisture content

c=b and a and b are experimental parameters.

Under steady state conditions with no loss or gain of moisture to the

atmosphere, the soil moisture profile will be in equilibrium. The moisture in

the unsaturated zone is held above the water table against the pull of gravity

by the soil suction; the curvature of the interface between soil air and soil

water allows the soil water to be at a pressure less than atmospheric.

In a steady percolation rate (q) from the surface to the water table, we have:

(10a)

or in terms of the hydraulic diffusivity:

q =K+D— (10)

The level above the water table at which a particular moisture content occurs
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can be determined from:

z= t -J^—dS (lla)

/« n r'm n

In a multilayered soil, the integration can be carried out separately in

each layer:

z= £ f ' J^Z~dS (12a)

„ fi n.

2= E / ~~Kdc (12b>

Since it is the soil suction that is continuous across the boundary between

layers, there will be discontinuities at the boundaries if the computation is

done in terms of moisture content.

The steady upward movement of water from below the water table to

provide a steady rate of evaporation (e), gives rise to a similar formula, except

that in this case we have:

(13a)
/

__ dc

and the solution is given by:

K (13b)
oz

(SJL

-r. K+e

dS (14a)

(14b)

If the water table is very close to the surface, there will only be a small

drying of the surface, and evaporation can occur at the potential rate. In the

case of a deep water table, however, the gradient necessary to move water up

from below the water table results in a high soil suction at the surface and,

consequently, a lower moisture content and a lower unsaturated permeability.

By using an empirical relationship between K and <S, it is possible to integrate

equation 14a and so predict the soil profile for capillary rise (36,37). A similar

calculation could be used to estimate transpiration by using a constant suction

at a given elevation to simulate root action.
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For the conditions of deep water table and high evaporation rate, it can be

shown that there is a limiting rate of evaporation which depends on the depth

of the ground water and the soil properties (13). Under some conditions, this

concept of a limiting rate of evaporation, depending not on climatological

data but on soil properties and conditions, may be of importance for the

modeling of the soil phase of the total catchment response.

Gardner has shown that if the unsaturated permeability can be assumed to

have the relationship with soil suction given by equation 8a, then for any

given value of m, the limiting rate of evaporation would be given by:

dim constant

where z0 is the depth of the water table below the surface. Evaporation may

take place at greater than this limiting rate, but if it does the water being

supplied from soil moisture storage rather than ground water storage and the

soil moisture distribution is not that of a steady state. Schleusener and Corey

(39) have reported experimental results indicating the existence of a maximum

rather than a limiting rate of evaporation from the soil surface and suggest

that this phenomenon can be explained by the effect of hysteresis.

Unsteady Movement of Soil Moisture

In practice, the soil moisture rarely attains an equilibrium profile. Rather

than having a constant rainfall rate or a constant evaporation rate at the

surface for a long period, we have alternating precipitation and evaporation

resulting in continual changes in the moisture profile and the unsteady move

ment of water either upwards or downwards in the soil. As hj'drologists, we

are largely concerned with conditions which occur when a dry soil is wetted

by precipitation at a higher rate than the average or when a wet soil is depleted

of its moisture content by an evaporation rate higher than average. As in the

case of steady downward percolation, or steady upward capillary rise, the

problems of upward and downward movement are essentially similar, and

techniques which work for one will be appropriate for the other. Due to

limitations of space, only the infiltration problem will be dealt with in the

present discussion.

It is important to distinguish between the infiltration capacity of the soil at

any particular time and the actual infiltration occurring at that time. Infiltra

tion capacity is the maximum rate at which the soil in a given condition can

absorb water at the surface. If the rate of rainfall or the rate of snowmelt is

less than the infiltration capacity, then the actual infiltration will be less than

the infiltration capacity since the amount of moisture entering the soil cannot

exceed the amount available. A number of empirical formulas for infiltration

capacity have been proposed in the literature. Those by Kostiakov (23),

Horton (19), Holtan (17), and Overton (29) are discussed below. The theo-
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retical formulas which are discussed are: the solution of the basic equation

on a constant diffusivity (4), the solution based for a constant profile (SO),

and Philip's general solution for the ponded infiltration case (SI).

The following notation will be used for both empirical and theoretical

formulas:

/= rate of infiltration capacity

/o= initial rate of infiltration capacity

/„= ultimate rate of infiltration capacity

/e= rate of excess infiltration (f—f,)

F= volume of infiltration

Fc = ultimate volume of infiltration

Fp= volume of potential infiltration (Fc—F)

Fe= volume of excess infiltration (F—fJ.)

Fce= final volume of excess infiltration (Fc—fc'l)

Fpt= volume of potential excess infiltration (Fet—Fe).

In the case of formulas for infiltration volume, the corresponding formula for

infiltration rate can be gotten by differentiation. In the case of formulas for

infiltration rate, the formula for infiltration volume can be gotten by integra

tion. All of the above definitions refer to infiltration capacity. If it is necessary

to distinguish it, the actual infiltration rate can be designated by /a and the

actual volume of infiltration by Fa..

As mentioned above, attention will be confined to the more important

empirical equations found in the literature. In 1932, Kostiakov (23) proposed

the following formula for the initial high rate of infiltration:

f-l («>)

where/ is the rate of infiltration up to the time when the infiltration rate would

be equal to the saturated permeability of the soil. Horton (19) suggested the

following formula for the rate of infiltration capacity:

/-/<=(/.-/<) exp(-*0 (17a)

/«=/o«exp(-fc0 (17b)

Holtan (17) suggested that the rate of excess infiltration in the early part

of a storm could be related to the volume of potential infiltration (Fp) by an

equation of the form:

f-fc=a(F,)" (18a)

or

f.=a(Fp)» (18b)

Overton (29) showed that for a value of n=2 in equation 18, the rate of
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infiltration could be expressed as a function of time in the following form:

(19a)

where te is given by:

^(^) (19b)
and is the time taken for the infiltration capacity rate to fall to its final

value fc.

We turn now from empirical formulas based on the analysis of field observa

tions to theoretical formulas based on the principles of soil physics. For a

soil whose moisture; characteristics and unsaturated permeability (or hydraulic

diffusivity) are known, equation 6 for the unsteady vertical movement of

moisture in a soil can be solved by numerical methods (22, 31, 38). We are,

however, more concerned with simplified mathematical formulations of this

particular problem.

One of the simplest models of infiltration into a soil (and the subsequent

downward percolation of the wetting front) is that obtained if the hydraulic

diffusivity is taken as constant (4) and, in addition, either the hydraulic

conductivity taken as a constant or the effect of gravity neglected. In this

case, we have:

_ dJc dc

D

Instead of taking elevation (z) vertically upwards from a datum, we express

our equation in terms of the depth of percolation downward from the surface

(x) so that we have:

_ d-c dc

D

For the problem of ponded infiltration into an infinitely deep soil, we have

the boundary conditions:

c=c, for t = 0, x>0 (20c)

c = c,, for t>0,x=0 (20d)

where c is the initial moisture content of the dry soil and c, is the constant

moisture content at the surface (usually, but not necessarily, c3at). Equation

20b is a linear parabolic equation of the diffusion type and has a solution of

the general form:

(21a)

which gives the moisture content (c) for a given depth of penetration (x) at a
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given time (/). The depth of penetration for a given moisture content can be

written as:

(21b)

The total amount of infiltration up to a given time t is given by:

F= P x-dc+Ko'l (22a)

where K<> is the unsaturatcd permeability corresponding to the initial moisture

content Co. Substituting equation 21b into equation 22a we obtain:

= f ' (22b)

This is clearly seen to give:

F=lxn- f ' <fc(c) dc+Kd (22c)
Co

which allows us to express the infiltration volume (F) as a function of time,

and of the initial and saturated moisture contents and the initial permeability:

F = *,(*,e.)/I/l+JW (23a)

It can be shown that <t>3 takes the form:

(In
() (23b)

v

Equation 23 is the infiltration capacity equation for the simple model of

constant diffusivity and constant permeability. On the basis of the definition

of hydraulic diffusivity in equation 4, this is equivalent to assuming that soil

suction is related to moisture content by:

that is, that the soil suction is a linear function of the moisture content. It

should be noted that the two parameters in equation 23a both vary with initial

moisture content.

As an alternative to assuming constant diffusivity and constant permea

bility, we can make the assumption that the diffusivity is constant but that

the permeability is a linear function of the moisture content, that is, that

4~=— (25a)

By inserting the relationship given by equation 25a in equation 4, we obtain
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a logarithmic relationship between soil suction and moisture content given by:

*■?•■* (t) (25b>
where

k-f* (25c)

For the model of constant diffusivity and linear permeability, equation 6c
can be written as:

_ cPC ,dc dc

D+k

which is the same as equation 20 except for the addition of the "convective"

term. It is still a linear equation and is similar in form to both the parabolic

(that is, diffusion analogy) form of the linearized equation for unsteady flow

in an open channel, discussed in lecture 9, and to the linearized equation for

unsteady ground water movement to be discussed later in this lecture. For the

same boundary conditions as given in equations 20c and 20d, equation 26a
has the solution:

1Aerfc \wmrA cxp {d )erfckvw (26b)
When converted from the form of equation 26b, which is appropriate to the

moisture profile, this solution gives for the rate of infiltration capacity:

Solutions to the problem of ponded infiltration have also been obtained by

assuming the hydraulic diffusivity to be a linear or an exponential function

of the moisture content (40).

In 1911, Green and Ampt (15) proposed a formula for infiltration into the

soil based on a model of uniform parallel capillary tubes. In fact, their approxi

mate treatment is not dependent on this specific model but merely on the

assumption that the advancing moisture profile consists of two parts—an

upper zone of higher moisture content (cj) separated from the original dry

soil (c=Ci) by a sharp discontinuity (5, SO).

The rate of flow through the upper part of the soil may be written as:

F=*2.<^2 (27a)



LINEAR THEORY OF HYDROLOGIC SYSTEMS 277

where <fc is the total head at the top of the column and is given by:

te=x+H (27b)

where x is the depth of penetration of the higher moisture content and H is

the depth of ponding on the surface. <tn is the total head immediately below

the discontinuous wetting front and is numerically equal to the suction (Sa)

at which air enters the soil medium. Consequently, equation 27a can now be

written as:

yK

L x

Since the upper part of the soil is assumed to have a constant mean moisture

content (cj), we can also write:

F=(c4_Cl)|| (27d)

Combining equations 27c and 27d we have:

* (_*L_Vl+*±*) (28a)
dt Xct-cJ \ x I

which integrated will give:

r / ~ \1

(28b)

This equation has the disadvantage that it relates the depth of penetration

(x) to the time (0 in implicit form. However, it can be seen from equation 26c

that the rate of infiltration is extremely high for small values of x and ap

proaches the value K* for large values of x.

A more complete theory of infiltration allowing for concentration-dependent

diffusivity and for the gravity term has been developed by Philip {SI). Philip

showed that the equation for the depth of penetration of given moisture

content can be represented by the series:

t'li+ am(c)tmli+ (29)

and states that, for the range of t and of values of D and K of interest to soil

scientists, the above series converges so rapidly that only a few terms are

required for an accurate solution. Equation 21b developed above for constant

diffusivity and constant permeability is seen to correspond to the first term

of equation 29.

As for the simpler model, the volume of infiltration can be obtained by

integrating the depth of penetration over the range of change in moisture
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content. For the present model this gives:

x-dc+Kj (30a)

*"=/ la1(c)P/*+ai(c)t+a3(c)t)/i+ ^dc+Kjt (30b)
JCo

which converges except for very large values of /. Philip suggested that for
most practical purposes only the first two terms are required so that we can
write:

(31a)

where S is called the sorptivity and is given by:

/'tat

ai(c) dc (31b)
CO

and the second parameter A is given by:

A=KB+f at(c)dc (31c)
<0

In a series of papers, Philip (3/, 32) discussed the implications of the
solution given by equation 30, the nature of the surface profile, the effect of
surface ponding, and other factors.

It must be emphasized that the solutions given above are all for one par
ticular formulation of the infiltration problem. In every case, the analysis is

made on the basis of an infinitely deep soil profile with a uniform initial
moisture content, into which infiltration takes place as a result of the satura
tion of the surface. Such a stylized case would have to be modified in several

respects before it would correspond closely to conditions in actual catchments.
In practice, the theoretical solution would be modified by the presence of a
water table at some finite depth, by the actual moisture distribution in the

profile at the instant that the surface is first saturated (which would depend

on the previous history of moisture distribution and movement in the profile),
by distinct layers in the soil profile which might give rise to interflow, on the
possibility of shrinkage and swelling in the soil, and so on. Nevertheless, as in
so many other instances in hydrology, a simple model can be adopted to get a

feel of the phenomena under study and then be used as the basis of a more
complex model.

Comparison of Infiltration Formulas

It is interesting to compare with one another the mathematical equations
for ponded infiltration based on various simplifying assumptions and to relate
them to the empirical equations which have been suggested. This is done in
the present section for the theoretical and empirical equations mentioned
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earlier. Finally, an attempt is made to relate the mathematical simulation of

infiltration to possible conceptual models of infiltration to explore the possi

bility of using conceptual models in the soil moisture phase of the hydrologic

cycle.

The first comparison made is for initial infiltration rates, that is, for the

form of the mathematical equations at small values of t. For the model based

on constant hydraulic diffusivity and constant saturated permeability, the

infiltration rate—which can be obtained by differentiating equation 23—is

given by:

t+K (32a)

The infiltration rate is seen to vary inversely with the square root of the time

elapsed and to vary directly with the difference between saturated and actual

moisture content (that is, with the volume of pore space available).

The infiltration rate for the model based on constant hydraulic diffusivity

and a linear variation in unsaturated permeability with moisture content is

given in equation 26c. For small values of t, this equation can be expressed

(81) in the following form:

\ (32b)

If only the first two terms are used, this becomes:

/=(c.at-Co)iy/-H ^ (32c)

It can be seen by comparing equations 32a and 32c that if the constant un

saturated permeability in the first model is taken as the mean value of the

initial and the saturated permeability, the infiltration rates will be identical

for those small values of the time in which the series within square brackets in

equation 32b can be adequately represented by the first two terms.

For the Green and Ampt model, the infiltration for small values of t and,

hence, small values of x can be obtained by neglecting 1 in the last term within

the brackets in equation 28a and then integrating to obtain:

x=y]-^—(H+S,)'2t (32d)

By differentiating the latter equation and substituting the value in equation

27d, we obtain for the infiltration rate:

/(cj-c)(JCi)(&+g)" (32e)

An interesting comparison between the Green and Ampt model and the
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model based on constant hydraulic diffusivity and constant unsaturated

permeability can be made as follows. If the concentration difference in equa

tion 32a is taken under the square root sign, it will appear as squared. The

model of constant diffusivity and permeability in equation 24 implies a specific

relationship between soil suction and moisture content indicated by that

equation. Accordingly, one of the two equal factors of (c,at—c0) under the

square root sign can be replaced by K.SO/D so that we have for the infiltration
rate:

(Ct— l

—"vt '' " <32f>

thus indicating a close similarity between the two models.

Finally, the behavior for small values of I of Philip's general solution for

ponded infiltration can be examined. Philip (32) suggested that for practical

purposes only the first two terms of equation 30 need be retained and that the

equation can be written in the form of equation 31a. The infiltration rate

corresponding to this equation is given by:

in which the parameter S is termed "the sorptivity."

All four models are thus seen to give closely similar solutions for the initial

period of infiltration and to correspond to the empirical equation proposed by

Kostiakov in equation 16, with the special value of b=yz. From a systems

viewpoint, it would appear that the high infiltration rates at the start of a

storm could be represented by equation 32g with the sorptivity (S) and the

ultimate infiltration rate (A) as parameters to be determined.

A comparison can also be made between the behavior of the different models

at very large values of i. For the constant diffusivity and constant permea

bility model, the ultimate infiltration rate is given by the constant value of

the permeability K. For the model based on constant diffusivity and linear

variation of unsaturated permeability, the general solution given in equation

26c has the following form for large values of t (33):

-j -expf-—J+^at (33)

For very large values of t the exponential term will render the first term on the

right-hand side of equation 33 negligible, and give as the ultimate value of the

infiltration rate the saturated permeability Kaai.

It is clear from the above discussion that all of the models are compatible

with the equation proposed for practical use by Philip and given in equation

32g. However, in linear models the indication is that the first term will be
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proportional to the difference between the saturated moisture content and the

initial moisture content. Accordingly, it is suggested that a convenient formula

for use in the simulation of infiltration might be:

. a(c»at—Co)
/= ^ +/. (34)

Using the form of equation 34 rather than equation 32g would enable us to

allow for the effect of varying initial moisture contents in the synthesis of a

catchment response. For any storm event, the initial moisture content would

be available from the soil moisture accounting.

Overton {29) has shown that a number of infiltration equations can be

derived by postulating a relationship between the rate of infiltration (or excess

infiltration) and the volume of either actual or potential infiltration (or excess

infiltration). Thus, we can write each of the models for infiltration in terms

of the variables listed. Thus, if we write:

/-J (35)

we are using the assumption that the rate of infiltration is inversely propor

tional to volume of infiltration up to that time. Equation 35 can be readily

integrated to give:

F=y/2at (36a)

or

"»« (36b)

which is the Kostiakov formula for b=}4- Similarly if we write:

/.=! (37a)

that is

/-/«=| (37b)

the solution can be shown to be:

which is of the same form as the Green-Ampt solution.

If the rate of excess infiltration is taken as inversely proportional to the
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volume of excess infiltration, as follows:

f*-~ (38a)
I'e

or

l-l-^Ji (38b)

then the solution is:

F= VZU+U (38c)

which is Philip's equation 31a with:

S=V2a (38d)

A=fc (38e)

It would be interesting to sec if a rate-volume equation could be found that

would give additional terms in Philip's general solution.

If we relate the rate of infiltration to potential infiltration volume, the

simplest equation is:

f=aFp (39a)

or

(39b)

(39c)

] (39d)

(39e)

fc=aFp (40a)

is equivalent to equation 39 since it reduces to:

f=fo-aF (40b)

and, hence, it also has the solution:

/=/o-exp(-aO (40c)

The more general relationship:

fe=aFpe (41a)

or

f-fc = a(Fce-Ft) (41b)

or

which has the solution:

and

Assuming the relationship

f=a(Fc-F)

f-fo-aF

F=-f"l — exp(-
a

/=/o-exp(-oO
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or

f-f*=f*-fc-a(F-U) (41c)

has the solution:

/-/c= (/«-/<) exp(-a() (41d)

which is the Horton equation. Finally the relationship:

/e=afy (42a)

is the relationship proposed by Overton himself which gives:

/=/c-sec'[Vq/;a-0] (42b)

as given earlier in this section.

Apart from its intrinsic interest, the formulation of the infiltration as a

relationship between a rate of infiltration and a volume of actual or potential

infiltration would appear to have many advantages in the formulation and

computation of conceptual models of the soil moisture phase and the simula

tion of catchment response.

We are familiar with the concept of a linear reservoir as an element in which

the outflow is directly proportional to the storage in the reservoir. Equation

39a represents an element in which the inflow is proportional to the storage

deficit and, hence, might be considered as a special conceptual element to be

known as a linear absorber. The relationship indicated by equation 41a could

be considered as consisting of a linear absorber preceded by a constant rate of

overflow, which diverts moisture at the rate fc around the absorber and feeds

into the ground water reservoir even when the field moisture deficit is not

satisfied. By analogy, equation 35 might be considered as being represented

by a second type of conceptual element in which the inflow into it is inversely

proportional to the amount of inflow which has taken place. For want of a

better name, this might be referred to as a linear inverse absorber. Much

work remains to be done in this area, but there are indications of the track

to be followed.

Basic Equations of Ground Water Flow

Even though linear solutions have been widely used in ground water

hydraulics, until recently there has not been a deliberate treatment of ground

water response as a linear system. An assumption frequently made in applied

hydrology has been that the ground water reservoir acts as a single linear

storage element. This assumption is implicit in the fitting of exponential

recession curves to hydrographs and the plotting of falling hydrographs on

semilog paper. Such a model is an extremely simple one, and we certainly have

available the techniques to go beyond it. If we wish to tackle the ground water

phase in the same way in which we tackle the surface runoff phase, then we

should make the assumption that the ground water system is a linear system
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and not that it is just a particular highly simplified, single-element, linear

system. If we do so, we have available all the techniques of linear analysis and

synthesis. We can derive a "ground water unit hydrograph" provided we

know the ground water recharge and the ground water outflow.

From the point of view of synthesis, we can learn from what has been done

in the simulation of the surface runoff phase of the hydrologic cycle, but we

should beware of following too slavishly the approaches and the models

developed in that particular field. If we are to simulate successfully, we must

understand the physical hydrology of ground water flow and make use of

existing knowledge in this field so that our models can be as "realistic" as

possible. This section gives a very brief review of the basic equations of ground

water flow, and then discusses a linearized solution of a special case of ground

water flow and the possibility of simulating this solution by conceptual

models.

The basic equations of ground water flow are well-established and can be

studied in standard works such as Muskat {28), Polubarinova-Kochina (35),

Luthin {26), Harr (16), deWiest (JO), and Bear, Zaslavsky, and Irmay (/).

Just as in open channel flow, we avoid the difficulties inherent in the analysis

of two-dimensional flow by reducing our problem to one based on the assump

tion of one-dimensional flow. With this assumption, the equation of continuity

for horizontal flow through soil in a saturated condition is:

S+'ST-^ (43)
where q is the horizontal flow per unit width, h is the height of the water table,

/ is the drainable pore space (which is assumed to be constant), and r(x,t)

is the rate of recharge at the water table.

The assumption that the stream lines are all horizontal and the velocity

uniform with depth is known in ground water hydraulics as the Dupuit-

Forchcimer assumption. For these conditions, Darcy's equation:

V=-Kgrad<t> (44a)

reduces to

V—Kt (44b)
where K is the hydraulic conductivity (usually assumed to be constant) and

gives us the following relationship between flow and height of water table:

g=-Khfx (45)

Substitution from equation 45 into equation 43 gives us the differential
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equation:

dh

O-Zjj- (46)

For a set of parallel drains or parallel trenches, which are a distance S apart

and which are subject to a constant rate of recharge at the water tables, the

equilibrium situation is given by:

d_

dx

with the boundary conditions given by:

z = o or S, k=d (47b)

where d is the depth of water over the parallel drains or the depth of water in

the parallel trenches, whichever is appropriate. This nonlinear equation has

the solution:

which is known as the ellipse equation.

It must be remembered that equation 47 is based on the Dupuit-Forcheimer

assumptions and is only correct if the flow can be validly approximated by a

purely horizontal flow; if the drains or the trenches do not penetrate to the

impervious layer, or if the depth (d) is small, the assumption ceases to be

reasonable. The various solutions proposed for dealing with the problem as a

two-dimensional flow may be reviewed in Luthin {26) or in a review paper by

Kirkham {21). In our discussion of both steady and unsteady flow, we will be

content to take the Dupuit-Forcheimer assumptions and the solutions derived

from them as the basis of our discussion.

The problem of the recession of the water table after cessation of recharge

is an important one in drainage engineering and has been widely studied. A

recent review of work in this field has been given by van Schilfgaard {43). As

in other fields, the first attempt is to seek a linear solution. There are two ways

in which equation 46 can be linearized. In the first and more common lineariza

tion, the water table height inside the bracket in the first term of equation

46 is frozen at some parametric value {h) and then removed outside the second
differentiation with respect to x, thus giving:

In the second form of linearization, A* is used as the dependent variable

instead of h and an equivalent parametric value of h is used to adjust the term
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on the right-hand side of equation 46:

Though the first linearization given by equation 49 is the more common

form, the second one given by equation 50 has the advantage that for the

steady state it gives the ellipse equation of equation 48, which is the correct

nonlinear solution, whereas equation 49 gives a parabolic shape to the water

table for the steady state condition. Both equations 49 and 50 arc parabolic in

form and can clearly be solved by the techniques which have proved successful

in the analysis of problems in heat flow and of "diffusion-type" problems

(2,9).

Equation 49 for the initial condition of a level water table h = h0 was solved

by Glover1 (Also, see reference 12 by Dumm)\vho obtained:

(A

71

v fS1 I

where

h = elevation of water table above impervious layer

d= elevation above the impervious Ia3rer of water surface

in trench (or above drain)

Ao= maximum elevation of water table

x = horizontal distance from trench or drain

S = spacing of trenches or drains

K = saturated permeability of soil

t = time elapsed since start of recession

/= drainable pore space

Kraijenhoff (24) has pointed out that the soil and drainage characteristics

in equation 51a may be grouped together into one parameter, which he defined

as the reservoir coefficient j:

so that Glover's solution can be written as:

4(ftod) ^, sin(mrj/.S) / t\
h—d= V expl—n2-) (ole)

w n-i.j n \ 3/

Kraijenhoff also pointed out that Glover's solution was the solution for a

1 Glover, R. E., and Bittinger, M. W. source materials for a cource in transient

oroundwater hydraulics. Colo. State Univ. 1059. [Mimeographed.]
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finite volume of recharge in an infinitesimal time and consequently equation

51c represents the impulse response of the ground water system.

If we adopt the second linearization instead of the first, a similar equation

can be obtained, except that it will be in terms of /i2 rather than h. The diffi

culty about conflicting predictions of the shape of the water table profile does

not affect us in our study of the recession of outflow. The outflow to a drain

or a trench is given by:

o (52a)

In the first linearization, q is given by:

q = -Kh-=-Kk- (52b)
dx dx

and in the second equation, q is given by:

so that in either equation we obtain for the discharge:

q = 2L expl-ra2-] (o3a)
O n_l,3 \ 3/

If the initial height of instantaneous recharge (ho—d) is expressed in terms

of the volume of recharge, the drain spacing, and the drainable porosity of

the soil, we have:

8KiiV A / ,<\ .....
? =—— £ exp(-n2-) (53b)

«70 n-1.3 \ 3/

so that for an instantaneous input of unit volume we have as the impulse

response:

LL(D (54)
Obviously as t becomes large, the first term in the infinite series will dominate,

and the outflow will approximate that from a single linear reservoir. For small

values of I, however, the other contributions cannot be neglected, and for a

value of I equal to zero, they are all equal and add up to an infinite initial

value of h(t).

The response function given in equation 54 has been normalized to have

unit volume, and its moments can be shown to be:

C/,' = fci=^-j (55a)
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^ k ^ (55b)

311T6

*-fc-iW20* (55C)
The shape factors for the Glover solution as given by equation 54 calculated

from equations 55a to 55c as:

s2 = 7=1.40 (55d)
0

124
sj = -=7-=3.54 (55e)

If moment matching were taken as a criterion, then simulation of the Glover

solution by a cascade of linear reservoirs (that is, by the gamma distribution)

would require a value of n = 0.7 and a value of K = 1.15.

Note that if equation 54 were plotted on semilog paper, the first term would

plot as a straight line and the other terms would only make contributions at

small values of t. Following the lines of classical hydrology, we might be

inclined to interpret such a result as indicating that the first term was the true

baseflow and that the contributions due to the other terms represented residual

interflow or surface runoff. If we took the straight line on the semilog plot as

the baseflow, we would in fact truncate the infinite scries of equation 54 and

use only its first term in forming our implicit model. Such a procedure would

have the further defect that we would take the lag of the system as equal to the

reservoir coefficient j rather than the value given by equation 55a. The work

which Kraijenhoff has initiated in applying the systems approach to the

ground water phase is most important in so far as it indicates the likelihood

of considerable progress if the techniques of parametric hydrology developed

for the surface water part of the cycle are applied to the ground water.

Even if we wish to persist with the model of a single linear reservoir (that

is, the first term only of the Glover-Kraijenhoff equation), then we can

extract more use from this assumption than is normally done. If we assume

that the recession for the ground water phase of our watershed is given by:

(56a)

then we arc in fact assuming that the ground water reservoir acts as a single

linear reservoir where we have:

S=K-Q (56b)

If such a system is subjected to recharge at a uniform rate {It), then the
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ground water outflow during recharge will be given by:

Q (56c)

where the time origin is taken at the start of recharge. If the recharge ends

after a time D, then the ground water outflow at this time will be:

(56d)

Both before and after the recharge, the ground water outflow will follow the

master recession curve. The outflow given by equation 56d is the same as

would have been given if there had been an instantaneous increase in dis

charge at a time t=0 of an amount:

which would then recede along with the initial outflow. Assuming for the

moment that there were no thresholds in the system and that recharge were

taking place directly to ground water, equation 56e could be used together

with a plot of ground water outflow and a knowledge of the volume of recharge

to determine the rate and duration of recharge. Quite apart from this aspect

of analysis, equation 56c indicates that the separation between ground water

and direct storm runoff should be taken as a curve which is concave down

wards rather than as a straight line.

The discussion given above for the recession of the water table deals with

horizontal flow overlying a horizontal impervious layer. The analysis can be

adapted to flow over an inclined impervious layer, but still retaining the

Dupuit-Forcheimer assumptions and the linearization of the equation. If the

slope of the impervious layer is taken as a, then equation 45 must be modified

to give:

<--»(£-) (57a)

where h is still the elevation of the water table above the impermeable layer,

which has a downward inclination of a to the horizontal. Similarly, equation

49 must be modified to give:

Kt£-Ka£+rM-f£ (57b)
ox- ox at

This is still a parabolic linear differential equation and resembles in form the

convective diffusion equation, which has already been encountered as a model

of unsteady flow in an open channel. Thus we see that the same model can be
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used to simulate unsteady flow in an open channel, unsteady flow in the un-

saturated zone, and unsteady flow in the saturated zone.

Other simple models can be devised for the recession of ground water flow.

Thus we could estimate outflow on the basis of a succession of steady states in

each of which the ellipse equation was assumed. The relationship between

discharge and the water table for the ellipse equation is given by:

q=4-£ (*»„.«-#) (58)
s

while the storage above the water level in the drains or trenches is given by:

F=/.- (Aroax-rf) (59)
4

Two successive values of /imax could be taken and the difference in storage

computed from equation 59. The average rate of outflow could then be

approximated from equation 58 for a value of /imax half way between the two

assumed. Division of the change of storage by this mean rate of outflow would

give an estimate of the time taken for the level to fall by the amount assumed.

For the combination of a very deep trench and a shallow rise of water table,

as follows:

^«1 (60a)
a

equation 58 could be written as:

Q=— h(hmax-d) (60b)

Comparison of equation 60b with equation 59 indicates that storage is propor

tional to outflow so that we would in fact get an exponential recession with

the recession constant given by:

K = J- =y~=—-J (60c)

For a steep rise in water table in a shallow trench, that is, for:

-^»1 (61a)
a

equation 58 becomes:

Q=^-h\nax (61b)
o
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and equation 59 becomes:

V=J—-hmax (61c)

so that the outflow is proportional to the storage squared:

Q=—-t— (61d)

For intermediate conditions, it should be possible to simulate the recession

with fair accuracy by treating the ground water system as a nonlinear reservoir

with the outflow proportional to some power of the storage:

Q = a{V)e (62)

where c has a value between 1 and 2.

The above discussion was not only based on a simplified analysis of ground

water storage and flow, but it has also disregarded the linkage between ground

water flow and the other phases of the hydrologic cycle. Space precludes a

discussion of the work that has been done in this regard. However, the ap

proach which has been outlined above can also be applied to such problems

as the recharge of bank storage due to an increase in channel flow and the

subsequent recession after the channel flow has diminished (8, 42), and the

interaction of ground water with the unsaturated zone and with the at

mosphere (3,11).

Problems on Subsurface Flow

1. Look up in the literature empirical results for the values of the soil

suction and the unsaturatcd permeability for a number of soils of different

types. In each case, derive the hydraulic diffusivity from the data. Compare

the absolute values, the range of values, and the variability of each of these

soil moisture parameters according to the different types of soils.

2. Fit the empirical equations mentioned in the text to the data of the

last problem. Compare the ability of the different formulas to represent the

data.

3. For the soils for which you have obtained or derived data, tabulate or

graph the equilibrium moisture distribution for various depths of ground

water. Calculate the effect on this distribution of differing rates of percolation

to the ground water or evaporation from the ground water, assuming steady

state conditions.

4. Show that equation 15 for the limiting rate of evaporation from ground

water can be derived from the assumption of the relationship between con-
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ductivity and soil suction in the form given by equation 8a. Derive the value

of the numerical constant in equation for » equal to 2, 3, and 4.

5. For the data used in problem 1, calculate the rate of evaporation for

different values of soil suction at the surface for three assumed depths of

ground water.

6. The text stated that for the assumption of constant diffusivity and

constant permeability, the moisture content during unsteady infiltration can

be represented as a function of x^/t. Find the form of this function. Use your

answer to find the value of the coefficient of the first term in the infiltration

equation for constant diffusivity for a number of different values of the

moisture content.

7. Derive an infiltration equation from a relationship between rate of

infiltration (or excess infiltration) and either actual or potential infiltration

(or excess infiltration) other than those mentioned in the text. Compare the

derived equation to the standard equations.

8. Compare a number of infiltration formulas. What are the assumptions

underlying the different formulas? How would you fit each of the formulas

to the data given in Appendix table 9?

9. Compare the solutions given in the literature for the steady outflow of

ground water in equilibrium with a constant rate of rainfall or infiltration.

Compare the solutions for a given set of conditions, and discuss critically

which solutions you consider would be the most accurate.

10. Compare the solutions given in the literature for the recession of the

maximum water table level. Compare the assumptions made and the effect of

the assumptions on the solution. Which solution would you consider to be the

most accurate?

11. Using either a steady state solution or a water table recession solution

other than those treated in the text, derive an expression for the recession of

ground water outflow. Compare this solution with the solutions already

derived.

12. Compare the various solutions for the recession of ground water outflow.

Contrast the assumptions made and the effects of these assumptions on the

form of the solution and on its accuracy.

13. Express the one-dimensional unsteady equation for ground water

outflow in the appropriate finite difference form for setting up the problem for

solution by direct analog. Show that this formulation is equivalent to a series

of linear storage elements, each one causing backwater on the one before.

14. Show that the system of backwater storage elements derived in the

last problem can be represented by an equivalent simulation system of linear

storage elements without backwater.

15. Represent one of the unsteady state solutions by a model consisting of

linear storage elements.
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16. List the various methods for the separation of base flow from the total

hj'drograph which have been proposed in the literature. Indicate the physical

justification, if any, for these various methods. Rank a few of the methods

which you think are most accurate in order of their probable accuracy.
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LIST OF SYMBOLS

The following list of symbols should be used as a guide to assist the reader

in recognizing commonly cited variables, rather than as an exhaustive listing

of all symbols used. In some cases, the number of the lecture in which a symbol

is used in a particular sense is indicated in parentheses. This list does not

include symbols used once or twice in a particular sense and defined where so

used. Neither does it include symbols used to denote systems parameters or

parameters in formulas except where such parameters are the subject of

discussion.

A superficial area of catchment.

A cross-sectional area of channel (9).

At a Fourier coefficient of output (5, 6).

B base length of unit hydrograph (8).

Bt a Fourier coefficient of output (5, 6).

C capacitor in analog circuit (1,7).

C coefficient of runoff (4, 8).

C coefficient in Chezy formula (10).

Ck coefficient in expansion of output.

D unit period of rainfall excess.

D differential operator (3).

D dimcnsionless length factor (9).

D hydraulic diffusivity (9, 10).

D duration of recharge (10).

E evaporation.

E( ) error criterion.

F volume of infiltration capacity.

F Froude number (9).

Fa actual volume of infiltration.

F(s) Laplace transform of/(0-

F(u) Fourier transform off(l).

f\z) Z-transform of/(0-
FD(s) bilateral Laplace transform.

Fi(u>) imaginary part of F («).

Fr(u) real part of F(w).
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[/f] convolution matrix of system response.

// available energy (2, 7).

H depth of ponding (10).

II (s) system function, that is, Laplace transform of h(t).

H(u) Fourier transform of impulse response.

7 rate of inflow to channel reach.

/ 24-hour rainfall (7).

7i[ 2 modified Bassel function (9).

K storage delay time.

K hydraulic conductivity (2, 10).

KR( f). ...Rth cumulant of/(<).

L length of channel.

La, length to center of area (8).

Lo length of overland flow.

Ln(l) Laguerre polynomial.

M duration of continuous input (1, 5).

Mn(s).... Mcixner polynomial (3, 6).

N memory length of system.

P precipitation.

P duration of output (1, 5).

Pi unit pulse of duration D(l).

Pe precipitation excess.

Q runoff, flow, outflow.

Q energy (2).

Qb base flow.

Qtt ground water flow.

Qi interflow.

Qmax peak discharge.

Qa overland flow.

Q, direct storm response (surface flow).

R recharge to ground water.

R resistance in analog circuit.

R hydraulic radius (9).

R2 multiple correlation coefficient (7).

RO runoff.
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S storage in reach, storage.

S slope.

S soil suction (10).

S/ friction slope (9).

SB ground slope.

So channel slope.

S(t) S-curve, S-hydrograph.

T transpiration (2, 7).

T length of time series (5, 6).

T period of repeated function (5, 6).

T time of virtual inflow (8).

Tm mean temperature (1, 7).

U(t) unit step function.

t/«(/)... .J?th moment of/(<) about center.

£/«'(/) #"" moment of/(/) about origin.

U.H unit hydrograph.

V velocity.

V volume of runoff.

matrix of input values.

volume of input in unit period.

]r transpose of X.

X(s) Laplace transform of x(t).

X{w) Fourier transform of x(t).

Ok Fourier coefficient of input.

bk Fourier coefficient of input.

Ck coefficient in expansion of input.

e vapor pressure.

/ rate of infiltration capacity.

/ specific yield, that is, drainable pore space (2, 10).

/a actual rate of infiltration.

f(t) arbitrary function of time (3, 5).

/„(<) nth order Laguerre function (3, 6).

fn(s) nth order Meixner function.
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gn(t) function orthogonal under integration.

gn (s) function orthogonal under summation.

h(t) impulse response function.

[h] vector if impulse response ordinatcs.

ho(t) pulse response.

hi ordinate of unit hydrograph.

Aopt optimum linear response.

Ao(O instantaneous unit hydrograph (IUH).

i precipitation intensity.

i(x,t) rate of distributed inflow (2).

m time at start of final period of rainfall excess (m = M—D).

ms dimensionless moment.

n length of finite-period unit hydrograph (n=N+D).

p length of output for discrete-time (p=P).

q(x,t) discharge per unit width.

qe equilibrium discharge.

go reference discharge (9).

r(xit) rate of lateral inflow.

r(t) residual error (5).

[r\ vector of residual errors (6).

s discrete time variable.

s complex argument of Laplace transform.

sr shape factor, that is, dimensionless cumulant.

t continuous time variable.

tc time of concentration.

tt time to equilibrium.

tL lag time.

to characteristic response of flow (9).

It time to peak.

u(x,t) velocity of flow (9).
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x distance along channel (9).

x depth below surface (10).

x, ordinate of input.

x(<) continuous input function.

ji| vector of discrete inputs.

x(sD) discrete input function.

y(l) continuous output function.

y, ordinate of output.

\y\ vector of discrete outputs.

y(sD) discrete output function.

y(x,t) depth of flow in open channel.

at Fourier coefficient of system response.

Pk Fourier coefficient of system response.

Smn Kronccker delta.

<(> hydraulic potential.

4>ix(k) discrete autocorrelation function.

<ki(r) continuous autocorrelation function.

<l>iU(k) discrete cross-correlation function.

<t>zv{r) continuous cross-correlation function.

7t coefficient in expansion of system response.

fiR Rth moment.

od discrete time variable.

t continuous time variable.

w argument of Fourier transform.

APPENDIX TABLES

Table 1.—Continuous functions

No. Function Range

1 1 0<«2

0 elsewhere

2 t/A 0<t<2

\-t/4 2</<4

0 elsewhere

3 t/5 0«<2

2 2(
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Table 1.—Continuous funclions—Con.

No. Function Range

4 125-75 cosl —) -««<»
\48/

5 125-75 cos(-) 0<t<86
\48/

0 /n,ln+(/|.K-/n,!0)sin(^J 0<(<T

7 exp(-l/Jfc)

8 «/*>p«?
(n —l)!fc

9 ■yJ- exp(-aP) -<»«<oo

,0 ?2*=2

11 !r,exp(-//2)
o!

12

13

14 l0f(l-0exp(l-0

15 4*exp(8"°~^

10 (a) ^(2-()exp(9-() 0<«l

+(('+3t+4)exp(l-0

301

+(11-30
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Table 2.—Discrete functions

No.

1 .

2

3

4

5

6

7

8

9

10

11

12

13

14

is

16

17

18

19

Function

■ (2, 1)

■ (6,4)

• (2, 6, 1)

. (0, 4, 14, 8, 1, 0)

. (0, 4, 11, 8, 1, 0)

. (1,5,2,2)

. (0,2,4,2,0)

. (0, 3, 6, 4, 2, 0)

. (0, 2, 4, 3, 2, 1, 0)

. (0, 1, 3, 3.5, 2, 0.5, 0)

. (6, 22, 33, 26, 11, 2)

. 125—75 cosl — J

■ i2s-75«*(s)

(s/k)n~l exp( —s/k)

Range

— » <« < »

0<s<96

0<s<7'

0<s<»

0<s<»

0<s<»

0<s<»
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Table 3.—Daily rainfall and average daily flow, Big Muddy River,

Plumfield, III. (area 753 sq. ml), April 19271

Day Rain Runoff Effective rain Unit graph Runof!

Inches Percent Inches Cusecs Cusccs

1 0.45 15 0.008 1,950 (132)

2 2,590 (170)

3 : 3,370 (229)

.1 3,870 (203)

5 .25 15 .037 3,540 (312)

0 2,470 (204)

7 .16 17 .027 1,310 (167)

8 .38 27 .102 610 (553)

9 .25 320 .080 350 (666)

10 .85 520 .440 160 (1,615)

11 .15 55 .083 80 2,116

12 1.22 72 .880 0 4,201

13 .87 70 .000 6,188

14 1.01 81 .820 8,580

15 .51 83 .423 10,229

16 .58 80 .500 11,481

17 10,924

18 .05 80 .040 9,375

19 .16 81 .130 7,355

20 .04 81 .033 5,196

21 .09 82 .074 3,500

22 .03 82 .025 2,377

1 Sherman, L. K. stream flow from rainfall nr the unit-qhaph method. Engin.

News-Rec. 108: 501-505. 1932.
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Table 4.—Data for Ashbrook Catchment

Date and time Effective rain Storm runoff

(hours)

March 26:

15

18

21

24

March 27:

3

6

9

12

15

18

21

24

March 28:

3

6

9

12

15

18

21

24

March 20:

3

6

9

12

15

18

21

24

Cusecs

1,820

3,530 .

8,330

Cusees

o

30

34

080

1,320

1,280

1,280

1,100

1,040

910

790

680

580

480

390

320

280

240

210

180

155

135

115

100

85

70

65

00



LINEAR THEORY OF HYDROLOGIC SYSTEMS 305

Table 4.—Data for Ashbrook Catchment—Con.

Date and time Effective rain

(hours)

March 30:

3

6.... ...

9

12

15

18

21

24 . .

March 31:

3

6

Storm runoff

55

50

45

40

35

30

25

15

5

0



Cusc

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

[fiv= 1st moment; Fo =

*>

2.7058

2.7058

2.7058

2,7058

2.7058

2.7058

2.7058

2.7058

2.7058

6.9268

6.9268

6.9268

6.9268

6.9268

6.9268

6.9268

6.9268

6.9268

8.7668

8.7668

8.7668

8.7668

8.7668

8.7668

8.7668

8.7668

8.7668

F.

0.125

. 125

.125

.125

.125

.125

.125

.125

.125

.512

.512

.512

.512

.512

.512

.512

.512

.512

.729

.729

.729

.729

.729

.729

,729

.729

.729

Tahle 5.—Data on linear

Froudc tuimber; »SO

So

1

1

1

5

5

5

25

25

25

15

15

15

100

100

100

400

400

400

35

35

35

200

200

200

900

900

900

L

50

200

500

5

50

200

5

50

200

5

50

200

5

25

UK)

1

5

10

5

10

25

1

2

5

1

2

5

=slope (ft. per

JC,

12.3192

49.2769

123.1922

1.2319

12.3192

49.2769

1.2319

12.3192

49.2769

.4812

4.8122

19.2489

.4812

2.4061

9.6245

.0962

.4812

.9624

.3802

.7604

1.9011

.0760

.1521

.3802

.0760

. 1521

.3S02

channel response

mi.); £,-length

63.7364

254.0457

637.3613

1.2747

12.7473

50.9891

.2549

2.5494

10.1978

.02533

.2533

1.0131

.0O3S0

.01900

.0700

.0001900

.OOO949S

.001900

.00535

.01071

.02077

.0001874

.0003748

.0009370

.00004164

.0000833

.0002082

(miles)

9S5

3941

9853

3

39

157

1

6

; Kn = nht cumul.int|

K,

.3879

.5516

.S7SS

.9416

.4155

.6621

. 1577

.5766

.3005

.003718

.03718

.1487

.00008367

.0004183

.001673

.000001046

.000005229

.00001046

.0001915

.00038:*

.0009576

.000001173

.000002346

.000005865

.00000005793

.0000001159

.0000002897

A',

26015.39S

104061.60

260153.98

20.8123

208.1232

832.4928

. 1665

1.6650

6.660

.001399

.013996

.0560

.000004724

.00002362

.00009447

.00000001476

.0000000738

.0000001476

.0000289

.00005773

.0001443

.00000003091

.0000000618S

.0000001547

.0000000003395

.0000000006790

.00000000170

CO
o

O

?

a

r

a

Ew
2

o

w

-

o
•=3

a

2
o
d
r;

a

g
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Table 6.—Characteristics of a standard 100-

square-mile basin1

Item A1 B C1

Area (square miles) 10 100 1,000

Channel slope (feet per mile).. 100

Ground slope 400

Tributary angle 75°

Drainage density (miles per

square mile) 1.25

Length of overland flow

(feet) 2,200

Stream order '.. 4-5

Bifurcation ratio 3

Length ratio 2.5

Length to center of area

(Lea) (miles) 11

Length of channel (L) (miles).. 22

Width of basin (W) (miles)... 9

1 DOOGE, J. C. I. SYNTHETIC UNIT HYDROGBAPIIS I1ASED

on TrtiANGULAit flow. M.S. Thesis. Iowa State Univ.

June 1956.

1 These columns are to be filled in by the user or student

in working problems.
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Table 7.—Geomorphic parameters of a simulated

basin*

Characteristics of drainage pattern:

Designation No. Area Length1

Square Afiles

miles

Unit watershed 385 0.05 0.33

Sub-subwatershed 49 .35 .87

Subwaterehed 7 2.75 2.87

Total watershed 1 21.35 8.09

Channel sizes:

6=6.79 A'** n=0.04

2 = 1.92 AtM 5=0.003155 A-*■*>

Surface characteristics for computing overland flow:*

800 feet by 1,750 feet=0.05 sq. mi.

Overland slope =10.2 percent

L =400 ft.

n =0.2

Rising hydrograph by Morgali.

Recession linear.

Assumed conditions for channel routing:

(a) In first-order channels, translation of overland

flow to outlet of sub-subwatershed at equi

librium velocity.

(b) Initial flow, 4.9 cusecs/sq. mi.

Channel uniform between junction.

Numerical routing (rectangular grid).

1 Machmeier, R. E., and Larson, C. L. the effect

OF RUNOFF SUPPLY BATE AND DURATION ON HYDROGRAPIIS

FOR A MATHEMATICAL WATERSHED MODEL. Jour. Hy-

draulics Div., Amer. Soc. Agr. Engin. 1966.

1 L~A"-im; tributary angle = 45°.

' MOHGALI, J. R. HYDRAULIC BEHAVIOR OP SMALL

drainage basins. Tech. Rept. 30, Dept. Civ. Engin.,

Stanford Univ. Calif. 1963.
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Table 8.—Data on evaporation1

Solar Average Average Average

No. Month radiation temperature vapor wind Roughness

pressure

Ly. mb.

1 April

2 April

3 March

4 June

5 August

734

748

532

761

625

15

20

17

24

31

4

4

8

6

22

M./see.

2.1

1.8

1.6

1.8

1.3

Cm.

0

1

3

.001

.02

.0

.7

.0

1 van Bavel, C. H. M. potential evaporation: the combination concept and its

experimental, verification. Water Resources Res. 2(3): 455-467. 1966.

Table 9.—Data on infiltration1

Time

(minutes)

0

10

20

30

40

50

60

70

80

90

100

110

120

Precipitation

Inches

0

.33

.67

1.00

1.33

1.67

2.00

2.33

2.67

3.00

3.33

3.67

4.00

P-Po>*

Inches

0

.33

.63

.89

1.07

1.20

.30

.36

.43

1.50

1.56

1.63

1.70

1 Musgrave, G. W., and Holtan, H. N. infil

tration. In Chow, Ven Te, ed., Handbook of

Applied Hydrology. New York. 1964.

1 P — Po = precipitation minus precipitated excess.

• Average depth (Dt) =0.32.
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Table 10.—Data on inflow and outflow*

Day

1

2

3

4

5

6

7

8

g

10

11

12

13

14

15

10

17

18

19

20

21

22

23

24

25

26

27

Inflow

Cubic feel per second

93

137

208

320

442

546

630

678

691

692

684

671

657

638

609

577

534

484

426

366

298

235

183

137

103

81

75

Outflow

Cubic feel per second

85

102

141

205

290

380

470

539

591

627

648

660

664

660

650

635

610

580

540

488

430

365

300

233

178

132

100

1 Lawlek, E. A. iiydrolooy of flow control. In

Chow, Ven Te, ed., Handbook of Applied Hydrology.

New York. 1964.
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Table 11.—Data from experimental watershed1
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Outflow

volume

Q (c.c.)

10

20

30

40

50

60

70

80

00

100

no

120

130

140

10

20

30

40

50

60

70

SO

90

100

Time

(seconds)

46.0

65.4

82.7

93.9

105.5

116.8

127.3

137.0

146.2

154.6

162.5

170.8

178.8

185.8

36.6

53.5

66.5

77.1

86.9

95.3

104.2

111.4

117.8

124.3

Outflow

volume

Q (c.c.)

X = 1.75

150

160

170

180

190

200

210

220

230

240

250

260

270

280

X=2.58

110

120

130

140

150

160

170

180

190

200

Time

(seconds)

cc/sec.

193.0

199.6

206.2

212.7

218.4

224.2

231.1

237.1

242.7

248.3

254.3

261.0

267.0

272.0

cc/sec.

130.8

135.8

141.6

147.3

150.7

156.2

161.3

166.5

170.5

174.6

Outflow

volume

Q (c.c.)

290

300

310

320

330

340

360

380

400

420

440

460

480

500

210

220

230

240

250

260

270

280

290

300

Time

(seconds)

277.9

283.9

289.7

295.2

301.5

307.4

317.9

329.2

341.0

353.3

364.5

376.3

387.9

399.5

179.4

184.2

188.8

193.2

197.5

202.3

206.3

210.3

214.3

218.3

See footnote at end of table.
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Table 11.—Data from experimental watershed'—Con.

Outflow

volume

Q (c.e.)

10

20

30

40

50

60

70

80

90

100

110

120

130

140

150

160

170

180

190

Time

(seconds)

31.3

43.8

52.6

60.7

68.1

74.4

80.4

85.7

90.8

95.5

100.0

104.3

108.5

112.6

116.5

120.2

124.1

127.5

130.9

Outflow

volume

Q (c.c.)

A'=3.56

200

210

220

230

240

250

260

270

280

280

300

310

320

330

340

350

360

370

380

Time

(seconds)

cc./sec.

134.5

137.9

141.3

144.8

148.0

151.5

154.4

157.5

160.6

163.7

166.7

170.1

173.1

176.4

179.4

182.5

185.5

188.7

191.8

Outflow

volume

Q (c.c.)

390

400

420

440

460

480

500

520

540

560

580

600

620

640

660

680

700

720

740

Time

(seconds)

194.8

197.7

203.2

208.9

214.7

220.4

226.1

231.7

237.3

242.8

248.2

253.9

259.5

265.1

270.0

276.2

282.1

287.9

293.8

1 Amorocho, J., and Orlob, G. T. nonlinear analysis of hydrologic systems.

Water Resources Center, Contrib. 40, 130 pp. Univ. Calif., Berkeley. 1961.
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Table 12.—Data for overland flow1
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No. Length Slope Surface Rain

1.

2.

3.

4.

5.

6.

Feel

12

72

72

72

72

72

Feel per foot

0.0001

.005

.04

.02

.04

.04

asphalt

crushed slate

....do

turf

....do

....do

Inches per hour

3.65

3.67

3.66

1.89

3.60

1.89

1 IZZARD, C. F. HYDRAULICS OF RUNOFF FROM DEVELOPED SURFACES. Highway Res.

Bd. (Washington, D.C.) Proc. 26: 129-146. 1946.

Table 13.—Experimental data for overland flow

(Rising hydrograph: 0-2 min., i = 1.89 in./hr.; 2-7 min., »=3.78 in./hr.; » = 1.94]

Time

Minutes

0

.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

4.5

5.0

7.0

Runoff

Inches per hour

0

.015

.095

.32

.61

1.13

2.04

2.80

3.27

3.52

3.67

3.78

Time

Minutes

0

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

Runoff

Inches per hour

0

.022

.071

.139

.224

.326

.441

.570

.712

.866

1.029

1.198

1.367

1.529

1.674

1.793

1.880

1.934

1.957



Tablk 14.—Runoff data for Cashocton watershed 151 {1963)

Date and

0405

0432

0456

0502

0517

0C02

0702

0757

0802

0S27

0832

0847

0002

0007

0947

1717

1752

1757

1812

1817

1820

1824

Rainfall

lime Rate (inches

per hour)

March 19

0

.11

.02

.30

.08

.04

.0!

.04

.12

.07

.24

.28

,32

.48

.12

0

.14

.72

.16

2.88

1.00

.15

Surface runoff

Date and

040!)

0411

0453

0457

0505

0545

0753

0803

0825

0845

0005

0025

1005

1025

1105

1205

1715

1719

1749

1753

1805

1809

time Rale (inches

per hour)

March 19

0

<i)

(■)

.0031

,0016

0

0

(i)

<i>

.0002

.0125

.0004

.0031

.0016

<»

0

0

(1)

(I)

.0156

.0094

.0156

Outflow from 0-12" soil

Date and

2200

2000

0300

0500

0630

0815

0845

0900

0915

0945

1015

1100

1215

1445

1715

1745

1800

1S10

1820

1830

time Rate (inches

per hour)

March 17

0.000553

March 18

.000553

March W

.000553

.000553

.OO00S2

.000082

.00161

.0081S

.0323

.0323

.0154

.0128

.00030

.00497

.00340

.00497

.0214

.0214

.0611

.0655

Outflow

Date and

2400

2100

0530

0637

0S45

0030

1000

1015

1230

MOO

1S00

1S3O

1S40

1850

1900

1930

2015

2100

2230

2400

• from 12-48* soil

time Rate (inches

per hour)

March 17

0.00277

March IS

.00100

March 11)

.00100

.00170

.00170

.00277

.00831

.0101

.00670

.00519

.003S7

.00387

.00514

.00070

.0120

.0143

.0120

.0101

.00070

.00519

■-3
t=i
o

3

ICA
XT

2
f1

■A
O

o
en

o

3
2

2

%
a

a

&



1832

1837

.50 1811

1813

1815

1821

1823

1829

1833

1841

1857

1921

1941

2005

2045

2125

2305

.0904

.1995

.3570

.2806

.3367

.2136

.1341

.0733

.0312

.0125

.0062

.0031

.0016

<n

0

1930

2015

2100

2200

2400

0300

0600

1500

2400

1200

2400

1200

2400

0400

1200

1800

2400

1500

2400

.0281

.0241

.0123

.0104

.00639

March 20

.00349

.00245

.00161

.000982

March 21

.000553

.000533

March 22

.000351

.000351

March 23

.000312

.000234

.000312

.000312

March 24

.000195

.000195

0400

1030

2100

0600

2400

1000

1300

1600

1900

2400

1200

1600

2400

0600

1500

2100

2400

March 20

.00387

.00277

.00170

March 21

.00109

.000669

March 22

.000380

.000380

.000507

.000507

.000380

March 23

.000284

.000380

.000380

March 24

.000284

.000249

.000284

.000284

Eh

g

H

1
2

o

o

o

s
o
t—«

o

1

I
CO

1 Trace.
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