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ABSTRACT

Physically based models are one class of formal models of real systems in
which the governing physical laws are well-known and can be described by
the equations of mathematical physics. Watershed runoff can be generated
by several mechanisms, all of which can be described by the theory of
unsaturated or saturated porous media flow. The equations of continuity
and momentum provide a physically based model for unsteady free surface
flow, and the kinematic approximation is usually appropriate for overland
flow.

The solution domain for surface runoff generated by different mechanisms

is described to provide a demonstration of the generality of physically
based models. Methods of spatial representation of watersheds and tech
niques for estimating parameters are discussed.
INTRODUCTION

Physically based models are one class of formal or intellectual models in
which the governing physical laws and the appropriate initial and boun
dary conditions are well-known and can be described by the equations of
mathematical physics. Physically based models are an essential tool in
understanding some aspect of our physical environment.

According to

Hempel (1963) we understand an event or a regularity if we can give a
scientific explanation of it. The essence of Herapel's definition of a
scientific explanation follows: Suppose we have a statement E, that
describes some phenomenon to be explained. Then, if E can be inferred
from a set L , L- . . . L of general laws or theoretical principles and
a set C , C. . . . C of Statements of empirical circumstances, we can
say that the phenomenon has been explained.

It has long been recognized that the watershed is an exceedingly compli
cated system and that a drop of water may follow an infinite number of
pathways between its precipitation on the land surface and subsequent
discharge through stream channels or evapotranspiration.

Early hydro-

logists clearly recognized the runoff-generating mechanisms such as rain
falling on channels and saturated soil, surface runoff caused by rainfall
exceeding the infiltration rate, interflow and groundwater flow to
streams (Hoyt, 1942). They also recognized that the relative importance
of each of these mechanisms varied from point to point within a basin

during a storm and varied substantially between basins due to variations
of climate and geology. In arid and semi-arid regions watershed runoff
may be entirely surface runoff generated by rainfall rates in excess of
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infiltration rates. In humid, forested regions it may consist of channel
precipitation, runoff from saturated areas and groundwater and interflow
contributions.
In humid areas with mixed land use , each of the above
mechanisms may be important during storm events depending on the initial
conditions and the intensity and duration of the rainfall. However,
these phenomena can be explained in a scientific manner. The set of

physical principles required are (1) the conservation of mass (2) the
conservation of energy and (31 the conservation of momentum.

The set of

statements of empirical circumstance include the physical properties of
water, the properties of the porous medium, the system geometry, the
initial conditions and the precipitation rate in time and space. With

these laws and empirical observations we can (at least in principle)
derive mathematical models describing watershed runoff.

By varying

system geometry, system properties, initial conditions or rainfall rates

we can demonstrate the range of watershed response.

Recently there has been a tendency to assign names to runoff inducing
mechanisms such as liortonian overland flow and the Dunne mechanism or to

grace a particular case with the term "Theory" i.e. "partial area theory"
or "variable source area theory". Although this terminology may serve a
useful purpose for concise description, it is clear that these mechanisms
are all included in the more general formulations of porous media flow
and unsteady free surface flow which are mathematical statements of the
basic physical principles.

Whatever its history, when water accummulates on the surface of the soil
mantle, its subsequent motion can be described by the physically based

equations of unsteady, free surface flow.
priate for overland and channel flow.

These equations are appro

In this paper, however, 1 will

describe the development of physically based models of overland flow.
In hydrology texts, overland flow is defined as a thin sheet-flow occurr

ing before surface irregularities cause a gathering of the runoff into

discrete stream channels.

Because such channels are numerous during

active surface runoff, the length of true overland flow is short - on the

order of 100 in or less. The surfaces involved are rarely plane and
particle paths may be tortuous, as small rivulets join or divide at
obstructions.

The primary distinguishing characteristic of overland flow

is its shallow depth relative to roughness elements.

As a practical

matter, overland flow models arc used extensively to describe flows which

clearly do not meet this definition.

Because of the complexity of the

system geometry and the absolute requirement that a useful model must be

simpler than the real system, this appears to be an acceptable abstrac
tion as long as it is explicitly stated and is considered when model
results are interpreted.

HISTORICAL BACKGROUND

The famous American hydrologist, Robert E. Ilorton, apparently carried out
the earliest scientific studies of overland flow (Ilorton, 1933, 1945;
Ilorton, Leach and VanVliet, 1934). Kculegan (1945) .lerived the con
tinuity and momentum equations for overland flow and after an analysis of
the magnitude of the terms in the momentum equation suggested that the
form we now call the kinematic wave equation would be appropriate for
overland flow.

In an analysis of data from small runoff plots, Parsons (1949) used

essentially a kinematic approach in describing the rising hydrograph. In
a landmark paper, l.ighthill and Whitham (1955) developed the mathematical
theory of kinematic waves, including the mathematical phenomenon of
kinematic shock. They also suggested the kinematic approach to overland
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flow modeling. Iwagaki (1955) independently came to the same conclusion
for channels with steep slopes. Henderson and Wooding (1964) and Wooding
(1965a, 1965b) obtained analytical solutions for the kinematic wave

equations for simple plane and channel geometries.

Brakensiek (1966)

used numerical solutions of the kinematic wave equations to describe
surface runoff from rural watersheds. Schaake (1965) used numerical

solutions of the continuity and momentum equations to describe runoff
from urban watersheds and Morgali and Linsley (1965) used a similar
approach for rural watersheds.

In 1967, Woolhiser and Liggett identified a dimensionless parameter that
could be used to determine when the kinematic approximation is adequate.

By the end of the 1960s, the mathematics of overland flow had been welldeveloped and appropriate numerical methods along with fast digital
computers were available to provide relatively economical solutions.
During the decade of the 1970s, renewed attention was devoted to describ
ing hydraulic resistance to overland flow, spatial representation of
watersheds, linking overland flow models with appropriate infiltration
models and subsurface flow models and in using the models developed in

practical engineering design problems.

Recent contributions of research

ers in the United States have been reviewed by Schaake (1975) and Kibler
and Hipel (1979).

GOVERNING EQUATIONS
Consider the definition sketch, Figure 1.

Rainfall is occurring on a

r(x,t)

\ I M

*

.xp(t)

Definition sketch for overland flow.

complex slope.

Any surface runoff and most subsurface runoff is contri

buted to the incised channel as lateral inflow.

By applying the prin

ciples of conservation of mass and momentum to an element of unit width
and length dx where active surface runoff is occurring, the following
equations can be derived. The continuity equation:
3h

3(uh)

,

,,

= r(x,t)
3t + ~——
3x
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i(x,t)

(1)

and the dynamic equation
3u

9u
+

3t

u-

3x

3h
gg
-g(S(x)-Sf) -[r(x.tH(x,t)] (u.v)

(2)

The dependent variables are the local mean velocity, u, and the local

mean depth, h. The local discharge per unit width, Q, is the product uh.
r(x,t) denotes the rainfall rate as a function of space and time and
i(x,t) denotes the infiltration rate (or exfiltration rate if it is
negative). We will henceforth use the symbol q(x,t) to denote the net
lateral inflow rate where

q(x,t) = r(x,t) - i(x,t)

(3)

In this example, the bed slope is S(x), a function of x. v,
the x-ward
velocity component of the net lateral inflow,
can usually be neglected.

The friction slope, Sf, is a function of the dependent variables, u and
h, and is defined by a laminar or turbulent flow relationship.
The upper boundary condition is usually expressed as
u(o,t) = 0

(4)

However, a more general expression, compatible with the variable area and
partial area concepts, is

u(xp,t)

0

(5)

where the curve x (t) defines the space-time locus of the onset of pond
ing. When x < x \t), no overland flow exists. If x > x (t) either Hortonion overland flow or Dunne mechanism overland flow (o? both) is
occurring. These zones are labeled on the solution plane diagram, Figure
2.

2.

The critical depth downstream boundary condition is often used

Overland flow solution domain showing regions of different runoff
generating mechanisms.
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u(Lo,t) = /gh(LQ,t)
where L is the slope length.

(6)

No boundary condition is necessary if the

flow is°supercritical at L ; if it is subcritical, the overland flow case
cannot be separated from tfie channel flow case, because disturbances
propagate upward from the channel. In most cases, however, this inter
action is negligible and some approximate boundary condition can be used
without serious error.

For most overland flow situations and for conditions in many upstream

channels, equation (2) can be substantially simplified.

One simplifica

tion is the so-called diffusive wave in which the momentum equation is
written as

m

H • SW " sf

If the spatial derivative of depth is neglected we have the kinematic
wave:

S(x) = Sf

(8)

Equation (7) can be written in the form

u=ahn

(9)

where a includes the slope and hydraulic resistance and the exponent
depends on whether the flow is laminar or turbulent.

Woolhiser and Liggett (1967) demonstrated that the kinematic approxima
tion is very good for overland flow on a plane surface if the dimensionless parameter S L /H F is greater than 20. Here H is the normal

depth at the low8r°en9 8f the plane and F is the Froude number. Morris

and Woolhiser (1980) showed that the addi8ional criterion SQLo/Ho >S is

also required.

The nature and magnitude of the errors involved in the diffusion approxi
mation and the kinematic approximation are demonstrated in Figures 3 and
4.

The equations describing overland and channel flow and those describing
saturated and unsaturated flow within the underlying porous medium are
linked at the soil surface. The porous media flow equations determine
the lateral inflow rate to surface runoff, Eq. (1). In turn, the depth
of surface runoff or the level of water in a channel enter into the

solutions of the porous media flow equations through the boundary condi
tions.

The amount, temporal distribution and spatial distribution of the lateral
inflow exerts the most significant influence on the runoff hydrograph.
Therefore, errors in estimating infiltration (exfiltration) are the most
serious in watershed response simulation. Infiltration rates are

governed by initial water content of the soil, the conductivity-suctionwater content characteristics of the soil, vegetative cover, soil macro-

porosity and by soil depth.

Although the infiltration process and flow

in porous media have been studied intensively, the complexity of the
processes and spatial and temporal variability of soil charactierstics
create barriers that are difficult to overcome.

Many overland flow

models treat rainfall excess as given and route it over the soil surface.

This procedure ignores the interactive nature of the problem and is not
compatible with the variable source area concept. Other models (i.e.
Rovey, Woolhiser and Smith, 1977) include an interactive, one dimensional
infiltration model which is effective at each grid point.
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A comparison of solutions of the Saint Venant equations (solid line)
with solutions of the kinematic equation (dashed line). Normalized

discharge q* is shown as a function of normalized time t* for various
values of D*, the time at which lateral inflow ceases, (a) F =

0.5; k = 10; d* = 0.5, 0.849, 1.0. (b) Fn = 0.5; k = 3; D* =°0.5,
0.849, 1.1. (c) F = 0.707; k = 3; D* = 8.5 0.849, 1.0. (d) F =
0.25; k = 10; D* =°0.5, 0.849. (From Morris and Woolhiser, 1980)
conditions or infiltration model parameters are not uniform, this model
will generate Hortonian overland flow over only part of the watershed.
The area contributing overland flow will change with the rainfall rate.
This model will not handle runoff induced by saturation from below. The

model presented by Freeze (1972) can, in principle, accommodate all types
of runoff generation, but computer time and storage requirements have
prevented practical application.

The integration of runoff producing mechanisms into a general description
of overland flow can be demonstrated by considering Figure 2. The case
under consideration is a plane of length L which is initially saturated

from x (o) to L . Active seepage from the°groundwater table (exfiltration) is occurring in the region A <_ x <_ L . Although the surface is

saturated in the region x (0) <^ x < A, surface tension forces prevent an
outflow of water. A rainfall of constant intensity r begins at time t
and stops at time tj. If we use the kinematic approximation, the solu
tion is defined by families of characteristics.

The depth along the

characteristics is given by
dh
dt

r-i(x.t)

(10)

along curves specified by the differential equation
dx

,n-l

dt = anh
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A comparison of solutions of the Saint Venant equations (solid line)
with solutions of the diffusion equation (dashed line). Normalized
discharge q* is shown as a function of normalized t* for two values
of D*, the time at which lateral inflow ceases, (a) F = 0.25;

k = 10; D* = 0.5, 0.849. (b) F = 0.4; k = 20; D* = 0?5, 0.849.
The dotted line is a solution of the Saint Venant equations obtained

using an alternative characteristic network.
hiser, 1980)

(From Morris and Wool

General features of the outflow hydrograph can be outlined by considering
specific characteristics. From t=0 to t=t the outflow rate is equal to

the seepage rate. When rainfall starts, a continuous water film forms
quickly in the zone (x (0) < x < A and rainfall induced runoff begins.

This flow reaches an approximate equilibrium when the characteristic C-D
intersects x=L . The saturated area expands slowly along the path C-H.

Runoff generated by surface saturation begins at point E and advances

upstream along the curve x (t).

The characteristic beginning at point F

traverses a region of classic rainfall excess overland flow along the
curve FG and a region of saturated overland flow from G to H. It is
evident that only a small portion of the watershed is contributing runoff
at the peak discharge. Although surface runoff is eventually generated
over the entire watershed, not all of it reaches the downstream boundary.

As Betson (1964), Hewlett and Hibbert (1965) and Dunne (1970) have

pointed out, runoff from the time varying saturated area may be the only
surface runoff in humid, forested areas. On the other hand, this zone is
negligible in arid and semi-arid regions.

It is apparent that the mechanism of runoff generation does not affect
the equations used to describe unsteady overland flow because the nature
of the source can be readily accommodated in the lateral inflow term in
the continuity equation. However, the source mechanism is extremely
important in understanding and predicting chemical transport and erosion
and sediment transport as pointed out by Woolhiser (1975) and Hewlett and
Troendle (1975).
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In order to apply the equations describing overland flow to complex
watersheds to better understand watershed response or to make predictions
several decisions must be made. First, a decision must be made regarding
the method of spatial representation of the watershed. Then the user
must decide on the form of the hydraulic resistance law and the infiltra

tion law and must estimate several key parameters. Finally, the user
must select appropriate numerical methods for solving the equations.

SPATIAL REPRESENTATION OF WATERSHEDS
Methods of spatial representation that maintain model flow patterns
similar to those in the prototype watershed are: (1) regular grid
methods, rectangular and triangular, (2) the kinematic cascade and (3)
finite element methods.

In 1937, Merrill Bernard divided a watershed into elemental areas 150

meters square as shown in Figure 5.

He used a graphical kinematic tech

nique to route rainfall excess from the elemental areas to a channel and

subsequently to the mouth of the basin. The problem of kinematic-shock
arose in his calculations and he handled it by essentially the same
techniques we use today. He also analyzed the influence of various
cropping systems on runoff hydrographs. Had digital computers been
available in Bernard's day, his pioneering technique might have been
adopted immediately, instead of lying buried for over 40 years (Hjelmfelt
and Amerman, 1980).

Almost 30 years after Bernard's work, Huggins and Monke (1966) used the
same grid technique to represent watershed geometry. Rainfall excess was

computed for each element and routed to downstream elements by assuming a
relation between storage of water within an element and the outflow—an
approach that is essentially kinematic.
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Bernard's grid representation of a watershed.
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Kibler and Woolhiser (1970), Harley, Perkins and Eagleson (1970) and
Rovey, Woolhiser and Smith (1977) used a network composed of planes and
channels to represent watershed geometry. All used kinematic routing,
but Harley, Perkins and Eagleson (1970) included an option of the linear
response function to the complete equations for flows not dominated by
lateral inflow. The geometric representation used by Harley, Perkins and
Eagleson, is shown in Figure 6. In this representation all planes (catch-

KEY

OSTREAM NUMBER
• CATCHMENT NUMBER

6. Geometric representation used by Harley, Perkins and Eagleson (1970).
ments) with the same number have the same geometric characteristics.
This method has advantages over the square grid method in that it may
require fewer elements and the programming logic and storage requirements
are not

so severe.

A triangular grid representation of a watershed has certain appealing
features in that it would conform more closely to watershed topography.
The more difficult programming logic required probably accounts for the
greater popularity of rectangular grids.
Recently there have been attempts to use the finite-element technique for
numerical solutions of the equations describing overland flow. An
examination of the results of this work, however, reveals serious prob
lems with continuity errors. Furthermore, the kinematic wave equations
seem particularly ill-suited to this approach because the analytical
solution may contain jump discontinuities at abrupt changes in slope or
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roughness at element boundaries.

Also the advantage of the downstream

sequential solution of the kinematic equation is lost. Beven and Wool
hiser (unpublished notes) set up the equations for a Galerkin finite-

element solution to the kinematic wave equations using triangular ele
ments. They found that the solution algorithm gave accurate results
if the triangular elements were part of a larger plane but the solution
deteriorated when the triangular elements were allowed to conform to a
realistic overland flow surface.

The choice of the model watershed configuration is, as yet, highly sub
jective.

Lane, Woolhiser and Yevjevich (1975) have examined the effects

of simplified watershed geometry as represented by a kinematic cascade on
the goodness-of-fit of the response hydrograph. They also noted that the
optimum hydraulic resistance parameter depends on the geometric goodnessof-fit. Singh and Woolhiser (1976) and Singh (1976) investigated the
possibility of using a converging section as a simplified representation
of natural watersheds.

ESTIMATION OF PARAMETERS

Once the decision regarding the method of spatial representation of a
watershed has been made, the user must decide on the form of a hydraulic
resistance law and must estimate several key parameters. The slopes,
slope lengths and channel geometry can be obtained from maps. However,
at the map scales normally available, the channel characteristics are

poorly defined.

Machmeier and Larson (1968) and Golany and Larson (1971)

used stream hydraulic geometry relations to define stream characteristics

in numerical studies of watershed response utilizing a physically based
model. Betson (1979) suggested the use of geomorphic equations relating
discharge to cross-sectional area or channel width in flood routing for
planning studies. He developed regression equations relating the width,
w, and the channel cross sectional area, A, the
discharge in the
geomorphic equations.

w=aQb ;A=NQP

(12)

He found that the parameters in equation 12 are related to channel slope
and drainage area for watersheds in the Cumberland Plateau.

Tests indi

cated that except for small discharges the geomorphic measures should be

within ±25 percent of those measured two thirds of the time.

Considering

natural channel variability and the costs associated with field measure

ments, this method appears to have considerable promise as a practical
tool.

Resistance to overland flow over natural and manmade surfaces is

influenced by several factors, and is frequently much greater than that
encountered in ordinary hydraulic structures. At low rates of flow, the

boundary elements protrude through the free water surface, and at high
rates of flow the boundary geometry may change in time and distance
because of erosion or bending of vegetation. On non-vegetated surfaces
raindrop impact exerts a significant retarding effect. The ideal resis
tance law would include a hydraulically smooth plane or densely vegetated

surfaces as special cases of the general law, and would have parameters
that could be measured by direct physical means.

There have been many laboratory and field investigations aimed at finding
the best form for the resistance equation and methods for estimating
parameters for hydrologically significant surfaces.

The most common zpproach has been to assume that the Darcy-Weisbach
Equation is the appropriate form and then to relate the fraction factor,
198

f, to hydraulic and geometric variables.

The Darcy-Weisbach Equation is

U=4SR
r

(13)

o

It has been observed that overland flow behaves initially as if it were

laminar (although turbulence is generated by raindrop impact). As the
Reynolds number increases there is a transition from laminar to turbulent
flow in the range 100 < R < 1000. The most frequently cited values for

transition range from 300eto 500.

Within the laminar flow range the

friction factor is related to the Reynolds number by the relationship

f = K/Re

(14)

For hydraulically smooth surfaces with no raindrop disturbance, K = 24 if
the Reynolds number is defined as R = uh/v, where v is the kinematic

viscosity.

Raindrop impact produce! the same effect as an increase in

viscosity.

However, rather than introducing a pseudo-viscosity term the

parameter K can be approximated by

K = K + AiB

(15)

o

Where K is the parameter without rainfall, i is the rainfall intensity
and A and B are parameters. When i is in inches per hour, the coeffi
cient A is on the order of 10 and the exponent is on the order of 1. If
the surface is hydraulically smooth the resistance effect of raindrops is
significant. However, this effect can be neglected for vegetated sur
faces.

The parameter K (or K ) is related to the characteristics of the surface,

and may range up to 48,000 for shallow flow through dense turf.

Values

of K and the parameters A and B have been reported by Woolhiser (1975).
Most of the data that have been used to estimate hydraulic resistance
parameters have been from small plots so bias is undoubtedly present.
The small rills present on longer slopes would certainly affect hydraulic
resistance.

For turbulent flow, the Manning formula has been most commonly used.
Manning's n values tabulated in handbooks are suitable for most channels;
but for shallow overland flow or flow in grassed waterways, it has been
found that the n values change substantially with Reynolds number.
Kouwen, Li and Simons (1980) have developed a method to estimate n or f
for vegetated channels where resistance is due to flexible roughness.
They include a method to estimate the critical shear velocity above which
the flexible roughness becomes prone. This velocity depends upon the
number of stems per unit area and the elastic and geometric properties of
the vegetation.
Wu, Yevjevich and Woolhiser (1978) utilized data from an outdoor experi
mental watershed to demonstrate that an equivalent hydraulic resistance
can be estimated for watersheds with nonuniform roughnesses.
It is beyond the scope of this paper to discuss infiltration in any
detail. However, interactive surface-runoff and infiltration models
appear to be superior to models that use rainfall excess as an input.

Furthermore, infiltration models with physically significant parameters,
such as hydraulic conductivity and sorptivity are generally superior to
purely empirical models.
Presently, infiltration models which require detailed numerical solution
of the partial differential equations of unstaurated flow require too
much computer time and soil data for practical use. Approaches based on
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simplifications of those equations such as the Green and Ampt equations
or the model presented by Smith and Parlange (1978) or Morel-Seytoux
(1978) appear to be the best at the moment.

SUMMARY AND SUGGESTIONS FOR FURTHER RESEARCH
Although the scientific study of watershed runoff processes has a rela
tively short history, significant advances have been made in developing
physically based models. Several different runoff generating mechanisms
exist; however, they do not have a significant effect on the mathematical

description of unsteady surface runoff processes including overland and
open channel flow. The continuity and momentum equations may be simpli
fied to the kinematic wave equations for most overland flow cases. To
apply the kinematic wave equations to practical situations, one must
first decide on the method of spatial representation of a watershed and
level of geometric detail to be preserved. Then an appropriate model for
flow in porous media must be selected and linked to the overland flow
model. Finally, appropriate parameters for hydraulic resistance and
porous media characteristics must be estimated.
Although progress has been made, more objective techniques are badly
needed to describe the spatial variability in watershed characteristics
affecting infiltration, depression storage and surface runoff velocities.
Criteria must be developed to determine the optimum levels of aggregation
of watershed elements. One promising approach in experimental studies is
to use the chemical characteristics of the runoff water to assist in

identifying runoff mechanisms and the fidelity of model representation.
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