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HVBfUU COMHUTKK SUlULAilUKi "i btUihEM TRAfc

WITH STOCHASTIC TRANSFER ivl i». TREAM

by

1/

2/
Kousoum S. Sakhan, J. Paul Riley, and Kenneth G. Renard-

SYNOPSIS

In ephemeral streams, the occurrence of translatory waves

causes the hydrograph to rise more rapidly, which, in turn,-

results in channel instability. A simulation model is devel

oped to describe the dynamics of the channel in terms of: (1)
two one-dimensional Btreamflow equations, (2) a one-dimensional
sediment transport equations, an equation for the stream bed,
and (3) a stochastic sediment transfer at the stream bed which

also includes the bed load.

The model as a whole is simulated on a hybrid computer. To
demonstrate the operation of the nodel, real-time simulation

is done using hypothetical data for a stream reach 24,000 feet
long. The results of this study are presented in graphical

form.
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Agricultural Research Service, U.S. Department of Agriculture.

The paper was prepared for presentation at a Sediment Symposium

to honor Professor linns Albert Einstein in Berkeley, California,

June 17-19, 1971.

2/ Graduate Research Assistant, Civil Engineering, Utah Water

Research Laboratory, Utah State University, Logan Utah; Profes

sor, Civil Engineering, Utah Water Research Laboratory, Utah

State University, Logan Utah; Director, Southwest Watershed
Research Center, Agricultural Research Service, United States

Department of Agriculture, Tucson, Arizona.
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QIANNl-L DYNAMICS MODEL

Existing information is inadequate on channel scabllicy influ

ences. Under present condlt ions, many stream channels in the

Southwestern United States are unstable. The major cause is be

lieved to be tiie high-Intensity, short-duration convective thun

derstorms, particularly during die summer season, which result

in flash floods moving over coarse-textured alluvial stream beds

with very high-intake rates. It lias been observed by Uenurd and

Hickoeki./ that the occurrence of trunslatory wave:: occur fre-»

quently. This phenomenon has a critical Influence on the

time of rise of the hydrograph, which in turn, affects the

stability of the stream channel. The conventional theory

of flood routing is inapplicable to these ephemeral streams.

Therefore, it Is necessary to account for the movement of

these waves in order for the model to be descriptive of

emphemeral streams. Besides these translatory waves, sedi

ments carried by the flow both as bed load and suspended

load make the situation even more complicated.

The present model does not account directly for the movement

of the translatory waves that might occur, but, it only gives an

approximation to it. An integrated system of srdlinent flow is

viewed as the only solution to the problem of instability of

ephemeral stream channels. An effort is made to apply stochastic

processes to describe that portion of the process--that is, the

movement of sediments at the stream bed—which cannot be adequate

ly described in a deterministic way.

In systems analysis, relationships are customarily displayed

graphically. Because of the complexity of the results obtained

from the simulations, the graphical results produced by the model

permit an insight into the movements of sediments in relation to

the flow.

FLUID MASS AND SOLID MASS TRANSPORT EQUATIONS

The three-dimensional equations of conservation of fluid mass,

flow momentum, and solid mass in the turbulent flow are

V • V

T(e)]

§f = v

(1)

(2)

(3)

subject to the following boundary conditions (Figure 1)
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c jf- - e v c • vr * f) • vF

(4)

(5)

where T*1"' is the Reynolds stress tensor and F(x, y, 2, t) - 0
is the equation of the moving boundary surface. After space

averaging (SokhanZ/) Equations (I), (2), and (3) reduce to the
following otu>-dimc>nsional equations which describe the conserva

tion of fluid mass, flow momentum, and solid mass in the flow of

natural utrtiams wilh movable bmmdartur.,

(6)

V-,

It (CA) + h (CQ) - It

c/y=ni [S + T ^-] + H/y»ni (8)

in which the terms L, S, and N, as described In the terminology,

have negative vnlucs if the processes they represent are influ

ent, and positive values if the processes are effluent. The

stream coordinates oj, a?, and nj are as shown in Figures l.a

and l.b. The wavy bar indicates averages over the top width T
of flow.

Assuming ihe bed shear stress in an unsteady flow can be

approximated by that in a uniform flow, the last term of Equa

tion (7) can be represented by

dz = (9)

in1
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where P is the wetted perimeter and XQ la the mucm bed Hhear

stress." For a uniform flow,

(10)
<O - * Rh

where the friction slope Sf can be approximated by the Darcy-

WelBbach equation

s

f

can b

VTJlTiin" u^lon (11) IB Known to chanBe
and channel characteristics. This f^'^«"
ed intc, C- whlcjJ^P---^ J^i- For

cretriLaon of tWhesf^friction factors the following two
relationships will be adopted:

— - 2 log10 (Rh/D50) (12)

ry

and

exp(-8[log10 -0* :3) (13)

'i* in which DS0 is the median diameter of the sediment particles
at tl stream bed. Equation (13) la based on data run, several

t<ons flat beds are of 8encral occurrence. This is due to the
wide dir but ion of the sediment sizes. The bed particles range
tol rocks down to fine-grained sands. The channel- g.».r«.lly
have steep slopes. Ripples, dunes, or anti-dunes are nolike y
to form on steep slopes with highly heterogeneous bed pnrtlcles.

By"ollowins ChenV and aMSun,ln8 logarithmic velocity distri
bution in both vertical and lateral directions, the longitudinal
segment dispersivity, Ccx in Equation (8). can be derived and
expressed as:

Ccx
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dog.

Gcx ' U ~R~
h

T2 (H)

"0 "

in which X ia the ratio of the eddy mass dlffusivity to the

eddy kinematic viscosity of water, k is the von Kartnan univer

sal constant, h ia the depth of flow, T is the top width of

flow, and n and o are the distances from the stream bed and

the side walls, respectively, where the velocity is zero.

Seepage from initially dry channels following the onset of in

undation must be treated as unsaturated flow. However, in a num

ber of situations such as the ephemeral 3treams in the Southwest

where the water depth is relatively large for most of the channel

pcrimeLer, this bed material Ik coarse, and the water table is

very deep, piston-like flow with a sharp wetting front and con

stant hydraulic conductively in the wetted zone would occur. In

this type of flow, gravity plays an important role.

If it is assumed that the bottom of the wetted zone is hori

zontal, the stream lines of seepage are all perpendicular to this

bottom, and the wetted zono itself Is of constant hydraulic con

ductivity, then the total seepage can be approximated by a steady
state case with different water depths in the channel. The mathe

matical representation of this seepage will be derived in a com

plex plane £1 = z + i(-y) ns shown in Figure 2.

Use will be made of the Zhukovsky's function which is expressed

as

Z « in + 7 » R exp (-) (15)

in which i » «^-T; u is the complex potential w » <> + i*. $
being the potential function and H> the stream function; K is

the hydraulic conductivity of the stream bed; a is a parameter;

and R is a real constant. Considering only one quadrant (quad

rant (T) as shown in Figure 2), the function Z can be separated

into ro.il and Imaginary parts,

(-y) + i = R exp (J) cos (J)

and

«♦* R exp (*) sin (J)

(16.a)

(16.b)

The following boundary conditions must be satisfied:

1. Along the -y-axls, £ » 0

21-5
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2. Along the scream bed, * - 0

3. AC the rr«.ucface. + (-y)+J"O

It can be deduced from Condition 3 that

S = a it

Equatin* Condition 3 with Equation (16.b) yield,

z + %7 = R exp (+ Ky«/S)

♦

(17)

or

or

z (-y = 0) = 2 ~ K ' 2K

(18)

(19)

i - L. (20)
z (-y = <■>) - - 2K

h.l ul.ere * - 0, Equations (16.a and b) become
At the scream bed where f u■ i

+ (-y) = R COS (^) ' >a'

and

2 + ± = R sin
(21.b)

At the stream bed where » - 0, • - 0. the real constant con be

evaluated as

(22)
R • ♦ " " hmax (t)

Elating Equations (19) and (22) yields the volu.etrlc rate o£

seepage per unit length of channel

■ S - - K (T + 2 hmax) (23)

treated in the following section.

c12!:}l^IU- Sediment Transferee, the Stream Bed

in integruted sediment movement model, the sus-
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el by some expressions describing the sediment transfer in the

stream bed region.

3

The term c/

3ni

T — + N/y_ni^ yi in Equation (8) plays the role

of source or sink to the euapendod sediment. Through this term

the suspended sediment model can be connected to the bed scour
ing model. The bed scouring model ia formulated by integrating

the boundary condition (5) with respect to z from r-o2 to

z°a\ as

wr..- ■

§;

> c/ rr- ax y ay

3Z

dz

3r>l

(24)

'.if;-'

»!•:;■■:.

(25)

in which the volumetric bed lond discharBe, Qfl vol> Is defined

as:

jjn^^^ .aj; fj

.i" ..."'.' ' ' 'ii .'..'li'^^.X^Z '1

Ox voV
o2

and the volumetric rate of sediment exchange between the stream

bud and the suspended load, Q|1S> is defined as:

TT) dz (27)

Since it is impossible to obtain an analytical evaluation of the

right-hand si.lo of Equation (26) and the term N, a stochastic

approach Is proposed.

21-7
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8"CThV probability that a particle will move from one state to
another or remain in a particular state is termed its transition
orobabUity The future transition probabilities of a sediment
particle are independent of its transition probability, i. the

^ r baMm/that SM'lS state © at time t is 8lv«B by
the appropriate transition probabilities as follows.

PAC (0>t) ?BC
(28)

Generally,

™i
the events corresponding to Equation (28) for

PAC (8.t) =
i=A

piC
(29)

Equation (29) is known as the Chapman-KolmoBorov equation for
a non-homogeneous Markov process. If it la defined that

At + 0 (At) = P [a particle in state ® at
at u w r Lt.He ^ win be Vn sUte

0 at time <$> ♦ At]

At + 0 (At) = P [a particle in state © atAt + 0 [M) rT L^ ^ wni be .n sUte

© at time <(• + ^t]

(30.a)

(30.b)

** *

and

+ 00
= p [a particle in state © at

r time $ will remain in state
® during the interval

then it is clear that

"AA 1
i=B

(31)

^ij&a^siiiE!x1'
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If iii. is zero, then state ® is absorbing, that is, the
sediment particle is alwuys in suspension. This case is not ex

pected to happen in a natural stream.

Now consider two contiguous time Intervals, (8,t) and

(t, t + At). Using the definitions In Equotiona (3O.a-c) with
Equation (29) yields

PM (9, t + At) » PM (e.t) (1 + y,M At)

PAB ^ *BA

AC (0,t)

PA0 (e.

+ P

At) - PM(0,t)

+ PAB <0'^

At + 0 (At) (32.a)

and

PAC (0, t + At) » (0,t)

PAB

rAC

At

At

At

(32.b)

(1 + *rr At) + 0 (At) (32.C)

Dividing Equations (32.a-c) by At and taking the limit as

At approaches zero results in the following relationships:

PAB

PAC

+P

at "AC
P., (o.t) = PflA (o.t)

AC

AA
(t) ♦ PAB (o.t) *BC (t)

(33.a)

(33.b)

(33.c)

».. '■*•*-*• '•'*
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conditions

PAi (0.0) -6A1. i -A. B. C (34)

where 6 is the Kronecker delta symbol.

dynamic
♦'• ■«

be

aver, in general, the fs are ti.ne-de-

equations for P,

kriorSStT'Lertn^transitiofpribabuJty

A B C

(0, t) P^ (6, t

(0, t) PB[) (G, t) PBC (0, t)(0, t) = B

PAC (o, t)

rCA
I, t) P

CB PCC

(35)

and let the sediment transfer intensity matrix be

A I *M (0 *AB

(t)
(t)

(36)

Then Che Chapman-Kolmogorov equation becomes

-p (o,t) » P* (o,«) Is (*.t) (37)

21-10
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In a similar manner the forward Kolmogorov differential equa-

ciona become

31

subject to the initial conditions

Mo, t) » T

(38)

(39)

where i Is the identity matrix. ^
The task now is to determine che intensity matrix ^(t). Re

ferring to Figure (3) there arc six from state-to-state transfers

and three within-state transfers. The terms state and zone

should not he confused. With the complexity regarding the ar

rangement of rudiment particles at the jttrenm bed and the instan

taneous local hydrodynamlc forces, it is impossible to draw a

physical boundary between the bod load zone and the suspended

load zone. However, It is possible to avoid thia problem by

considering states of a sediment particle which do not have phys

ical boundaries, but rather "process boundaries." The process

boundaries are defined by the following relations (40 through

45) which define the procena conditions for transfer between

states. For example, relationships (40 and 45) define the

process boundaries for state Qs).

®- Transfer from suspended load state to bed load

state occurs when the local upward hydrodynamic

force F (v' )'i» lt'«« than the vertical re

sisting ?orceU">F(m) due to sediment mass.

(AC) - Transfer from suspended lond state directly

^^ to Immobile bed state occurs when

Transfer from bed load state to suspended load

Htate takes place when

Fy (Vup) > Fy (.)

r i r-

>.;♦'•

.in n

(42)

21-U
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(bc) - Transfer from bed load state to immobile bed

^^^ state occurs when

Fx {V -Fx To}

Transfer from immobile bed state directly to

suspended load occurs when

Fy (Vup) > Fy (■)

Transfer from immobile bed state to bed load

state occur when

(43)

tj|i-

(V u1) (m, t0) (45)

As can be seen from Equation (31), within-state transfers are

functions of transfer between states.

Let u be the forward velocity in the horizontal direction,
for

v the rise velocity, and v, .. the fall velocity of the par-
rise ran

tide at the interface region. If a sediment particle moved with

one of these three velocities, how many fictitious sediment par

ticles similar to that real particle would move at maximum In

tensity, past a single "serving counter" per unit time? Let

D be the diameter of the particle. Then there should be, for
example, u /D particles per unit time which move in the for

ward horizontal direction. It is difficult to visualize why
fictitious particles are being considered. Since the probability
of changing states or staying within a particular state corre

sponds to a single particle, the best illustration of thia pro

cess is to visualize a queue of particles identical to that

single particle being "served by a single counter." Under this
reasoning, the intensity function matrix (36) becomes

A -(■
'fall vfall

B

vfall

1

rise

rise

D

15£ , 'falK
h n I

rise

Jfor
D

21-12
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subject to the process conditions (40 through 45). The entry
that does not meet its respective process condition vanishes.

To evaluate the above matrix, the three sediment particle

velocities, ufor, vrise> and vfaU. must be determined. In nat

ural hi reams, various bod configurations are formed, depending

upon the flow conditions, the characteristics of the bed
material, and the stream geometry. In turn, bed features affect
"wall" turbulence near the bed, which is a primary entrainraent

mechanism for sediment particles. Another important entralnment

mechnnlsm is the mean bed shear stress. In the interface region
of natural streams, the Newtonian law of motion is valid. Thus,

■? d / u \ (47)

In which F is the total force vector on the particle; ra is the
mass of the particle, which is constant; and V is the velocity

vector of the particle

to time t_ yields

Integrating Equation (47) from time

where Jtz ? dt iB known as the impulse of the force I on
the particle. Decomposing the force ? into two parts, the

f F
the particle. Decomposing the forc p
hvdroUynamlc force. F dr0. and the resisting force, Fre6lst.

and integrating Equation (48) over the entire surface, A, of the

bed feature yields

dt dA

= m / (VVdA (49)

I . -'i . **&', I

Let F,'hydro* Fresist' Jp-i Pi
f i (V - V ), and A
hydro' resist' p2 Pi
respectively. Then Equation (49) becomes

), and A be the averages of

in the domain A and t,

1/wWWVIi

A (tj " ti) (Fhvdr0 + Fhydro resist' (50)

in natural streams, the longitudinal and the vertical compo
nents of the particle motion are usually the predominant process

es. Hence, from Equation (50),

21-13
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up - (upz - upi)upi (Fhydro x 'resist x
) (51)

ill I

?V

I-

I

and t2-ti

(Fhy<lro y + Presisty'
(52)

where u and v are the relaclve longitudinal and vertical p.r-

tld. velocitiL. Tba U.e of action (t^) of the station
f^ + ^ ) i3 assumed to be, as can be deduced

(53)
" 'pi'

- Ci) should always be posi-

- V ) in Equation (53) are necessary.

"PL,stPUutinB nation (M) into Equations (51) and (52) yields

1 u p2 = m x + Fres1st

and
VW

1 vp m lhhydro y resist

(54)

(55)

,-. -

pressed as

resist x

(56)

of

a is en. dyna.ic friction facto,, which as a result
e«. be expressed as

tan a
- .375 ♦ .375 exp [-00084

14 gu:

- 100)] (57)

•-?>
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where w is tho fluid dyn.-imLc viscosity.

Since the particle-to-particle interaction is negligible in

the vortical direction, the verticil resisting force is due only

to the mihincrged weight of the particle, or

resist y - (y. - °3 (58)

The total hydrodynamic force is the mean bed shear stress,

VW).

- 0 u v , superimposed by stresses resulting from turbulent fluc

tuations u' and v'. Thus,

hydro x

and

"NAA,

F B I n2 i f y v'-
hydro y 4 2 Dy g up

(59)

(60)

in which C and C_ arc the drag coefficients in the longi

tudinal and vertical directions, respectively, and v^" is the
neon-square of the upward velocity fluctuation which is^derived
and expressed as:

II

i'ri:tt«S'^"1

v'g » 2.415 v12 (61)

Now h't 4>x and <* be the correlation functions between the

root-mean-square velocity fluctuations u^ and v1^ and the

(62)

root-me;in-square shear velociLy -u'v', or

/ v\/\,

and

(63)

Subs tit,ittnS Equations (53), (54), (5ft), (57), (61), (62), and

' into Kquations (51) and (52) yields

Ys 'y
^21) 'o - 9 0 (^2) tan a (64)
Y

21-1')
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and

vol = BO

.

(x,

(X,

mean CCA <*• *"

6t) + Cc (x, t-6t) *CB (x, t-^-dt)

«O + CB (X- X, t-6t) | ^B[} <X-6X,

B (x-fix, t-l*t) - CB {x. t-<St)-i") | PBB (xfix, t-l

[«gA (x, t-1 6t) PBA (x. t-I fit) + I ^ (x, t-i 6t)|

(x, t-l (X, (X, (72)

where B Is the effective width of the channel in which the
transfer of sedimentB at the stream bed occurs. For a trapezoidal
channel, the effective width should be the bottom width of the

channel.
Having arrived at this point, a question still remains. Is the

Kolmogorov system (38), which describes Markov processes with
tine-dependent transition probabilities, a valid system to de

scribe the stochastic sediment transfer at the interface? In
other words, is the time spent within each state and from state-
to-state exponentially distributed? Exponential distribution is
a necessary, though not sufficient, condition of a Markov process

and since the time of particle stay or transfer is a function of
the instantaneous particle velocity, this velocity has to possess

a distribution which belongs to the exponential family.

To see that the instantaneous particle velocity, Vp, has an
exponential distribution, let K (V ) be its distribution func

tion with a r.-m>;u, I", or

■[■:::

>9

V

r f (V d \
(73)

Coinn back to Equations (6M and (65) it can be seen that, at

the interface,

* K? , VJ K, (74)

in which Kt and K2 are coefficient scalars. Equation £74) in

dicates tti:»t the density function of the random variable V is
a double-valued function. Therefore, the density function f(V )
can be obtained by partial differentiation of Equation (73) as

21-17
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3F (0)

df.

df,

(75)

At the stream bed, the horizontal fluctuating velocity u1 is
a UiiuHHiun random process, but the vertical fluctuating velocity
v' which is asymmetric as previously described, possesses a

probability density distribution curve which is skewed to the
side of lower values. These two fluctuations have probability
density distributions which belong to the exponential family.

Hence, for generalization,

(It,) exp [j, Gt (2,) H1

and

= F (i*2) F cxp [.^ G. (152) ^

(76)

(77)

in which J^ is the parameter vector and^ X is the vector con

taining the random variables u' and v1.
^Differentiating Equation (74) with respect to Vp yields

/

(78)

?

in which K3 and K^ are coefficient scalars (See Equations

^'Thcn'substituting Equations (76). (77), and (78) into Equation
(75) yields

2

C E
i = 1

Gi

K3 V'2 +

V1

exp

(79)

Equation (79) indicates the f(V ) has n distribution which
belongs to c!ie exponential family, Snd therefore suggests that it
might be described by a Markov process with discrete states in

continuous time. If this is the case, the Kolmogorov system (38)

is a valid description of stochastic sedisnent transfer at the

stream bed as was asBumed in the development of this part of the

model.

i-;^ •;^.r^:i::i.:/■■•:•;:;•>; s';';::^::::-:
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COMPUTATIONAL APPROXIMATIONS

The essence of the model developed is a system of one-dimen
sional equations which describe the water flow and the associated

sediment movement within a stream channel. The model development

is based upon the following sets of equations: (1) those which
describe the conservation of fluid mass and flow momentum, (2)
those which describe the conservation of sediment mass in the

flow, and (3) the Kolmogorov differential equations.

To obtain a high-accuracy approximation in the solution of

Equations (6) and (7), the one-step Lax-Wendroff scheme Is adopted.

Assuming 0, 3. , and fl are all equal to one, Equations (6)

and (7) are rewritten in the following form,

■ 0 (80)

where

f(9)

gA

-S -I

gASf - (31)

The vector iT can be expressed in Taylor series a9 follows

(82)

in which the subscript n denotes a space grid point and the

superscript j denotes a time grid point in the time-space grid

network.

Since this is nn explicit scheme in time, t, the second-order

term is preserved in order to obtain high order accuracy.

Equation (82) can also be written

(83)
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"* and 7 .xtiiin which J.v and J are the Jacobians of

respect to W, respectively, or

0 1
(84)

and
3S

3A
(85)

Because the space derivatives are of first order, they are

approximated by centered differences. Then Equation (83) can be

expanded into a finite-difference form as

- fn.,j on]]

Using the necessary condition and the third and the fourth

sufficient conditions of von Newmann, and the Fourier series

method, Sakhan2/ has shown that the following criteria must be

met for stability in the solution,

and

2

\\\
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The Kolmogorov differential equations (38) form n syatem of
three seL. each havin8 chree equations because the nine variable
coe"ic"n», which ^present the intensities of "J'-Jf ~J ™
at the stream bed, He) , arc the name for every aol. lliis aya-
L is particularly suited for a direct aolution on an analog

r because the inten3ities of sediment motion within each
t , are negative (Equation 31). This causes the

errors associated wich\he computation to decay exponentially
S time, as it will be analyzed in the next section. The ana-
Iok circuit diagram for this system is shown in Figure 4. It
shlubfnoted that the nine variable coefficients which repre
sent the intensities of sediment motion at the stream bed, v(O,
are the same for every set. Therefore, the same analog circuitry
as shown <n Figure U may be used to integrate the other two sets
S equ'ions to obtain the remaining six probabilities Only ch.
initial conditions, which are input into the analog i««8™t<>"
co correspond with the probabilities being computed, need to be

^Sfoutputs from the three Integrators, aa shown in Fl8ure U
repr se'a set of three computed probabilities. After the inte
gration is carried on for a finite period of time, which ^
equivalent to the product of the time step At and the «eegra-
t?on time scale factor, the three probabilities are sampled and
scored in the digital computer memory, after sampling the inte

gration is stopped. Then after resetting proper initial condi
tion d. integration for the other three probabilities will
be carried out, and the process will be repeated as many times
as U is desired. The integration time between the initial stage
and he sampling stage is controlled by a sequence of ogic sig
nals provided by the logic program no shown in Figure 5. The
digital clock provides the program with so many equitemporal
clock pulses per second (from 1 to 10*) and the loSlc program
changes this sequence of pulses into an alternating series of
"High Signal" and "Low Signal" for every clock pulse. The Hxgh
Signal" and "Low Signal" are sensed through the hybrid interface
by the digital computer which, in turn, controls the operation
of the analog computer based on this alternating series. The
integration will last for a period between two consecutive clock

Afcer the nine probabilities at one space grid point and one
particular time are obtained, integration proceeds for the next
space grid point. New values of the intensitiea of sediment
motion *'s. are sent from the digital computer memory to the
analog computer through nine digital-analog converted channels
(DAC) and the same procedure la repeated to obtain the nine
probabilities for this new space grid point.

>> ' "Hf: i>:;"if|:f?::I
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HYBRID COMPUTER SIMULATION

There are generally two phases In the development of nodels.

The first phase involveB incorporating into the entire model
various model components which are based on mathematical

equations and testing the effects of each component on the whole

model and on the other components to see their behavior. In

the second phase, the model is used in actual simulations.

Measured input and control data will be used for calibration
and testing of the processes modeled, and the model subsequently

will be used for predictive purposes.

The model as a whole 1b being synthesized on n hybrid computer

available at the Utah Water Research Laboratory. The model will

be tested by simulating conditions within nn ephemeral reach of

the Wulnut Culch Watershed In southern Arizona. This is a
highly instrumented watershed operated by the Southwest Watershed

Research Center, Agricultural Research Service, Tucson, Arizona.

The ultimate, aim of the modcL, however, is to be applicable

not only to ephemeral streams in the Southwest, but to a wide

variety of systems of erodible streams. Since field data are

not yet available only the first phase has been carried out.

Simulation of a Stream Reach

The movement of flood wave and sediment is simulated in a

reach which Is 24,000 feet long. The average cross section is

trapezoidal. Hypothetical input hydrograph and suspended sedi

ment discharge at the upstream end of the reach are used to dem
onstrate the operation of the model. Th.- bed load discharge at

the upstream end can be computed directly by the model. To sat

isfy the stability criteria the tine step fit and space step

Ax are taken as one minute and 1,200 feet, respectively. Fig

ure 6 shows the Inflows and simulate.! outflows of water, suspend
ed sediment, and bed load, based on an average bed slope of 0.005,

a mean grain diameter of 0.036 inches, a bed width of 50 feet,
and a hydraulic conductivity (ftorcy's K) of 0.0003 foot per sec

ond. The flood wave reaches the downstream i;ml of the reach
after 35 minutes. The discharges of water, suspended sediment,

and bed load are considerably less than the inflows, because of
the length of the reach and the high seepage rate through the

stream bed. The effect of seepage on water discharge can be
seen by comparing the areas enveloped by the inflow hydrograph

and the time axis, and the outflow hyclrograph and the time axis.
Figure 7 shows the cumulative hydrographs and suspended sediment

discharge graphs. About throe fifths of the total amount of
water input into the reach are lost into the ground. Figure 6
also shows that the peak of the suspended sediment graph occurs

at about the same time ns the peak of the moan velocity graph,
while, ns px|K-cted, the peak of the bod lo.id graph lags behind
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the peak of the hydrograph by about the same amount of time at
the upstream end of the stream reach as at the downstream end.
This means that the suspended sediment discharge tends to change
instantaneously with the mean cross-sectional velocity, while the
bed TolT which is insensitive to the change in velocity, responds
better to the changes in water discharge. These phenomena are
iUustrated by Figures 8, 9, 10, and 11, which show the profiles
of the water discharge, the mean cross-sectional velocity, the
bid load, and the suspended load, respectively. The explanation
to the slow response of the bed load to the change in mean cross-

sectional velocity is that the bed load i. a function of thjbod
shear stress which responds better to the water discharge than
to the mean cross-sectional velocity.

A sample of the probability profiles is shown in Figure 12 for
the transfer of sediment from Immobile bed state to bed load state.
The profiles tend to have relatively flat lee-side slopes tmd the

peaks stay at about the same level as time elapses. This also
helps illustrate the slow response of bed load to changes in mean

cross-sectional velocity.

When a flood moves down the stream channel, the velocity at

the stream bed increases, although not as fast as the velocity
)n the main flow body. However, the resulting bed shear stress

and normal stress due to velocity fluctuations may be high enough

that sediment particles have tendency to move from lower states

to upper states as can be seen in Figures 13, 14. and 15. In
Figure 13, profiles of the probabilities of the transfer of sedi

ment from the suspended load state ® to the some state or lower
states show pronounced peaks and troughs. The probability ot

staying within the same state (a) increases to the peak at about
the same place as the peak of the corresponding water discharge

profile, while the probabilities of going into the bed load state
(b) or the immobile bed state © decrease to their minima at the
same place. Figures 14 and 15 show chat Che probability of leav

ing the bed load state © is zero and so is the probability of
3oing from the immobile bed state © to Che suspended load state
(A). The probability of going from state (?) to state (a) is very
ITigh, and the probability of staying within state Qy is 100 per
cent. This suggests that the normal stress due to the upward
velocity fluctuarions at the stream bed is not high cnoughto

life the aeilir.enC particle into the suspended load state ® at
the stream bed, and that the bed shear stress can easily cause

the particle to slide and roll along the stream bed. This fact
is as expected because only the median sediment 9ize is being

considered. In the next stage of investigation, an attempt will

bo made to extend the model to deal with all sediment size ranges.

I: should be noticed that, in Figure 15, the profile of the, prob

ability of leaving state (5) for state (§) maintains a plateau
behind the front of the flood wave, which again shows the slow

response of the bed load function to the mean cross-sectiona 1

velocity variation.
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Sensitivity Analysis

Sensitivity analysis gives an insight into the model response

to changing parameters by providing the investigator the knowledge

on the (logroii of iraportnnco of each parameter. The procedure uacd

in analyzing the sensitivity of the model consists in varying one

parameter while keeping the others constant. This model consists

mostly of functional relationships, such as friction factors,

ratios between bed shear stress and normal turbulent stresses,

and dynamic friction factor for the sudiment particles. There

are only two parameters that can bo uuod for testing the model:

the hydraulic conductivity of thu stream bod, or Darcy's K, and

the median sediment diameter. Although the average bed slope is

not a parameter because it is a function of the stream bed ele

vation, it. is useful to see the effects of changing slopes on

the discharges of water, suspended sediment, and bed load, for

a given hydraulic conductivity of the stream bed.

Figure 16 r.hows the effects of changing the hydraulic conduc

tivity, Darcy's K, on the water discharge. For a K value of

0.0003 ft/sec, abou't two-thirds of the amount of water input into

the reach, seeps through the stream bud. For a zero value of K,

no water is lost through seepage. The outflow hydrographr. pre

serve the saiai: shape of peaks as th.- inflow hydrograph, although

they are less in magnitude. This in duo to the steep bed slope

of .01. The effects of changing the median size of sediments can

be seen in Figures 17 and 18. Increasing the median size of sed

iments tends to increase the time of rise of the hydrograph while

the magnitude of the peak is preserved. The time of rise increases

by about two minutes with a size increase of .001 foot. The

graphs of the suspended sediment discharge at the downstream end

show a reduction in the peak anil ;in Increase in the time of rise

as the median size of sediments ir. increased. Finally, Figure 19

shows tli.it an increase in the median size of sediments causes a

decrease in bed load discharge ;tnd the peaks of the graphs come

at about the name time.

The effects of bed slope on the water discharge is shown in

Figure 20. A steeper bed slope corresponds to a higher discharge

at the downstream end because of higher flow velocity and less

depth, and therefore lower seepage rate. The riBe is slower and

the peak decreases with decreasing slope. The graphs of the sus

pended sediment discharge follow about the same pattern as the

outflow hydrographs as can be seen in Figure 21. The bed slope

affeccs the bed load discharge in about the same manner as the

size of sediments do. Figure 22 indicates that the peaks of the

bed load graphs occur at about the same time regardless of slope,

however, their magnitude decreases considerably with decreasing

slope.

• i<v.
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CONCLUDING RliMARKS

The major objective of the present phase of the study has been
co develop a simulation model to integrate both the movements of
Hood and sediment flows down an unstable, erodlble stream chan
nel. An effort was made to apply stochastic processes to the de
scription and evaluation of the transfer of sediments at the
stream bed which cannot be adequately described in a determinis
tic way. The advantage of using Markov processes for this pur
pose is that the problem associated with separating the beo load
zone from the suspended load zone can be overcome by considering
states of sediment particles, which are suspended load state,
bed load state, and immobile bed state. This stochastic part of
the model provided the expected values of the transfer of sedi

ments at the stream bed.
The development of the one-dimensional mathematical equations

describing the movement of flood wave and suspended sediment was

based on the principles of fluid mechanics by starting from the
three-dimensional equations and arriving at the one-dimensional

equations through space-integration.

Numerical methods were used to obtain the solution to these
one-dimensional equations and a direct analog computer integration
was adopted to obtain the solution to the Kolmogorov system.

Knuatlon (38), which provides the probabilities of the transfer
of sediment, at the «ir,,.«. \u-.d. An analytical Invent Ration of
the stability of the difference schemes and the analog bolution
was conducted to obtain stability criteria for the solution.

Simulation of the dynamics of a reach of an erodible stream
was done on an KAL* hybrid computing system and results have been

presented and discussed.
From this phase of the study the following major conclusions

can be drawn:

1 The integrated model describing the dynamics of erodl
ble streams is feasible for field applications because

Che entire model reduces to being a function of the

bed shear stress mainly.

2 Numerical solutions to the one-dimenaional equations

describing the water and suspended sediment flows are

conditionally stable. The stability criteria do not
increase die computation time enough as to cause the
model to be unfeasible economically. The small time

step At imposed by these criteria is, however, de

sirable when dealing with short tine runoff processes

i-t-t^*

p

* Use of a trade name does not imply endorsement by Utah State

University or the U.S. Department of Agriculture but is included

for technical completeness.
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and particularly the ephemeral stream in the Southwest

whore the hydrographs pea* within a few minutes after

inflow begins.

3 Tin- analog computer Is p.ircl.:iil;irly suited to the si
multaneous solution of the Kolnogorov system which
consists of nine linear ordinary differential equations

of the first order. The negative values of the intens

ity of the transfer of sediment within the same state

c.-nise the errors associated with the computation to

decay exponentially with time.

I*. The bed shear stress is the naln factor which is con

trolling the BtabiKty of the numerical solutions.

It limits the time step At to very small values

which increase considerably the computation time.

However, the fluctuations in the values of the bed

shear stress term are critical only when the cross-

sectional area of flow is small.

5. The suspended sediment discharge tends to change in

stantaneously with the water discharge, but there is

a time lag in the bed load response.

6. The sentlvity analysis on different parameters shows

that the responses of tho graphs of the water dis

charge, suspended sediment discharge, and bed load

discharge agree with what might be expected from

field observations.

7. This tentative model provides reasonable results. It

can, therefore, be used in the second phase of the

study, that is, using the model in actual simulations.

Although ihe model is considered ns complete in a sense of

entity, It Is still in the tentative stages and further develop

ment and testing will be undertaken.
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PARTIAL LIST OF SYMBOLS

Definition

Cross-sectional area of flow

Suspended load state at the stream bed

lied load state at the strcum bed

Immobile bed state at the scream bed

Overall average concentration of suspended

sediment (volumetric)

Bed load concentration

Point sediment concentration in three-di

mensional field

Drag coefficient

Sediment diameter (equivalent from volume

of sphere)

Mean sediment diameter

Median sediment diameter

Mass diffusivity in the three-dimensional

field

Force vector on the particle

0 Boundary surfuce in the three-dimensional

field

Friction factor

Friction factor due to grain roughness

Friction factor due to bed forms

Longitudinal solid dlspersivity

Gravitational acceleration

Flow depth
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K. S. SAK1IAN. J. P. RILEY. AND K. G. RENAJtU

PARTIAL LIST OK SYMBOLS (COST.)

Definition

Solid particle velocity vector at the

interface

Turbulent velocity fluctuations

Average angle of encounter between Individ

ual particles

Momentum correction factor for the velocity

distribution in the main flow

Momentum correction factor for the lateral

inflow

Momentum correction factor for the seepage

Fluid specific weight

Sediment specific weight

Kronecker delta symbol

Elevation of the stream bed above some datura

Elevation of the free surface of flow above

sotr.e datum

von Karman universal constant

Fluid dynamic viscosity

Ratio of the eddy mass diffuaivity e to

the eddy mass diffusivity e^

Kinematic fluid viscosity

Fluid density

Sediment density

Coordinate of the right stream bank

Coordinate of the left stream bank

Bed shear stress
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HYBRID COMPUTER SIMULATION OF SEDIMENT TRANSPORT

PARTIAL LIST OF SYMBOLS (CONT.)

Paflnit ion

Ratio of the root-mean-aquare of the longi

tudinal normal turbulent across to the fric

tion velocity at the stream bed

Ratio of the root-mcan-oquare of the verti

cal normal turbulent stress to the friction

velocity at the stream bed

Vector intensity of sediment motion at the

stream bed
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Fig. 9. Mean Cross-Secttonal Velocity

Profiles

Fig. 10. Bed Load Discharge Profiles
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Fig. 21. Effects of Changing Slope9 on the Suspended

Sedinonc Discharge
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